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FreeFem++ �A:k:

� ÏLC©úª (¢�½E��) 5£ã¯K, XJI�, �±�¯SÜ�þÚÝ
"
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I�òS�L§?1·��Lã§¦�¯K�ª8(��|�5¯K"

� ÏL©¡)Û£ã>.±¢y{ü�AÛÑ\; ,
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� ÄuÝþ���É5��g·A.ù«Ýþ�±d?�FreeFem++ ¼ê�Hessiang
ÄO�[9]"
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� ��A^¥�#Nõ«k����, ØÓ��þêâgÄ��, ¿��±�;��Ý
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� Nõn�.k��: �5�,�gLagrange.k��,ØëYP1�, Raviart-Thomas�,
�Ä�a.�, �ü�,. . . (�´vkog�)"

� ^u½ÂØëYGalerkink��úª P0, P1dc, P2dc�óä,'�c: jump, mean,
intalledges"

� �«�5��ÚS�¦)ì (LU, Cholesky, Crout, CG, GMRES, UMFPACK, MUMP-
S, SuperLU, ...) ±9A��!A��þ¦)ì (ARPARK) "

� Cq�`��1�Ý (�'u?ÈC++��?§¢y)"

� 3��ã, )¤ .txt,.eps,.gnu, mesh©�ø±�Ñ\ÑÑ?n"

� Nõ~fÚ�H: ý�¯K!�Ô¯K�ÚV­�¯K, Navier-Stokes6|, �5å
Æ, 6��p�^, Schwarz«�©)�{, A��¯K, íþØ��I, ...

� ¿1���¦^ mpi.

1.1 SSSCCC

1.1.1 éééuuu¤¤¤kkk<<<:

Äk�me¡���

http://www.freefem.org/ff++/

ÀJ\�²�: Linux, Windows, MacOS X, ½ö��¡�.à5¼�¤ke1�L"

555 1 : �?�©�éuMicrosoft Windows, °J Mac OS X ±9�
LinuxXÚ�^"

ÏLVÂ·��©�?1SC, 3linuxÚMacOS�¸e, SC©�©O u
/usr/local/bin, /usr/local/share/freefem++, /usr/local/lib/ff++8¹"

Windows���???���©©©���SSSCCC I�ýke1windows��1SC©�,,�VÂSCFreeFem++"
Ï~��é�Ñ�¯K:£� (½U£�)" 3Additional TaskI�.¡, À¥ /Add ap-
plication directory to your system path0"dö�Ø��Ñ§ÄKffglut.exe §Sòv
{é�"

�d\ATkü�#ãIÑy3S¡þ:

� FreeFem++ (VERSION).exe: FreeFem++ A^§S"

� FreeFem++ (VERSION) Examples: ���FreeFem++ examples©�Y�ó�"

ùp(VERSION) Ò´©����Ò ('X3.3-0-P4)"

XJ%@SC, KSC©�ò u

C:\Programs Files\FreeFem++

3ù�8¹e,\k¤k�.dll©�9Ù¦A^§S: FreeFem++-nw.exe,ffglut.exe,
...±9�
vkã/I��FreeFem++ A^§S"

·-1óä��{ÚFreeFem.exe���"

http://www.freefem.org/ff++/
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MacOS X���???���©©©���SSSCCC e1MacOS X�?���©��, VÂ©�ãI±J�¤
k©�, òFreeFem+.appA^§S��/Applications 8¹e"XJ\I�ªà�
¯FreeFem++ , �Iò©�FreeFem++ ���\shell¥�$PATH �¸Cþ8¹e=
�"

XJ\�gÄ$1FreeFem++.app,VÂ��.edp©�ãI"'X3examples++-tutorial
8¹¥ÏL�éÀJ
��.edp©�, ÀJèüFile -> Get Info¥change Open with: (À
JFreeFem++.app) ¿:Â change All UÜ"

eee���ÚÚÚ������ooo FreeFem++ Jø
FreeFem++-cs, �«dAntoine Le Hyaric?��8
¤�¸. Ø�\F"y3Ò��gC�mu�¸, ÄK\ATUYÖe�ã ” XÛ¦
^FreeFem++”"

1.1.2 éééuuu;;;���<<<¬¬¬: lll


���èèèSSSCCC

ùÜ©��@
Ï�,
�ÏØ�¿æ^�?�©�l
I�­#?ÈFreeFem++ ½ö
l
�èSC�<:

¦¦¦^̂̂`̀̀²²²©©©��� : ¦^`²©�Ó��´m
�; ­#)¤§\I�U?ÈCVS ©��
LATEX �¸; 3MS-Windows �¸e\�UØ�Ø¦^ mingw/msys

http://www.mingw.org

3MacOS X�¸e·�¦^
°J�muóä”Xcode”¿� LATEX �±l http://www.
ctan.org/system/mac/texmac¼�"

C++©©©��� : FreeFem++ 7Ll
©�?È, Xeã�Õ¥¤«

http://www.freefem.org/ff++/index.htm

�
òØ ©�freefem++-(VERSION).tar.gz)Ø�

freefem++-(VERSION)

8¹e, 3shellI�¥�\eã·-:

tar zxvf freefem++-(VERSION).tar.gz
cd freefem++-(VERSION)

�
?È¿SCFreeFem++ , �IUìINSTALLÚREADME©��=�" �â\$1�
XÚ, ò)¤e�§S:

1. FreeFem++, IO��, �kÄuGLUT/OpenGL (¦^ffglut�Àzóä)�ã/.
¡, ½ö==\�� -nw ëê"

2. ffglut, freefem++�Àzóä (5: XJffglutØ3XÚ´»¥, \ò�Ø�±ã)"

3. FreeFem++-nw, =kpostscriptã/ÑÑÚffmedit (1�, vkffglut�ã/I
�)"

http://www.mingw.org
http://www.ctan.org/system/mac/texmac
http://www.ctan.org/system/mac/texmac
http://www.freefem.org/ff++/index.htm
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4. FreeFem++-mpi, ¿1��, =kpostscriptÑÑ"

5. /Applications/FreeFem++.app, Drag and Drop CoCoa MacOSX Application.

6. bamg, bamg��)¤ì"

7. cvmsh2, mesh©�=�ì"

8. drawbdmesh, mesh©�èAì

9. ffmedit, medit^��freefem++�� (a�P. Frey)"

FreeFem++,FreeFem++-nw,FreeFem++-mpi óä3·-1þ��{�

� FreeFem++ [-?] [-v nn] [-fglut file1] [-glut file2] [-f] edpfilepath

� FreeFem++-nw -? [-v nn] [-fglut file1] [-glut file2] [-f] edpfilepath

-? w«^{

-fglut filename �;¤k�ãêâ�©� filename,
�­#Ð«�\ffglut filename

-glut ffglutprogam UC�Àz^�

-nw Ø¦^ffglutÚmedit

-v nn 3�1���cò&Ew«�?��� nn

-ne vkedp��ÑÑ

-wait ��3©�I�Ñ\return2'4FreeFem++

-nowait ��'4FreeFem++

-cd ò8¹=����8¹(��´»7L´�Û�)

XJvk©�´»@o\ò¼���é{µ5ÀJwindowsXÚ¥�edp©�

IP[]¿�/�ÀJ0

555 2 Ï~\�±ÏL3·-1þ\þëê-v nn5òÑÑ (&Ew«) �?���nn"

����unix�¸e�SCÿÁ: �examples++-tutorial 8¹e^±e·-$1
FreeFem++ �~��LaplaceP1.edp:

FreeFem++ LaplaceP1.edp

XJ\¦^�©�?6ì´nedit, �1 nedit -import edp.nedit 5¦�\�
.edp ©�Pk�{p�"
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¦¦¦^̂̂ÙÙÙ¦¦¦©©©���???666ììì

notepad++ http://notepad-plus.sourceforge.net/uk/site.htm

� �mNotepad++, UeF5

� 3�Ñ�I�¥�\·-launchff++ "$(FULL_CURRENT_PATH)"

� :Â��, ¿3”Name”µ¥Ñ\FreeFem++, y3ÀJ¯$�5���1
FreeFem++ ('Xalt+shift+R)

� 3Notepad++¥\\�FreeFem++�N��{p�,

– 3èü/��0¥ÀJ/�ó�ª��0:

– 3/�ó0�L¥ÀJC++

– 3/g½Â*Ð¶0¥Ñ\/edp0

– 3/�ª0�L¥ÀJ/INSTRUCTION WORD0, 3/g½Â'�i0
¥}�Êbe¡��L:
P0 P1 P2 P3 P4 P5 P1dc P2dc P3dc P4dc P5dc RT0 RT1 RT2 RT3 RT4
RT5 macro plot int1d int2d solve movemesh adaptmesh trunc checkmovemesh
on func buildmesh square Eigenvalue min max imag exec LinearCG NLCG
Newton BFGS LinearGMRES catch try intalledges jump average mean load
savemesh convect abs sin cos tan atan asin acos cotan sinh cosh tanh cotanh
atanh asinh acosh pow exp log log10 sqrt dx dy endl cout

– 3/�ª0�L¥ÀJ/TYPE WORD0, 3/g½Â'�i0¥}�Ê
be¡��L:
mesh real fespace varf matrix problem string border complex ifstream of-
stream

– :Â/��¿'40§ y3nodepad++Ò��Ð
"

Crimson Editor 3http://www.crimsoneditor.com/þ�±e1, ¿Uìe�Ú½
NÁ:

� ?\Tools/Preferences/File/Filtersèü¿\\.edp�M¶"

� 3Ó�¡�e�Tools/User ToolsÀ�kp, 1�1Ñ\FreeFem++, 1�
1freefem++.exeÑ\�´»,1n!1o1Ñ\ $(FilePath)±9
$(FileDir),�À8.3À�µ"

� �
¢y�{p�, )ØFreeFem++©�Y¥�crimson-freefem.zip, ¿
ò)Ø�link, spec, tools©�Y¥�©��\Crimson Editor©�YéAf©�
Y¥"

winedt WindowsXÚ: ù´�Ð�SC�{�I��½E|" 3e¡�Õe1winedet:

http://www.winedt.com

ù´��õ^å�©�?6ì, �kp?õU'X�{p�;www.freefem.orgþ
k��÷5¦�FreeFem++ 3winedtþ�^�ØK� winedt3LateX, TeX, C��
þ�õU�ª" ,
winedt3Á^Ï�Ø´�¤�"

http://notepad-plus.sourceforge.net/uk/site.htm
http://www.crimsoneditor.com/
http://www.winedt.com
www.freefem.org
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TeXnicCenter WindowsXÚ: ù´�@�©�?6ì, 
���k��ö?§¢y�{p
�§ò¤�k¤±5�Ð���"§�±le¡�/�e1µ

http://www.texniccenter.org/

§�´��TeX/LaTeX�?6ì"§k��”Tools”èü, Xe��U
¦Ù$1
FreeFem++ :

� ÀJTools/CustomizeÀ�, ùò�Ñ��é{µ"

� þ�À�k¥ÀJTools, #ï��: ·¶�freefem"

� 3e¡�31pµ

1. ÀJFreeFem++.exe©�´»

2. ÀJ/Main file with further option0, 3/Type of0¥ÀJ/Full path0,
¿�Àe�8.3µ

3. ÀJ/main file full directory path (8.3-format)0

5: 1�g?\TeXnicCenterI�Ð©z,ÀJLatex´»: CTEX/MiKTeX/miktex/bin,
ÄKòvkÑÑ(J"

nedit Mac OS, Cygwin/Xfree ÚlinuxXÚ, ��\�{p�"

nedit -import edp.nedit

Smultron MacXÚ, �±3http://smultron.sourceforge.net ¼�"
§g�'u.edp©���{p�"�
4§U
$1FreeFem++ ©�,
�1/command B0 (=: èüTools/Handle Command/new command) ¿M���
-

/usr/local/bin/FreeFem++-CoCoa %%p

1.2 XXXÛÛÛ¦¦¦^̂̂FreeFem++

333MacOS XXXXÚÚÚããã///...¡¡¡eee .edp©��ÿÁ, ��òù�©�ãIö�MacOSA^ã
IFreeFem++.appþ" \��±^èüFile→ Open5$1ù�A^"

,
Macþ�Ð��«�{´¦^��XSmultron.app�©�?6ì (ë��c¤ã)
"

ªªªààà���ªªªeee FreeFem++, FreeFem++-nw, FreeFem++-mpi, . . .¥�â\�I�ÀJ
�aA^"��\\´»¶; 'X

FreeFem++ your-edp-file-path

http://www.texniccenter.org/
http://smultron.sourceforge.net
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ã 1.1: ¦^WindowsXÚ38¤�¸emuFreeFem++
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ã 1.2: fraise Editorïá�3�8¤�¸5�1FreeFem++ . Toolsèü¥k��5
$1FreeFem++ , ¯$�: Ctrl+1.

1.3 ���¸̧̧CCCþþþ���ÐÐÐ©©©©©©���

FreeFem++ Ö�^r� freefem++.prefÐ©©�5Ð©z�ÛCþ: verbosity,
includepath, loadpath"

555 3 CþverbosityUCSÜÑÑ��? £0, Ã £Ø�k�{�Ø¤, 1 4�, 10 é
õ, �� ...¤, %@�� 2"

Þ©�lincludepath�L¥|¢, \1©�lloadpath�L¥|¢"

ù�©���{�:

verbosity= 5
loadpath += "/Library/FreeFem++/lib"
loadpath += "/Users/hecht/Library/FreeFem++/lib"
includepath += "/Library/FreeFem++/edp"
includepath += "/Users/hecht/Library/FreeFem++/edp"
# comment
load += "funcTemplate"
load += "myfunction"
load += "MUMPS_seq"

ù�©���U´»�:
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� 3unix/MacOsXÚe

/etc/freefem++.pref
$(HOME)/.freefem++.pref
freefem++.pref

� 3windowsXÚe

freefem++.pref

·���±^shell�¸Cþ3Ð©©��c5UC&Ew«Ú|¢5K"

export FF_VERBOSITY=50
export FF_INCLUDEPATH="dir;;dir2"
export FF_LOADPATH="dir;;dir3""

5: 8¹�m�©�7L^/;0
Ø´/:0Ï�/:0�Windows¤^"

5µ �w«freefem++�Ð©z�L, �1

export FF_VERBOSITY=100; ./FreeFem++-nw
-- verbosity is set to 100
insert init-files /etc/freefem++.pref $

...

1.4 {{{¤¤¤

ù��8dMacFem, PCfemüz
5,dPascal�ó¤�"1��C�ó���)
freefem
3.4; §=Jøü���þ�g·A5"

^C++éÙ��.­��)
freefem+ (freefem+ 1.2.10´§��uÙ���), §
�)
õ­��þ��� (½Â3��¼êþ����±^u?ÛÙ¦����); ¦+ù
�^�Ø2�o, ØLE,3¦^Ï�§)û
^r/ª£ãPDE�¯K"l���(�
z���,�����¢y¿ØN´Ï�§7LQ¯qØP{; éuz�:, 7Lé��
¹§�n�/" ù´O�AÛ��Ä:¯K (ë�Preparata & Shamos[18]) "3��ö�
êe¢y§´äk]Ô5�"·��¢y´O(n log n)�, �Äuo�ä" duC++¥�
��{�?z, ù���Ó���ï
"

·�y3®²3FreeFem++ þ�
õcó�, ��^C++ template�{?12�g­
�¶±93?È�Ø½��ÍÜ¯Kþ��.?§ó�" �¤k freefem ����, §
Pkp?�^rlÐ.Ñ\�ó, ¦Ù�êÆ�ó£ã¯K��{�Ø�õ"

freefem�ó�±¯�£ã?� �©�§XÚ"FreeFem++ �ó��{´|^STL[26]!
��Úbison?1�#�O¢y�; �õ[!�±3 [12]¥é�"ù¦�^�äkÏ·5,
?�#�k���±3ê��S��¹?5§
ÃI­#?È" ÏdFreeFem++ ¥�
^k��¥ò�X��ÒÚ#��Oö�êþ
O\" ��8c, ·�®²k
Øë
YP0�, �5P1�, �gP2 Lagrange�, ØëYP1�, Raviart-Thomas �±9�
Ù¦�X
í��"
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±Poisson�§�~§·�w�eFreeFem++ ´XÛ¦) �©�§¯K"éu���
½�¼êf(x, y)§é���¼êu(x, y) ÷vXe^�µ

−∆u(x, y) = f(x, y) éu¤k(x, y) ∈ Ω (2.1)

u(x, y) = 0 éu¤k3∂Ω(x, y)þ�(x, y) (2.2)

Ù¥§ ∂Ω´k.m8Ω�>.§Ω ⊂ R2§ ¿�∆u = ∂2u
∂x2 + ∂2u

∂y2"

e¡·��Ñ��FreeFem++ §S§ù�§S´^5O��f(x, y) = xy§Ω´��ü 
����)u"Ù¥>.C = ∂Ω´µ

C = {(x, y)| x = cos(t), y = sin(t), 0 ≤ t ≤ 2π}

5¿�3FreeFem++ ¥§«�Ω´^§�>.5£ã�§Ó�·�b½ù�«�´3>
.��ý�§ù
�±ÏLëêz?1½�"3ã2.2 ¥§·��±w�u��p�§ù�
�p�´ÏL plot ¼ê���(we�§S�1111)"

ã 2.1: ÏLbuild(C(50))����Th ã 2.2: ÏLplot(u)���p�

Example 2.1

// ½Â>.

11
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1: border C(t=0,2*pi){x=cos(t); y=sin(t);}
// «��n�/y©Th´3>.��ý

2: mesh Th = buildmesh (C(50));
// VhL«½Â3Thþ�k���m

3; fespace Vh(Th,P1);
4: Vh u,v; // uÚv´©ã-p1ëY¼ê
5: func f= x*y; // ½Â¼êf
6: real cpu=clock(); // ±¦O�
7: solve Poisson(u,v,solver=LU) = // ½ÂPDE
8: int2d(Th)(dx(u)*dx(v) + dy(u)*dy(v)) // V�5Ü©
9: - int2d(Th)( f*v) // m>
10: + on(C,u=0) ; // Dirichlet>.^�
11: plot(u);
12: cout << " CPU time = " << clock()-cpu << endl;

5µ1Ô1��½csolver=LU�±�Ñ§%@�¹e§·��I�k���±|^�
õÅcLU=�¶�¹kclock��é��±�Ñ¶Ó�§·���5¿� FreeFem++
�êÆ�ó�éXkõo�;�"181Ú191�éA�C©�§´µ∫

Th

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
)dxdy =

∫
Th

fvdxdy

¤k�vÑ´½Â3k���mVhþ�§¿�3>.Cþ���0"

Exercise : rP1U¤P2§3$1�e§S"

2.0.1 333FEM¥¥¥§§§FreeFem++ ´́́XXXÛÛÛ$$$111���ººº

1��~f�Ñ
3ØI��Äk���{£FEM¤��¹e§FreeFem++ ´XÛ$
1�"y3·��1�1/)ºù�§S"

111���111: >.Γ´^��'uxÚy�ëê�§5£ã�"� Γ =
∑J

j=0 Γj�§z^­�Γj7

L��½§
�3!:�	Ø#N­�Γj��"

·��±V\'�c/label05½Â>.x±�B�¡�¦^(~X�kõ«>.^�
�)"Ïd§ü ���±^Ó��I\£ã¤ü���"

border Gamma1(t=0,pi) {x=cos(t); y=sin(t); label=C}
border Gamma2(t=pi,2*pi){x=cos(t); y=sin(t); label=C}

·�Q�±^>.�¶i(~X Gamma1)5��ù�>.§��±^I\(3ùp¡´
C)5��§§$���±^SÜ�êi?è5��§§ùp¡^1L«11���§^2L
«12���(3 ??¥�k�
Ù¦�~f)"

1112111: «�Ωþ�n�¿©Th´ÏL buildmesh(C(50)) 5gÄy©�§3ã2.1¥§^
>. Cþ�50�!:5)¤ù�y©"
·�b½«�´3>.��ý�§ù
�±ÏL>.�ëêz?1½�"Ïd§XJ3«
�Ω¥V\ý�/���±ÏLeã�é5¢y"
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border C(t=2*pi,0){x=0.1+0.3*cos(t); y=0.5*sin(t);}

XJ�Ø/�¤µ

border C(t=0,2*pi){x=0.1+0.3*cos(t); y=0.5*sin(t);}

@op¡�ý�¬�y©�n�/"
gÄy©��ÄuDelaunay-Voronoi�{"�±ÏLO\>.Γ�!:ê5[z��§~
X§ buildmesh(C(100))§ù´Ï�SÜ�º:´d>.þ!:��Ý5û½�"XJ
k���½�¼ê f§��±A^ù�¼ê­#?1��y©§��¦^ adaptmesh(Th,f)
�é=�"

¶¡Th (3FreeFem++ ¥�Th)´�ã2.1¥�n�/x{Tk}k=1,··· ,nt"S.þ§h´��
��º�§nt´�Th¥n�/�êþ§
nv´�!:��ê"�´§���¹e·�ØI
�²(/¦^§�"XJ§Ω Ø´��õ>/«�§k��/	�(skin)0�33°(«
�ΩÚ§�Cq«� Ωh = ∪nt

k=1Tk�m",
§·�5¿�Γh = ∂Ωh�¤k�Ñ´3Γþ
�"

1113111: ���¹e§k���m´�ü�þ�õ�ª¼ê�m§>.Ú!:þk�½�
��A5"�´3ùp§ fespace Vh(Th,P1)½Â�Vh���ëY¼ê�m§¿�ù

ëY¼êÑ´3Th¥�z�n�/þ'ux§y���¼ê"du§´��k����5
�þ�m§Ïd·��±é�ù��m�Ä"§�;�Ä´d¼ê|¤�§�¡�lf
¼ê(hat functions)φk"φk´ëY©ã���¼ê§§3��!:þ���1§
Ù§��
�0"ã 2.4 1 £ã
��;.�lf¼ê"K·�kµ

Vh(Th, P1) =

{
w(x, y)

∣∣∣∣∣ w(x, y) =
M∑
k=1

wkφk(x, y), wk´¢ê

}
(2.3)

Ù¥M´Vh��ê§�´!:��ê"wk´w�gdÝ§
M´gdÝ�oê"
·��¡ù�k���{�!:�XþJ��!:"

FreeFem++ 32d¥�±�1eãü�(316Ù¥k�Ü�£ã)
P0 ©ã~�§
P1 ëY©ã�5§
P2 ëY©ã�g§
P3 ëY©ãng§ (I� load "Element_P3")
P4 ëY©ãog§ (I� load "Element_P4")
RT0 Raviart-Thomas©¡~ê§
RT1 1�Raviart-Thomas ©¡~ê (I� load "Element_Mixte")
BDM1 1�Brezzi-Douglas-Marini ©¡~ê (I� load "Element_Mixte")

1 �{ü�½Âφk�{´|^:q = (x, y) ∈ T�­%�Iλi(x, y), i = 1, 2, 3§Ù¥∑
i

λi = 1,
∑
i

λiq
i = q

Ó�§qi, i = 1, 2, 3´T�3�º:"w,§φk3Tþ���T|´λk"
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1
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4
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2

6

6
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1

7

5

3

4

ã 2.3: �� Th

2

3

4
7

8

5

3

4

8

7

ã 2.4: φ1(�ý)Úφ6�ã�

RT0Ortho 0�1�aNedelec ©¡~ê
RT1Ortho 1�1�aNedelec ©¡~ê (I� load "Element_Mixte")
BDM1Ortho 1�Brezzi-Douglas-Marini ©¡~ê (I� load "Element_Mixte")
P1nc ©ã�5��N§
P1dc ©ã�5mä§
P2dc ©ã�gmä§
P2h �gàgëY§(Ø¹ P1)
P3dc ©ãngmä§(I� load "Element_P3dc")
P4dc ©ãogmä§(I� load "Element_P4dc")
P1b ©¡�5ëY¼ê\bubble¼ê,
P2b ©¡�gëY¼ê\bubble¼ê.
Morley Morleyk�� (I� load "Morley")
P2BR P2 Bernardi-Raugelk�� (I� load "BernadiRaugel.cpp")
P0edge z^>þ�k��~ê
P1edge to P5edge >þ�k��õ�ª (I� load "Element_PkEdge")
...

FreeFem++ 33d¥�±�1eãü�(316Ùk�Ü�£ã)
P03d ©ã~�,
P13d ëY©ã�5§
P23d ëY©ã�g§
RT03d Raviart-Thomas©ã~�,
Edge03d Nedelec >.�
P1b3d ©¡�5ëY¼ê\bubble¼ê,
...

3UNIXªà¥§�±ÏLexamples++-tutorial�����L"

FreeFem++ dumptable.edp

grep TypeOfFE lestables

�5¿�´Ù¦ü��U
éN´�V\?�"

1113ÚÚÚ: ������¯̄̄KKK
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1114111: Vh u,vL«(²uÚv§¿�uÚv´Xþ¤`�Cq(J§L�ª�µ

u(x, y) ' uh(x, y) =
M−1∑
k=0

ukφk(x, y) (2.4)

1115111: mà� f´d'�c func½Â�"
1117)))9111: ½Â�§(2.1)�V�5/ªÚ§�Dirichlet>.^�(2.2)"
ù�C©úª´de�Ú½í�Ñ5µk3�§(2.1)üàÓ�¦þv(x, y)§,�3ΩþÈ
©§Kkµ

−
∫

Ω

v∆u dxdy =

∫
Ω

vf dxdy

d��úª§¯K=C�é�Ü·�u¦�µ

a(u, v)− `(f, v) = 0 ∀v3∂Ωþ÷vv = 0 (2.5)

a(u, v) =

∫
Ω

∇u · ∇v dxdy, `(f, v) =

∫
Ω

fv dxdy (2.6)

3FreeFem++ ¥§Poisson¯K�U^eã�ª(²µ

Vh u,v; problem Poisson(u,v) =

¿���^±e�ª)ûµ

...
Poisson; // ¯K3ùp�)û

...

½ö�±Ó�(²Ú¦)µ

Vh u,v; solve Poisson(u,v) =int(...

(2.5)´�â dx(u) = ∂u/∂x, dy(u) = ∂u/∂y±9eãªf�Ñ�"∫
Ω

∇u · ∇v dxdy −→ int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v) )∫
Ω

fv dxdy −→ int2d(Th)( f*v ) (ùp�5¿�u´�¦^�)

3FreeFem++ ¥§VVV���555���ÚÚÚ���555���ØØØUUU333���ÓÓÓ���ÈÈÈ©©©eee¶¢Sþ§3^FreeFem++
�ï�5XÚ�§¬ÏLu����(3ùp´u)ÚÿÁ¼ê(3ùp´v)´ÄÓ��35
é�¬�)V�5/ª�È©"

1114ÚÚÚ: ¦¦¦)))ÚÚÚ���ÀÀÀzzz

1116111µµµ òy3��m;��¢êCþ cpu¥§ü �¦"
1117111µµµ ¯K¦)"
11111111µµµÑÑ�Àzã�§Xã2.2¥¤«(31 7.1!¥§TÀã�±^zoom§postscript�
·-?1N!)"
11112111µµµ 3���ÑÑ$1�m(Ø´O�ã/�ê)"�5¿�´§FreeFem++ ¥�
�
�éÚC++¥��é'���¶¦^öØI��
¦^FreeFem++ 
ÆSC++§
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�´§�±�Ï·�ßÿFreeFem++ ¥#N�o���é"

ííí222���ÝÝÝ


ÚÚÚ���þþþ///ªªª
·��±^FreeFem++ ¦)e�a.��5XÚµ

M−1∑
j=0

Aijuj − Fi = 0, i = 0, · · · ,M − 1; Fi =

∫
Ω

fφi dxdy (2.7)

|^(2.4)§Ó�3(2.5)¥^φi5O�v�±��þã�5XÚ"ùp3?nDirichlet>.^
��´æ^¨v�{§XJi!:3 £>.þ§��Aii = 1030ÚFi = 1030 ∗ 0"�5¿�
´§êi1030�¡� tgv(très grande valeur)§���¹e§·��k�UUCù��§
�w¢Ú� solve!tgv="

Ý
A = (Aij)¡�fÝÝ
"
XJ^r������A§��w16.12!1167��SN"

varf a(u,v) = int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v))
+ on(C,u=0) ;

matrix A=a(Vh,Vh); // fÝÝ


(2.7)¥��þF ��±ÏL±e�ª�ïµ

varf l(unused,v) = int2d(Th)(f*v)+on(C,unused=0);
Vh F; F[] = l(0,Vh); // F[]´Ú¼êFk'��þ

¯K�±ÏL±e¦)µ

u[]=Aˆ-1*F[]; // u[]´Ú¼êuk'��þ

Note 2.1 3ùp§ uÚ F´k��¼ê§¿� u[]Ú F[]�Ñ
�ëG�'é�( u[]≡
(ui)i=0,...,M−1Ú F[]≡ (Fi)i=0,...,M−1)"Ïd·�kµ

u(x, y) =
M−1∑
i=0

u[][i]φi(x, y), F(x, y) =
M−1∑
i=0

F[][i]φi(x, y)

Ù¥φi, i = 0..., ,M − 1��§(2.3)¥���§´Vh�Ä¼ê§¿�M = Vh.ndof´gdÝ
�oêþ(�Ò´Vh�m��ê)"

·��±^UMFPACK5¦)�5XÚ(2.7)§Ø��e��é¥��²(J9
Ù§À
�µ

Vh u,v; problem Poisson(u,v,solver=CG) = int2d(...

ù¿�X§3ù��(²�Poisson¯Ke§(2.7)ò¬^�ÝFÝ{5¦)"

2.0.2 FreeFem++ ���AAA:::

FreeFem++ ��ó´a.z!õ�z�§3÷)¤ek�­\5(äN�9.12)"z�C
þ7L3`²�é¥(²��(½�a.§z�`²�é^I:ÎÒ/;0�e��©
l"%@�¹e§§��{´3C++�Ä:þO\
�
� TEX�~�q��{"éu
;�<¬5`§¦�¦^ FreeFem++ ���'��Ï´FreeFem++ é�)¤��S
Ük��ê|¶ù�:¬4§�$1�ÝC¯§Ïd§3�1�Ý�¡§FreeFem++ é
�¬��}§Ø
3�ó)ºþ¬E¤�m��(·��±ÏLvarf§±9òproblemO
�¤Ý
±~��m¤�)"
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2.1 mmmuuu±±±ÏÏÏ: ???666–$$$111/���ããã–???���

A. Le Hyaric�FreeFem++ Jø
������¸"�Ö��Ñ
Nõ~fÚ�§§^
r�±ÏLù
~fÚ�§5ÆS§�"3�Ö�e�Ù·��Ñ
�
~f�)º"X
J\´�¶FEM ÐÆö§\�UI���Ök'C©�§�Ö"

mu±Ï�¹e�Ú½µ

ïïï���: ^FreeFem++ òPDElr/ª=C�f/ª§^r7LÙGC©�§¶�
¦S
ÜÝ
ØC§�I�
)C©�§��­^5¶��;.�~f´Ûª�C9D�
�§¶SÜÝ
=I�g©)§
FreeFem++ ò�¤ù
ó�"

???§§§: 3©�?6ì¥§�ÑFreeFem++ ��è"

$$$111: $1�è(3ùp§�è��3mycode.edp©�¥)"�5¿�§·���±ÏLe
��è3ªà�ª¥$1�k�èµ

% FreeFem++ mycode.edp

���ÀÀÀzzz: �FreeFem++ $1�§�±¦^'�c plot5Ð«¼ê§��±^ wait=13
z�:6Ê§S§��±¦^ ps="toto.eps"5)¤��N¹©�±��(J"

NNNÁÁÁ: �l wait=true� wait=false��§�ÛCþ/debug0�±�Ï·�?1NÁ"

bool debug = true;
border a(t=0,2*pi){ x=cos(t); y=sin(t);label=1;}
border b(t=0,2*pi){ x=0.8+0.3*cos(t); y=0.3*sin(t);label=2;}
plot(a(50)+b(-30),wait=debug); // xÑ>.5*	��:

// 3b30.8�0.3?1Cz�§ I��gàI:Â
mesh Th = buildmesh(a(50)+b(-30));
plot(Th,wait=debug); // xÑTh��I��gàI:Â
fespace Vh(Th,P2);
Vh f = sin(pi*x)*cos(pi*y);
plot(f,wait=debug); // xÑ¼êf
Vh g = sin(pi*x + cos(pi*y));
plot(g,wait=debug); // xÑ¼êg

òdebugU¤false¬¦��ãëY/?1¶Õj��§*	¶4þã��Czò¬´
��k��²{"

3��I�¬Ñy�Ø&E"C++�è���(�ó�¬E¤ù
�Ø&E�Ö5
��£�´·�®²¦å
¤" ¦+Xd§ù
�Ø&E�,U
�(w«"~
X§XJ\#P
�)Òµ

bool debug = true;
mesh Th = square(10,10;
plot(Th);

@o\¬lFreeFem++¥��Xe&Eµ

2 : mesh Th = square(10,10);
Error line number 2, in file bb.edp, before token ;

parse error
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current line = 2
Compile error : parse error

line number :2, ;
error Compile error : parse error

line number :2, ;
code = 1

XJ\¦^Ó��ÎÒügµ

real aaa =1;
real aaa;

@o\¬��Xe&Eµ

2 : real aaa; The identifier aaa exists
the existing type is <Pd>
the new type is <Pd>

XJ\uy§SvkUì\�����?1§\�±3��I�¥¦^ cout5w«
Cþ��§Ò�\3C++¥����"

eã~fB´ù��õUµ

...;
fespace Vh...; Vh u;...
cout<<u;...
matrix A=a(Vh,Vh);...
cout<<A;

½ö\�±�3C++¥��§^/ //0?15º"~Xµ

real aaa =1;
// ¢êaaa;
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¢¢¢~~~ÆÆÆSSS

�ÙÌ�´�é�
ØU�w`²Ö�<"Nõ{ü�~f�~;.§%ºX
FreeFem++
�éõ5U"�Ù�9��ï�Ü©¬319Ù¥UYù)§@�Ù¬UY�Ý?Ø�

ÔnÆ!ó§Æ±97KÆþ�PDE ¯K"

3.1 ������¯̄̄KKK

ÁÁÁ��� ùp§·�5ÆS§�òLaplace�fA^uÖ1�^e��²ï¯K�§XÛ¦
)Dirichlet¯KÚ(/½)Dirichlet Neumann ·Ü¯K"·��¬u�T�{�°(Ý±9
�Ù¦ã/����"

�5��Ω�½3�²¡f5| Γþ§Ó�3z�¡È�dx = dx1dx2þ�\	åf(x)dx"
���R� £ϕ(x) �±ÏL¦)Laplace�§5¼�µ

−∆ϕ = f in Ω.

du���½3§�²¡| þ§Ïd·�kµ

ϕ|Γ = 0.

XJù�| Ø3��²¡þ§�´§z:�pÝ�z(x1, x2)§@o§�>.÷v�àg
Dirichlet>�^�"

ϕ|Γ = z.

XJ��>.Γ��Ü©>.Γ2Ø´�½3| þ
´gdwÄ§@o�â���f
5§Γ2þ�?�:÷Γ2�ü {�þn ����ê�0§Ïd>.^�´µ

ϕ|Γ1 = z,
∂ϕ

∂n
|Γ2 = 0

Ù¥§Γ1 = Γ− Γ2¶Ó�§·��5¿�
∂ϕ
∂n

= ∇ϕ · n§¿� Laplace�f∆÷vµ

∆ϕ =
∂2ϕ

∂x2
1

+
∂2ϕ

∂x2
2

.

19
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3ù«/·Ü>.^�0e§¯K�3��)(ë�(1987)§Dautray-Lions (1988)§Strang
(1986)±9Raviart-Thomas (1983))¶5¿�§ϕAT¦Uþ����G�§Ïd·�kµ

E(φ) = min
ϕ−z∈V

E(v), ¿� E(v) =

∫
Ω

(
1

2
|∇v|2 − fv)

Ù¥V´Sobolev�mH1(Ω)�f�m§¿�V¥�¼ê3Γ1 þ�,�0"5¿�(3ù
px ∈ Rd, d = 2)µ

H1(Ω) = {u ∈ L2(Ω) : ∇u ∈ (L2(Ω))d}

3C©{¥§dPDE�f/ª±9C©úª��§���7L÷vµ∫
Ω

∇ϕ · ∇w =

∫
Ω

fw ∀w ∈ V

XJ���ê�3§d©ÜÈ©(Greenúª)��§§ÚPDE´�d�"

´́́www FreeFem++ �freefem+ØÓ�´§freefem+Ó�äkf/ªÚr/ª§

FreeFem++ ��1f/ª"XJ\Ø��¯K�f/ª(�Ò´C©úª)�{§\Ø�
U?�Ú/¦^ù�^�µ\�U�Ö�
Ö7§½´Ï¦¦<��Ï§ÄKÒ�UaL
ù�¯K"y3§XJ\��)û�A(u, v) = 0, B(u, v) = 0�a�PDEXÚ§Ø�'4
ù�Ãþ§Ï�3f/ªe§§÷vµ∫

Ω

(A(u, v)w1 +B(u, v)w2) = 0 ∀w1, w2...

~~~fff k��ý�§§���¶��Ý�a = 2§�á¶��Ý�1"3§�L¡�
\f = 1�å"3 FreeFem++ e§ù�~f�§S�µ

Example 3.1 (membrane.edp) // ©�membrane.edp

real theta=4.*pi/3.;

real a=2.,b=1.; // ��¶Ú�á¶��Ý

func z=x;

border Gamma1(t=0,theta) { x = a * cos(t); y = b*sin(t); }

border Gamma2(t=theta,2*pi) { x = a * cos(t); y = b*sin(t); }

mesh Th=buildmesh(Gamma1(100)+Gamma2(50));

fespace Vh(Th,P2); // P2�Nn�/FEM

Vh phi,w, f=1;

solve Laplace(phi,w)=int2d(Th)(dx(phi)*dx(w) + dy(phi)*dy(w))

- int2d(Th)(f*w) + on(Gamma1,phi=z);

plot(phi,wait=true, ps="membrane.eps"); // xÑphi

plot(Th,wait=true, ps="membraneTh.eps"); // xÑTh

savemesh(Th,"Th.msh");
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ã 3.1: membrane deformation ���Ú�p�. e�: �â FreeFem++ )¤�©�, d
gnuplot ±�� 3D ã�
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��n�¿©d'�c buildmesh ïá"ù�'�cN^
��Äu�NSÿÁ�n
�¿©f§S" �NSÿÁÄk´d>.:n�z, ,�ÏL[©>\\SÜ:" n�
y©�°[§Ýd�C��^>.�º�û½.

 �©�§�lÑz´ÏL¦^n�¿©þ���n�k���{¢y�"�Xc¡Ù!
J��, òXÚlÑz������5XÚ§XÚ�ºÝdº:�ê\þn�¿©>�¥
:�ê(½" ù��5XÚ�±ÏL� UMFPACK ��Ì�pdLU ©))Ñ. '�c±
ãòw« Th Ú ϕ (�K Th XJ�I�� ϕ ) ¿��½Î fill=true O�"�ÀJ (ç
Ú�Y²�) ^�çÚw«§(J3ã 3.1"

plot(phi,wait=true,fill=true); // ^�çw«x phi

�e5u�(J!
��{ü��{´ÏLN�ëê±(@)" ~X3ü � a=1 , ϕe = sin(x2 + y2 − 1) ´
±e¯K�)§�

z = 0, f = −4(cos(x2 + y2 − 1)− (x2 + y2) sin(x2 + y2 − 1))

Ø
3 Γ2 ∂nϕ = 2 þ
Ø´""¤±·�ò�Ä����5ì�ù^�¿�)∫
Ω

(∇ϕ · ∇w =

∫
Ω

fw +

∫
Γ2

2w ∀w ∈ V

·�ò^ü�n�¿©�, O� L2 Ø�:

ε =

∫
Ω

|ϕ− ϕe|2

¿��<3ü«�¹e�Ø�Ú§�'~�éê§Téê�L
ÂñÇ.

Example 3.2 (membranerror.edp) // ©� membranerror.edp
verbosity =0; // �K¤k�ØÑÑ
real theta=4.*pi/3.;
real a=1.,b=1.; // ��¶Úá�¶��Ý
border Gamma1(t=0,theta) { x = a * cos(t); y = b*sin(t); }
border Gamma2(t=theta,2*pi) { x = a * cos(t); y = b*sin(t); }

func f=-4*(cos(xˆ2+yˆ2-1) -(xˆ2+yˆ2)*sin(xˆ2+yˆ2-1));
func phiexact=sin(xˆ2+yˆ2-1);

real[int] L2error(2); // V�ê|
for(int n=0;n<2;n++)
{

mesh Th=buildmesh(Gamma1(20*(n+1))+Gamma2(10*(n+1)));
fespace Vh(Th,P2);
Vh phi,w;

solve laplace(phi,w)=int2d(Th)(dx(phi)*dx(w) + dy(phi)*dy(w))
- int2d(Th)(f*w) - int1d(Th,Gamma2)(2*w)+ on(Gamma1,phi=0);

plot(Th,phi,wait=true,ps="membrane.eps"); // x Th Ú phi

L2error[n]= sqrt(int2d(Th)((phi-phiexact)ˆ2));
}
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for(int n=0;n<2;n++)
cout << " L2error " << n << " = "<< L2error[n] <<endl;

cout <<" convergence rate = "<< log(L2error[0]/L2error[1])/log(2.) <<endl;

ÑÑ(J´

L2error 0 = 0.00462991
L2error 1 = 0.00117128
convergence rate = 1.9829

times: compile 0.02s, execution 6.94s

·�é�'Ç 1.93591, ÚnØýO� 3 Ø
C" duAÛ(�´õ>/, 3 O(h2) Cq
e��
��"

y3XJ\é FreeFem++ ���ã .eps Ø$÷¿§��^Ù§Ù§xãóä, @o\
7Lkò)�;3��©�p, ù�3 C++�¹e�~�q"XJ\Ø��n�¿©§;
��)òÎÃ^?§Ïd\7L�ìe��{

{
ofstream ff("phi.txt");
ff << phi[];

}
savemesh(Th,"Th.msh");

éun�¿©¶i´­��: *Ð¶û½
�ª"

XJ�,ØU-\÷¿§�}Á¦^gnuplot óäò�)ã 3.2"

// ï�� gnuplot êâ©�
{ ofstream ff("graph.txt");

for (int i=0;i<Th.nt;i++)
{ for (int j=0; j <3; j++)

ff<<Th[i][j].x << " "<< Th[i][j].y<< " "<<phi[][Vh(i,j)]<<endl;
ff<<Th[i][0].x << " "<< Th[i][0].y<< " "<<phi[][Vh(i,0)]<<"\n\n\n"
}

}

¦^k����?Ò, Ù¥ Wh(i,j) ´1 i�gdÝ�jTh �n�/��Û¢Ú"
,��m gnuplot ¿��1

set palette rgbformulae 30,31,32
splot "graph.txt" w l pal

ùü13 P2 Ú P1 e�1, � P1nc Ø1" Ï� P2 ½ö P1 �cn�gdÝ3º:
þ� P1nc Ø´"

3.2 999������

ÁÁÁ��� ùp·�¬Æ�õ'u AÛ(�Ñ\Ú n�¿©©�, 9Ö� �ö�"
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¯̄̄KKK 	� C0 Sk {Ci}1,2ü�9�N" ���±~§ u1, ,���9�Ç κ2 ' C0 �
Ê�" ·�b�	� C0 �>.�± 20◦C ØC¿�²{
v
��m��
9²ï"
�
��>. Ω ?Û: x þ�§Ý u(x) , ·�7L¦)

∇ · (κ∇u) = 0 in Ω, u|Γ = g

Ù¥ Ω ´ C0 �SÜ~��N C1, Γ ´ Ω�>., �Ò´ C0 ∪C1, ùp g ´'u x �?¿
¼ê,3 Ciþ�u ui " 1���§äke¡�{z/ª:

u = ui on Ci, i = 0, 1.

ù�¯K�C©úª´3 Γ þk",�¼êf�mH1
0 (Ω) ⊂ H1(Ω).

u− g ∈ H1
0 (Ω) :

∫
Ω

∇u∇v = 0 ∀v ∈ H1
0 (Ω)

ùp·�b� C0 ´±�:��% 5 ��»��, Ci ´Ý/, C1 �± u1 = 60◦C e�ð
§"

Example 3.3 (heatex.edp) // file heatex.edp
int C1=99, C2=98; // �±´?Û�~X 6= 0 Ú C1 6= C2
border C0(t=0,2*pi){x=5*cos(t); y=5*sin(t);}

border C11(t=0,1){ x=1+t; y=3; label=C1;}
border C12(t=0,1){ x=2; y=3-6*t; label=C1;}
border C13(t=0,1){ x=2-t; y=-3; label=C1;}
border C14(t=0,1){ x=1; y=-3+6*t; label=C1;}

border C21(t=0,1){ x=-2+t; y=3; label=C2;}
border C22(t=0,1){ x=-1; y=3-6*t; label=C2;}
border C23(t=0,1){ x=-1-t; y=-3; label=C2;}
border C24(t=0,1){ x=-2; y=-3+6*t; label=C2;}

plot( C0(50) // �
*	½Â��>.
+ C11(5)+C12(20)+C13(5)+C14(20)
+ C21(-5)+C22(-20)+C23(-5)+C24(-20),
wait=true, ps="heatexb.eps");

mesh Th=buildmesh( C0(50)
+ C11(5)+C12(20)+C13(5)+C14(20)
+ C21(-5)+C22(-20)+C23(-5)+C24(-20));

plot(Th,wait=1);

fespace Vh(Th,P1); Vh u,v;
Vh kappa=1+2*(x<-1)*(x>-2)*(y<3)*(y>-3);
solve a(u,v)= int2d(Th)(kappa*(dx(u)*dx(v)+dy(u)*dy(v)))

+on(C0,u=20)+on(C1,u=60);
plot(u,wait=true, value=true, fill=true, ps="heatex.eps");

5º:

� C0 'u t ´_����, 
 C1 ´^����, C2 ´_����§Ïd C1 �
buildmeshw¤��É.
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� C1 Ú C2 ´ÏLë��ã/¤�" �
r§�3Ó��Ü6ü�pàÜ3�å, �

±��´Ö��ªÑ\>.^�, ·��>.©���I\" �Xc¡`�, >.
3§S¥k���Ù^S��SÜ?è £�ÏL3±þ�è¥\�� cout<<C22
u�¤" ù�:éun)����XÛUÑÑ�©�XÛ2Ö��~­�£�e
©¤"

� � ~��, ���Ýd�½�z^>.�º:�êû½"�,vk�{UCº:�
©Ù£§SÚ�©�¤§�´�ã>.o´�±��¤üã½�õã, ~XC12�±
� C121+C122 O�:

// border C12(t=0,1) x=2; y=3-6*t; label=C1;
border C121(t=0,0.7){ x=2; y=3-6*t; label=C1;}
border C122(t=0.7,1){ x=2; y=3-6*t; label=C1;}
... buildmesh(.../* C12(20) */ + C121(12)+C122(8)+...);

IsoValue

15.7895

22.1053

26.3158

30.5263
34.7368

38.9474

43.1579

47.3684

51.5789
55.7895

60

64.2105

68.4211

72.6316
76.8421

81.0526

85.2632

89.4737

93.6842
104.211

ã 3.2: 9��ì

öööSSS |^¯K'u�I�é¡5; ò«�?1���n�y©, ¿3p�Iþ��
Dirichlet ^�, î�Iþ��ì�ù^�"

���ÚÚÚÖÖÖnnn���¿¿¿©©©©©©��� b�·�3c¡§S�(�\\�1µ

savemesh(Th,"condensor.msh");

,�·�����q�§S¿F"l@�©�¥Ö���§��¯KUeã�é¦)µ

mesh Sh=readmesh("condensor.msh");
fespace Wh(Sh,P1); Wh us,vs;
solve b(us,vs)= int2d(Sh)(dx(us)*dx(vs)+dy(us)*dy(vs))

+on(1,us=0)+on(99,us=1)+on(98,us=-1);
plot(us);

I�5¿�´,�,>.�¶i¿�
�´§��SÜ?è £éu C0¤ ½öI\ £éu
C1 Ú C2¤þ��3
e5"



26 13Ù ¢~ÆS

3.3 (((ÆÆÆ

ÁÁÁ��� ùp·�òïÄØ·½¯KÚA��¯K"
·��í¥�íØCz�ûuÅÄ�§:

∂2u

∂t2
− c2∆u = 0.

�)�üÚÅ £¿��6u>.ÚÐ©^�¤�, Ù)u X u(x, t) = Re(v(x)eikt) /ª§
Ù¥ v � Helmholtz �§�):

k2v + c2∆v = 0 in Ω,
∂v

∂n
|Γ = g. (3.1)

Ù¥ g ´
�"I�5¿�´.Ê.d�fc¡�/+0ÎÒ�, k > 0�¢ê"� c
k
�

,
��§¬��c¡�ÎÒØ½§±�¯KØ·½" /��0y�Ò´ù���¹"

3���¹§=¦ g = 0�¬Ñy�")§Ïde¡§S�Uk���UÃ�:

Example 3.4 (sound.edp) // ©� sound.edp
real kc2=1;
func g=y*(1-y);

border a0(t=0,1) { x= 5; y= 1+2*t ;}
border a1(t=0,1) { x=5-2*t; y= 3 ;}
border a2(t=0,1) { x= 3-2*t; y=3-2*t ;}
border a3(t=0,1) { x= 1-t; y= 1 ;}
border a4(t=0,1) { x= 0; y= 1-t ;}
border a5(t=0,1) { x= t; y= 0 ;}
border a6(t=0,1) { x= 1+4*t; y= t ;}

mesh Th=buildmesh( a0(20) + a1(20) + a2(20)
+ a3(20) + a4(20) + a5(20) + a6(20));

fespace Vh(Th,P1);
Vh u,v;

solve sound(u,v)=int2d(Th)(u*v * kc2 - dx(u)*dx(v) - dy(u)*dy(v))
- int1d(Th,a4)(g*v);

plot(u, wait=1, ps="sound.eps");

O�(Jw«3ã 3.3¥" �´� kc2 �¯K�A���, KÙ)Ø��: XJ ue 6= 0 ´
�����, Kéu?Û/X u + ue �)Ñ�¯K�)" �
é�¤k� ue §V\±e
�èµ

real sigma = 20; //  £�
// OP = A - sigma B ; //  £Ý


varf op(u1,u2)= int2d(Th)( dx(u1)*dx(u2) + dy(u1)*dy(u2) - sigma* u1*u2 );
varf b([u1],[u2]) = int2d(Th)( u1*u2 ) ; // Ã>.^��5º 9.1

matrix OP= op(Vh,Vh,solver=Crout,factorize=1);
matrix B= b(Vh,Vh,solver=CG,eps=1e-20);
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int nev=2; // �½sigma NC�A��êþ

real[int] ev(nev); // �; nev A��
Vh[int] eV(nev); // �; nev A��þ

int k=EigenValue(OP,B,sym=true,sigma=sigma,value=ev,vector=eV,
tol=1e-10,maxit=0,ncv=0);

cout<<ev(0)<<" 2 eigen values "<<ev(1)<<endl;
v=eV[0];
plot(v,wait=1,ps="eigen.eps");

ã 3.3: �:l�ýç�pu��(&Ò�Ì" m: A�¯K:−∆ϕ = λϕ � ∂ϕ
∂n

= 0 on Γ¥
l20�C�1��A�� (λ = (k/c)2 = 19.4256)"

3.4 999DDD���

ÁÁÁ��� ùp·�òÆSXÛ?n �C �Ô ¯K"·�òü«XÛ?n ¶é¡ ¯K Ú
�� ��5¯K"

���íííeee%%%777ááá���¯̄̄KKK �Ä���kÝ/�¡ Ω = (0, 6) × (0, 1)�7á� (0, Lx) ×
(0, Ly)× (0, Lz) þ�§Ý©Ù; Ð©§Ý� u = u0 + x

L
u1 �7á��u§Ý� ue ��í

¥"3R�u7á��²¡ z = Lz/2 þ, §Ý�X�I z A�ØCz; ��ÐÚCq§b
�¯K���¯K"

·�3 Ω ¥9�mm� (0,T)S¦)§Ý�§"

∂tu−∇ · (κ∇u) = 0 in Ω× (0, T ),
u(x, y, 0) = u0 + xu1
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κ
∂u

∂n
+ α(u− ue) = 0 on Γ× (0, T ). (3.2)

�
�[ð§N!ì§d?*ÑXê κ ò�ü��µ��$u¥mY²§,��K��
�" α(u − ue) ���íé6Úå�§Ý��" lêÆþ5ù§ù�>�^�´ Fourier
(or Robin, or mixed) >.^�"

C©úª½Â3 L2(0, T ;H1(Ω)) �m§���æ^'u�m�î.Ûª�©Cq��§
3 w ∈ H1(Ω)�mÏé¤k�un(x, y):∫

Ω

(
un − un−1

δt
w + κ∇un∇w) +

∫
Γ

α(un − uue)w = 0

func u0 =10+90*x/6;
func k = 1.8*(y<0.5)+0.2;
real ue = 25, alpha=0.25, T=5, dt=0.1 ;

mesh Th=square(30,5,[6*x,y]);
fespace Vh(Th,P1);
Vh u=u0,v,uold;

problem thermic(u,v)= int2d(Th)(u*v/dt + k*(dx(u) * dx(v) + dy(u) * dy(v)))
+ int1d(Th,1,3)(alpha*u*v)
- int1d(Th,1,3)(alpha*ue*v)
- int2d(Th)(uold*v/dt) + on(2,4,u=u0);

ofstream ff("thermic.dat");
for(real t=0;t<T;t+=dt){

uold=u; // uold ≡ un−1 = un ≡u
thermic; // d?¦)9Æ¯K
ff<<u(3,0.5)<<endl;
plot(u);

}

I�5¿�´·�7Ll�5�¥ÃÄ©ÑV�5Ü©"Ó���5¿3©� thermic.dat
�;¤k�mS: (3,0.5) §Ý��ª" éuÙ¦I�?1���ã�¯K§�æ^aq
Ú½"~X�< x 7→ ∂u

∂y
(x, 0.9) §�?1e¡�ö�µ

for(int i=0;i<20;i++) cout<<dy(u)(6.0*i/20.0,0.9)<<endl;

(Jw«3ã 3.4 ¥"

3.4.1 ¶¶¶ééé¡¡¡: ���¡¡¡������///���nnn������

y3·�5?n���Î�
Ø´²�"�
{B·�� κ = 1" 3Î¡�I¥, .Ê.
d�fC� (r ´�¶%�ål, z ´¶�ål, 4� θ ��R�u�I��½²¡�Y�):

∆u =
1

r
∂r(r∂ru) +

1

r2
∂2
θθu+ ∂2

zz.

é¡5¿�X¯K�)Ø�6uθ ; ¤±«� Ω �´Ý/ [0, R] × [0, 1] " ·�÷^
square() ¥é>.�?ÒS.£=1 éA.Ü�Y²� ...¤§K¯KC�:
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 34

 36

 38
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 50
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 54

 56

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

"thermic.dat"

ã 3.4: 3 T=4.9 �§Ý. m: 3 x=3, y=0.5?§Ý�X�m�P~

r∂tu− ∂r(r∂ru)− ∂z(r∂zu) = 0 in Ω,

u(t = 0) = u0 +
z

Lz
(u1 − u)

u|Γ4 = u0, u|Γ2 = u1, α(u− ue) +
∂u

∂n
|Γ1∪Γ3 = 0. (3.3)

5¿§®²3 �©�§þ¦
 r "
3|^Ûª�ªé�mlÑz§�mÚ� dt, 3 FreeFem++ ��{¥ r =´ x § z =
´y , ¯KC�e¡�/ª:

problem thermaxi(u,v)=int2d(Th)((u*v/dt + dx(u)*dx(v) + dy(u)*dy(v))*x)
+ int1d(Th,3)(alpha*x*u*v) - int1d(Th,3)(alpha*x*ue*v)
- int2d(Th)(uold*v*x/dt) + on(2,4,u=u0);

5¿V�5/ª3 x = 0 ?�òz"Ï�d?�òz§ÃI3 Γ1 þ\>.^�, �E,
�±y² u ��35Ú��5"

3.4.2 ������������555¯̄̄KKK : ËËË���

9þ� Ë� ���ýé§Ýog�¤�'(dA�½Æ)"2�Äþé6���kXe>
.^�:

κ
∂u

∂n
+ α(u− ue) + c[(u+ 273)4 − (ue + 273)4] = 0

¯K´ ��5�, 7LS�¦)"XJ m L«S��ê, KË����5z/ªXeµ

∂um+1

∂n
+ α(um+1 − ue) + c(um+1 − ue)(um + ue + 546)((um + 273)2 + (ue + 273)2) = 0,

ù´Ï� a4 − b4 = (a− b)(a+ b)(a2 + b2)" �é v = u− ue ?1S�¦)"
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...

fespace Vh(Th,P1); // k���m

real rad=1e-8, uek=ue+273; // Ôn~ê�½Â

Vh vold,w,v=u0-ue,b;

problem thermradia(v,w)

= int2d(Th)(v*w/dt + k*(dx(v) * dx(w) + dy(v) * dy(w)))

+ int1d(Th,1,3)(b*v*w)

- int2d(Th)(vold*w/dt) + on(2,4,v=u0-ue);

for(real t=0;t<T;t+=dt){

vold=v;

for(int m=0;m<5;m++){

b= alpha + rad * (v + 2*uek) * ((v+uek)ˆ2 + uekˆ2);

thermradia;

}

}

vold=v+ue; plot(vold);

3.5 ÃÃÃ^̂̂���ººº÷÷÷ííí666ÚÚÚ999���AAA

ÁÁÁ��� �!·�òÆSXÛæ^õ­�ä?n E,AÛþõÔnXÚ� �©�§" Ó
�ÆSXÛö� «��«ì, ¿�*	l���ä�,�����ÝK�f�1w5"

ØØØ���ØØØ   666NNN ÃÊÚÃ^�Ø�Ø 6NäkXe��Ý|:

u =

(
∂ψ
∂x2

− ∂ψ
∂x1

)
, ùp ψ ÷v ∆ψ = 0

ù�|�ª�¹
Ø�Ø 5 £=∇ · u = 0)¤ÚÃ^Ý�5 £=∇× u = 0¤"

�6N÷X>�wÄ�§{��Ý�0§= ψ ÷v:

ψ 3>�þ���~ê”

��±3<E>.�½���Ý|§ù¦�ψ3>.�Dirichlet êØ�~ê"

ÊÊÊ¡¡¡ ·��Ä3��6N¥k��Ê/ S ��/"òÃ¡�?w¤�����± C §
6N3�±þ��Ý´���¶ éù�¯Kï�Xeµ

∆ψ = 0 3 Ω, ψ|S = 0, ψ|C = u∞y, (3.4)

ùp ∂Ω = C ∪ S
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NACA0012 ÊÊÊ¡¡¡ NACA0012 £ù´�íÄåÆþ��²;�Ê/¤þL¡����§
Xe :

y = 0.17735
√
x− 0.075597x− 0.212836x2 + 0.17363x3 − 0.06254x4.

Example 3.5 (potential.edp) // ©� potential.edp

real S=99;

border C(t=0,2*pi) { x=5*cos(t); y=5*sin(t);}

border Splus(t=0,1){ x = t; y = 0.17735*sqrt(t)-0.075597*t

- 0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4); label=S;}

border Sminus(t=1,0){ x =t; y= -(0.17735*sqrt(t)-0.075597*t

-0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4)); label=S;}

mesh Th= buildmesh(C(50)+Splus(70)+Sminus(70));
fespace Vh(Th,P2); Vh psi,w;

solve potential(psi,w)=int2d(Th)(dx(psi)*dx(w)+dy(psi)*dy(w))+
on(C,psi = y) + on(S,psi=0);

plot(psi,wait=1);

ã3.5w«
6�©Ù"

IsoValue

-10.9395

-3.12159

2.09037

7.30233
12.5143

17.7262

22.9382

28.1502

33.3621
38.5741

43.7861

48.998

54.21

59.4219
64.6339

69.8459

75.0578

80.2698

85.4817
98.5116

ã 3.5: ��NACA0012Ê¡�±��±w�6� (­� ψ = ~ê)" �±ÏL�pª�
ã�·-µU/+0�½��U4m�5¼�ù��ã�" m>�ã´3�m T=25 �
�§Ý©Ù (y3��§Ý´90Ý�O
�5�120 Ý)" 5¿d?�Ä
\��£��
19Ù ¤"
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3.5.1 ÊÊÊ¡¡¡±±±������999ééé666

y3·�b�Ê¡´9�
�í´e�" aquc¡Ù!§�§Ý vk'�9Æ�§X
eµ

∂tv −∇ · (κ∇v) + u · ∇v = 0, v(t = 0) = v0,
∂v

∂n
|C = 0

�´y3�«�´©�S�SÜÚ	Ü§¿� κ 3�íÚg¥��ØÓ"d	ùp�9�
�´ÏL6Ä¢y�, Ïdõ
 u · ∇v ù��"u´ke¡��è£\��c�è��
¡¤µ

...
border D(t=0,2){x=1+t;y=0;} // ¦´»þk��°[���
mesh Sh = buildmesh(C(25)+Splus(-90)+Sminus(-90)+D(200));
fespace Wh(Sh,P1); Wh v,vv;
int steel=Sh(0.5,0).region, air=Sh(-1,0).region;
fespace W0(Sh,P0);
W0 k=0.01*(region==air)+0.1*(region==steel);
W0 u1=dy(psi)*(region==air), u2=-dx(psi)*(region==air);
Wh vold = 120*(region==steel);
real dt=0.05, nbT=50;
int i;
problem thermic(v,vv,init=i,solver=LU)= int2d(Sh)(v*vv/dt

+ k*(dx(v) * dx(vv) + dy(v) * dy(vv))
+ 10*(u1*dx(v)+u2*dy(v))*vv)- int2d(Sh)(vold*vv/dt);

for(i=0;i<nbT;i++){
v=vold; thermic;}

plot(v);}

ùp5¿

� 3ïá�ä�ÏL½Â��ëê«�5«©gÚ�íÜ©§¿�3z��ëÏ
�ΩÜ©�����ê�;

� ¦+\þ�é6�vk^Hº�ª§��Xìê |u|L/κ �� £ù´��;.��
Ý'~¤�§Hº�ª´7��"�é6��Xê�10�±¯�/4�ÝO\10 �
£Ø,�Ý�úÒwØ��
y�
¤"

� ¯K�¦)¦^Gauss-LU©)¦)ì§¿�� init6= 0 �I­E¦^ LU ©)§
¤±3S��g��¬C�é¯"

3.6 XXXééé666: ���^̂̂ììì

ÁÁÁ��� ùp·��Ñü«�{)ûHº�ªe�{ü�é6¯K"ùü«�{©O´ A
�-Galerkin Ú mä-Galerkin k���{"
Ω´±0�¥%�ü ��¶�Ä^=�þ|

u = [u1, u2], u1 = y, u2 = −x

'uu�Xé6�§L«¤µ

∂tc+ u.∇c = 0 in Ω× (0, T ) c(t = 0) = c0 in Ω.
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3�mt Ú: xt �°() c(xt, t) �

c(xt, t) = c0(x, 0)

ùpxt ´0�� ux�âf36N¥�;,"Ïd§ xt ´e��§�)

ẋt = u(xt), , xt=0 = x, ùp ẋt =
d(t 7→ xt)

dt

ù�~�©�§´�_�§·����mt�3x?£Ø´3:xt¤�)§Ð©:´x−t§
·�k

c(x, t) = c0(x−t, 0)

ù�L§��m±Ï´T = 2π§±Ï"�)�Ð©)��"

ÏÏÏLLLAAA���-Galerkin���{{{¦¦¦))) 3 FreeFem++ ¥§�fconvect([u1,u2],dt,c) �
^uO�Xe� c ◦ X §Ù¥X ´dX(x) = xdt ½Â�é6|§xτ ´­��Ý|u =
[u1, u2]pτ = 0�� u:x �âf;,§Ïd xτ ´e¡~�©�§�):

ẋτ = u(xτ ), xτ=0 = x.

u �±´©ã~ê§d�xτ ´�^�±�O(O�Ñ5õ�­�§
�� u ´Ã
|
�§)o´�3"é6¯K�£�c(xdf ) = C ◦X"

Example 3.6 (convects.edp) // ©� convects.edp

border C(t=0, 2*pi) { x=cos(t); y=sin(t); };

mesh Th = buildmesh(C(100));

fespace Uh(Th,P1);

Uh cold, c = exp(-10*((x-0.3)ˆ2 +(y-0.3)ˆ2));

real dt = 0.17,t=0;

Uh u1 = y, u2 = -x;

for (int m=0; m<2*pi/dt ; m++) {

t += dt; cold=c;

c=convect([u1,u2],-dt,cold);

plot(c,cmm=" t="+t + ", min=" + c[].min + ", max=" + c[].max);

}

555 4 �x3�ã��±ÏL3xã�-pO\·-/dim=30 ¢y"

ù��{�~k�§�´kü���: a¤d�{Ø´�Å�§b¤du��Ø���Ï§
�|u| ���§���(J3�ê��¹e�U¬uÑ"
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mmmäää-Galerkin���FEM))){{{ mäGalerkin�{¿©|^Ç3>.þcØëY�`:§æ^

Hº�ª¦Ùúªz"3ùp·�æ^éó-PDC

1 úª £ë�[11]¤:∫
Ω

(
cn+1 − cn

δt
+ u · ∇c)w +

∫
E

(α|n · u| − 1

2
n · u)[c]w =

∫
E−Γ

|n · u|cw ∀w

ùpE´SÜ>�8Ü§�E−Γ ´÷vu · n < 0�>.>�8Ü £3·���¹eùp´
vkù��>.¤¶��[c]´cB�é6��^>.��a�:§c+L«3½�>.m>
��"

Example 3.7 (convects end.edp) // ©� convects.edp
...
fespace Vh(Th,P1dc);

Vh w, ccold, v1 = y, v2 = -x, cc = exp(-10*((x-0.3)ˆ2 +(y-0.3)ˆ2));
real u, al=0.5; dt = 0.05;

macro n() (N.x*v1+N.y*v2) // "yëê�Macro
problem Adual(cc,w) =
int2d(Th)((cc/dt+(v1*dx(cc)+v2*dy(cc)))*w)
+ intalledges(Th)((1-nTonEdge)*w*(al*abs(n)-n/2)*jump(cc))

// - int1d(Th,C)((n<0)*abs(n)*cc*w) // Ï�3>.∂Ωþcc=0
- int2d(Th)(ccold*w/dt);

for ( t=0; t< 2*pi ; t+=dt)
{

ccold=cc; Adual;
plot(cc,fill=1,cmm="t="+t + ", min=" + cc[].min + ", max=" + cc[].max);

};
real [int] viso=[-0.2,-0.1,0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1,1.1];
plot(c,wait=1,fill=1,ps="convectCG.eps",viso=viso);
plot(c,wait=1,fill=1,ps="convectDG.eps",viso=viso);

I�5¿�#�'�cµintalledges §�3¤kn�/�¤k>.þ�È©"

intalledges(Th) ≡
∑
T∈Th

∫
∂T

(3.5)

£Ïd¤kSÜ>.È
üg¤; en�/k�>�>., KnTonEdge ���1§ÄK
�0; jump �L[c]" ü«�{�(JÑw«3ã 3.6¥§ùpü�ãÑ¦^�Ó���L
«§¶ �±|^plot-modifier viso¢y"
��5¿�3macro p¿�Ñyëêu§�´3�{þ´I��¶Ó�{ü/òn O�
�(N.x*v1+N.y*v2)"lL�/ª·��±�ÿßÿ N.x,N.y Ò´>.�{�§¯¢
Xd"
y3XJ\@�mä-Galerkin�{£DG¤�ú�±Á�ee¡�§S

// Ó��DG§��Ý�¯
varf aadual(cc,w) = int2d(Th)((cc/dt+(v1*dx(cc)+v2*dy(cc)))*w)

+ intalledges(Th)((1-nTonEdge)*w*(al*abs(n)-n/2)*jump(cc));
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IsoValue
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0.1
0.5
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1

ã 3.6: ^=ì3�g^=����¹§�>|^A�-Galerkin�{§ m>|^mä�
P1 Galerkin FEM�{"

varf bbdual(ccold,w) = - int2d(Th)(ccold*w/dt);
matrix AA= aadual(Vh,Vh);
matrix BB = bbdual(Vh,Vh);
set (AA,init=t,solver=sparsesolver);
Vh rhs=0;
for ( t=0; t< 2*pi ; t+=dt)
{

ccold=cc;
rhs[] = BB* ccold[];
cc[] = AAˆ-1*rhs[];
plot(cc,fill=0,cmm="t="+t + ", min=" + cc[].min + ", max=" + cc[].max);

};

5¿�#�'�cset§ù´^5�²¯K�¦)ì¶N!ìinit ��^´w�¦)ìp�
Ý
´ÄUC(init=true)§ëê�¶i�´�¯K½Âp��Ó£� 6.9¤ "

kkk���NNNÈÈÈ{{{ Ó���±ÏLFreeFem++ ¢y§�I�?�§S"~X§éuDervieux�
<�P0 − P1 k�NÈ{§éu��d¤k�¹q

i �º:�n�/|¤�»�σi §�^�
�P0�¼êc

1L«§3z��º: qi ±������P0�¼êc
1§=~�c1(qi)" ÏdH

º�±|^�¥m��>½m>��L«Ñ5:∫
σi

1

δt
(c1n+1 − c1n) +

∫
∂σi

u · nc− = 0 ∀i

=z¤§S�óXeµ

load "mat_dervieux"; // I��	\1C++�¬
border a(t=0, 2*pi){ x = cos(t); y = sin(t); }
mesh th = buildmesh(a(100));
fespace Vh(th,P1);
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Vh vh,vold,u1 = y, u2 = -x;

Vh v = exp(-10*((x-0.3)ˆ2 +(y-0.3)ˆ2)), vWall=0, rhs =0;

real dt = 0.025;

// qf1pTlump �L¦^
�þ�­

problem FVM(v,vh) = int2d(th,qft=qf1pTlump)(v*vh/dt)

- int2d(th,qft=qf1pTlump)(vold*vh/dt)

+ int1d(th,a)(((u1*N.x+u2*N.y)<0)*(u1*N.x+u2*N.y)*vWall*vh)

+ rhs[] ;

matrix A;

MatUpWind0(A,th,vold,[u1,u2]);

for ( int t=0; t< 2*pi ; t+=dt){

vold=v;

rhs[] = A * vold[] ; FVM;

plot(v,wait=0);

};

�þ�­ëê�ÀJ¦�¦Èúª¥�pd: u�p:§ù��±¦�þÝ
é�z¶
�5XÚ�Ü©�±|^�ÝFÝ{¦)§=ÏL�ügS�Ò�±Âñ"

m>�rhs´|^	ÜC++¼êMatUpWind0(...)O���§ù�§S´

// 3Dervieux FVM¥���n�/þO�Ý


int fvmP1P0(double q[3][2], // n�/Tþ�n�º:

double u[2], // 3Tþ�é6�Ý

double c[3], // 3Tþ�P1¼ê

double a[3][3], // ÑÑÝ


double where[3] ) // where>0 `²3>.þ

{

for(int i=0;i<3;i++) for(int j=0;j<3;j++) a[i][j]=0;

for(int i=0;i<3;i++){

int ip = (i+1)%3, ipp =(ip+1)%3;

double unL =-((q[ip][1]+q[i][1]-2*q[ipp][1])*u[0]

-(q[ip][0]+q[i][0]-2*q[ipp][0])*u[1])/6;

if(unL>0) { a[i][i] += unL; a[ip][i]-=unL;}

else{ a[i][ip] += unL; a[ip][ip]-=unL;}

if(where[i]&&where[ip]){ // ù´��k.>.

unL=((q[ip][1]-q[i][1])*u[0] -(q[ip][0]-q[i][0])*u[1])/2;

if(unL>0) { a[i][i]+=unL; a[ip][ip]+=unL;}

}

}

return 1;

}

ùã§S®²�\������ .cpp ©�¥§�� FreeFem++ ó��\1�¬§��
N¹A"
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3.7 ���555XXXÚÚÚ

���555 �N3Éå�¬u)/C"Éå�§�Nþ�Ð©: (x, y, z)ò¬C� (X, Y, Z)
§·�r�þ u = (u1, u2, u3) = (X − x, Y − y, Z − z) ¡�  £"� £é�¿��Nä
k�5�, ��½Æ�Ñ
AåÜþ σ(u) = (σij(u)) ÚACÜþ ε(u) = εij(u) �'X

σij(u) = λδij∇.u + 2µεij(u),

ùp� i = j§�ÛS�ÎÒ δij = 1 ÄK�0§¤±k

εij(u) =
1

2
(
∂ui
∂xj

+
∂uj
∂xi

),

ùp λ, µ ´ü�£ã�NåÆ5��~þ§
�ùü�~þ��k¶�~þE £
¼�
þ¤Ú ν£Ñt'¤k'µ

µ =
E

2(1 + ν)
, λ =

Eν

(1 + ν)(1− 2ν)
.

Lamé’s XXXÚÚÚ �Ä��÷ Oz¶�îù§ÙR��¡� Ω"3É�R�u¶�åf �§î
ù3R��¡Ωþ/Cþ u(x) 3x Úy þ�©þ÷v±e�ªµ

−µ∆u− (µ+ λ)∇(∇.u) = f in Ω,

ùpλ, µ ´þ¡0�L�Laméëê"
5µ ·�¿Ø¦^ù��§´Ï����éX�C©/ªeØU�ÑÜ·�>.^�§
Ïd=æ^±e{ü/ª

−div(σ) = f inΩ

ÙC©/ª´µ ∫
Ω

σ(u) : ε(v) dx−
∫

Ω

vf dx = 0;

ùpÎÒ:L«Üþ�IþÈ§~Xa : b =
∑

i,j aijbij.

¤±ù�C©/ª�±�¤ :∫
Ω

λ∇.u∇.v + 2µε(u) : ε(v) dx−
∫

Ω

vf dx = 0;

~~~ �ÄÃ/C��/�5�§º�� [0, 20] × [−1, 1]" ÔN¥%Ü©É�å´­å f
§3e!þÚm>.�Éågþ�0" ���>£R���¤�½§Kd>.^��±�
¤µ

σ.n = g = 0 on Γ1,Γ4,Γ3,

u = 0 on Γ2

ùp u = (u, v) kü�©þ"

þ¡�ü��ªÏL·Ü�êr�ÍÜ3�å§ÏdÄu?��Ü©?1S�þØ�1"
·�}Á|^ FreeFem++ �¢y§�A§S�±�¤µ
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Example 3.8 (lame.edp) // ©� lame.edp
mesh Th=square(10,10,[20*x,2*y-1]);
fespace Vh(Th,P2);
Vh u,v,uu,vv;
real sqrt2=sqrt(2.);
macro epsilon(u1,u2) [dx(u1),dy(u2),(dy(u1)+dx(u2))/sqrt2] // EOM

// ùp^sqrt2´Ï�·����¤µ epsilon(u1,u2)’* epsilon(v1,v2) == ε(u) : ε(v)
macro div(u,v) ( dx(u)+dy(v) ) // EOM

real E = 21e5, nu = 0.28, mu= E/(2*(1+nu));
real lambda = E*nu/((1+nu)*(1-2*nu)), f = -1; //

solve lame([u,v],[uu,vv])= int2d(Th)(
lambda*div(u,v)*div(uu,vv)
+2.*mu*( epsilon(u,v)’*epsilon(uu,vv) ) )
- int2d(Th)(f*vv)
+ on(4,u=0,v=0);

real coef=100;
plot([u,v],wait=1,ps="lamevect.eps",coef=coef);

mesh th1 = movemesh(Th, [x+u*coef, y+v*coef]);
plot(th1,wait=1,ps="lamedeform.eps");
real dxmin = u[].min;
real dymin = v[].min;

cout << " - dep. max x = "<< dxmin<< " y=" << dymin << endl;
cout << " dep. (20,0) = " << u(20,0) << " " << v(20,0) << endl;

T¯K�ê�)w«3ã3.7¥§ÑÑ�(J´:

-- square mesh : nb vertices =121 , nb triangles = 200 , nb boundary edges 40
-- Solve : min -0.00174137 max 0.00174105

min -0.0263154 max 1.47016e-29
- dep. max x = -0.00174137 y=-0.0263154

dep. (20,0) = -1.8096e-07 -0.0263154
times: compile 0.010219s, execution 1.5827s

3.8 666NNN���ddd÷÷÷���dddXXXÚÚÚ

�Ä�Xìê�$£~X�)Ô¤���6N§=�éu1n�IØC§Ù£ã�§X
eµ

−∆u+∇p = 0
∇ · u = 0

Ù¥ u = (u1, u2) �6N�Ý§ p �6NØå" ù´��IO�Á�nN§¿÷�N¿\
X§nN�N3Y²��þ!�£Ä"æ^LBB^�§éØåÚ�Ý^�N�k���m
?1lÑz§��µ

sup
p∈Ph

(u,∇p)
|p|

≥ β|u| ∀u ∈ Uh



3.9. NAVIER-STOKES�§���ÝK�{ 39

ã 3.7: ���à�½3R�p¡���îùÉg�­å�­§éALamé’s�§�)£w
«�(J��
100�¤" 5µ�Þ��Ï�XÚ�ÏgÄ�ä§,
ÙôÚ�N
ý¢
�Ý

// ©� stokes.edp
int n=3;
mesh Th=square(10*n,10*n);
fespace Uh(Th,P1b); Uh u,v,uu,vv;
fespace Ph(Th,P1); Ph p,pp;

solve stokes([u,v,p],[uu,vv,pp]) =
int2d(Th)(dx(u)*dx(uu)+dy(u)*dy(uu) + dx(v)*dx(vv)+ dy(v)*dy(vv)

+ dx(p)*uu + dy(p)*vv + pp*(dx(u)+dy(v))
- 1e-10*p*pp)

+ on(1,2,4,u=0,v=0) + on(3,u=1,v=0);
plot([u,v],p,wait=1);

5µ�
�½Øå�~þÜ©§\\
��­½� -10e-10*p*pp"
O�(Jw«3ã3.9¥"

3.9 Navier-Stokes���§§§���������ÝÝÝKKK���{{{

ÁÁÁ��� O�6N6ÄI�Ð��{ÚÐ�n�/¿©"·�3ùpÞæ^��E,�{�
~f£�´1��æ^g·A���~f¤"

Ø�Ø �Ê56N÷v±e�§ª:

∂tu+ u · ∇u+∇p− ν∆u = 0, ∇ · u = 0 in Ω× [0, T ],

u|t=0 = u0, u|Γ = uΓ.
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ã 3.8: nN¯K�Stokes�§�)§ã¥w«
�Ý|ÚØå�

�éù�¯K§Chorin�Ñ
��ë��{µ

1

δt
[um+1 − umoXm] +∇pm − ν∆um = 0, u|Γ = uΓ, ν∂nu|Γout = 0

−∆pm+1 = −∇ · umoXm, ∂np
m+1 = 0, pm+1 = 0 on Γout

Ù¥ uoX(x) = u(x−u(x)δt)§dc¡Ù!¥J��A��{£method of characteristics¤
Cq ∂tu+ u · ∇u 
�"

�éChorin�{§·�3Ñ�æ^gd>.^�£�=´p = 0, ν∂nu = 0¤O�?���
Øå|"

−∆q = ∇ · u, q = 0onΓout

¿�½Â
um+1 = ũ+∇qδt, pm+1 = pm − q − pm − q

Ù¥ ũ ´Chorin�{¥� (um+1, vm+1) , P K´�þ�­�L2ÝK£´DÕÝ
¤"

��������� ÙAÛã/´��äk����Ï�§¦�S6�¡�u	6�¡" £3?1
n�¿©�¤7L��yU
�(/£ãTAÛ/Ge����£6«"
ù==3n�¿©v
[�½UéÐ�·�6N1��âU
¢y"
5 (FH)µù�~fk��EâJ:§=éuÑ�>.§�p = 0, ν∂nu = 0" 0" 3�c
���§ù¿ØI��Ä§¿�ù�?�¿Ø{ü�"

Example 3.9 (NSprojection.edp) // ©� NSprojection.edp
// 2014c6��

// FH.?U
u�Ñ�>.^�,±{z¯K
// ............

verbosity=0;
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border a0(t=1,0){ x=0; y=t; label=1;}
border a1(t=0,1){ x=2*t; y=0; label=2;}
border a2(t=0,1){ x=2; y=-t/2; label=2;}
border a3(t=0,1){ x=2+18*tˆ1.2; y=-0.5; label=2;}
border a4(t=0,1){ x=20; y=-0.5+1.5*t; label=3;}
border a5(t=1,0){ x=20*t; y=1; label=4;}
int n=1;
mesh Th= buildmesh(a0(3*n)+a1(20*n)+a2(10*n)+a3(150*n)+a4(5*n)+a5(100*n));
plot(Th);
fespace Vh(Th,P1);
real nu = 0.0025, dt = 0.2; // Reynolds=200
Vh uold = u, vold = v, pold=p;
func uBCin = 4*y*(1-y)*(y>0)*(x<2) ;
func uBCout = 4./1.5*(y+0.5)*(1-y) *(x>19);
Vh w,u = 0, v =0, p = 0, q=0;
real epsv = 1e-6, epsu = 1e-6, epsp = 1e-6; // Eps CG ..

// ½ÂÝ
 dtMx Ú dtMy
macro BuildMat()
{ /* for memory managenemt */
varf vM(unused,v) = int2d(Th)(v) ;
varf vdx(u,v) = int2d(Th)(v*dx(u)*dt) ;
varf vdy(u,v) = int2d(Th)(v*dy(u)*dt) ;
real[int] Mlump = vM(0,Vh);
real[int] one(Vh.ndof); one = 1;
real[int] M1 = one ./ Mlump;
matrix dM1 = M1;
matrix Mdx = vdx(Vh,Vh);
matrix Mdy = vdy(Vh,Vh);
dtM1x = dM1*Mdx;
dtM1y = dM1*Mdy;
} // EOF

BuildMat

real err=1, outflux=1;

for(int n=0;n<300;n++){

Vh uold = u, vold = v, pold=p;

solve pb4u(u,w,init=n,solver=LU)
=int2d(Th)(u*w/dt +nu*(dx(u)*dx(w)+dy(u)*dy(w)))
-int2d(Th)((convect([uold,vold],-dt,uold)/dt-dx(p))*w)
+ on(1,u = 4*y*(1-y)) + on(2,4,u = 0) + on(3,u=f); // Neuman>.^�

plot(u);

solve pb4v(v,w,init=n,solver=CG,eps=epsv)
= int2d(Th)(v*w/dt +nu*(dx(v)*dx(w)+dy(v)*dy(w)))
-int2d(Th)((convect([uold,vold],-dt,vold)/dt-dy(p))*w)
+on(1,2,3,4,v = 0);

solve pb4p(q,w,init=n,solver=CG,eps=epsp)= int2d(Th)(dx(q)*dx(w)+dy(q)*dy(w))
- int2d(Th)((dx(u)+ dy(v)-meandiv)*w/dt)+ on(3,q=0);

// �{¥æ^ýéepsilon
epsv = -abs(epsv);
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epsu = -abs(epsu);
epsp = -abs(epsp);

p = pold-q-q;
u[] += dtM1x*q[];
v[] += dtM1y*q[];

if(n%50==49){
Th = adaptmesh(Th,[u,v],q,err=0.04,nbvx=100000);
plot(Th, wait=true);
BuildMat

} // ­�Ý


err = sqrt(int2d(Th)(square(u-uold)+square(v-vold))/Th.area) ;
cout << " iter " << n << " Err L2 = " << err
<< " flux sortant = "<< outflux << endl;
if(err < 1e-3) break;
}

assert(abs(outflux)< 2e-3); // �y
plot(p,wait=1,ps="NSprojP.eps");

plot(u,wait=1,ps="NSprojU.eps");

ã 3.9: RannacherÝK�{: ·A��£þã¤e�)µXìê�400��Øå©Ù£¥
ã¤ÚY²�Çu£eã¤

·�3ã 3.9¥¤Ð«ê�)´3Xìê�400�§²Ð©��S�50g�2æ^·A��

�Ñ�"

3.10 ­­­½½½Navier-Stokes���§§§���ÚÚÚîîî{{{

ù´��3½Â�Ω ⊂ Rd(d = 2, 3)S¦)6N�Ý| u = (ui)
d
i=1ÚØåp©Ù�¯Kµ

(u · ∇)u− ν∆u+∇p = 0,

∇ · u = 0

Ù¥ ν ´6N�ÊÝ, ∇ = (∂i)
d
i=1, /·0L«SÈ, ¿� ∆ = ∇ · ∇ §2\þ>.^�

£=u 3>. Γþ��½�¤
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Ùf/ª´¦)u, p ¦� ∀v £3>. Γþ�"�¤Ú ∀qkµ∫
Ω

((u · ∇)u).v + ν∇u : ∇v − p∇ · v − q∇ · u = 0 (3.6)

¦)��5¯K�Úî�{´é� u ∈ V ¦� F (u) = 0 ,Ù¥ F : V 7→ V .

1. ÀJ u0 ∈ Rn ;

2. for ( i = 0; i ¡ niter; i = i+ 1)

(a) solve DF (ui)wi = F (ui);

(b) ui+1 = ui − wi;

break ||wi|| < ε.

Ù¥DF (u)´ F 3: u��©,ù´���5�f§÷v: F (u+δ) = F (u)+DF (u)δ+o(δ)
éuNavier Stokes�§, F Ú DF©O� :

F (u, p) =

∫
Ω

((u · ∇)u).v + ν∇u : ∇v − p∇ · v − q∇ · u

DF (u, p)(δu, δp) =

∫
Ω

((δu · ∇)u).v + ((u · ∇)δu).v

+ ν∇δu : ∇v − δp∇ · v − q∇ · δu

Ï
Úî�{�A��èXeµ

Example 3.10 (NSNewton.edp) ...
for( n=0;n< 15;n++)
{ solve Oseen([du1,du2,dp],[v1,v2,q]) =

int2d(Th) ( nu*(Grad(du1,du2)’*Grad(v1,v2) )
+ UgradV(du1,du2, u1, u2)’*[v1,v2]
+ UgradV( u1, u2,du1,du2)’*[v1,v2]
- div(du1,du2)*q - div(v1,v2)*dp
- 1e-8*dp*q // ­½z�

)
- int2d(Th) ( nu*(Grad(u1,u2)’*Grad(v1,v2) )

+ UgradV(u1,u2, u1, u2)’*[v1,v2]
- div(u1,u2)*q - div(v1,v2)*p
)

+ on(1,du1=0,du2=0) ;
u1[] -= du1[]; u2[] -= du2[]; p[] -= dp[];
err= du1[].linfty + du2[].linfty + dp[].linfty;
if(err < eps) break;
if( n>3 && err > 10.) break; // �» ????

}

Ù¥�f´:

macro Grad(u1,u2) [ dx(u1),dy(u1) , dx(u2),dy(u2) ] //
macro UgradV(u1,u2,v1,v2) [ [u1,u2]’*[dx(v1),dy(v1)] ,
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[u1,u2]’*[dx(v2),dy(v2)] ] //
macro div(u1,u2) (dx(u1)+dy(u2)) //

·�k5ïá2�ÎN�	�O���"

real R = 5,L=15;
border cc(t=0,2*pi){ x=cos(t)/2;y=sin(t)/2;label=1;}
border ce(t=pi/2,3*pi/2) { x=cos(t)*R;y=sin(t)*R;label=1;}
border beb(tt=0,1) { real t=ttˆ1.2; x= t*L; y= -R; label = 1;}
border beu(tt=1,0) { real t=ttˆ1.2; x= t*L; y= R; label = 1;}
border beo(t=-R,R) { x= L; y= t; label = 0;}
border bei(t=-R/4,R/4) { x= L/2; y= t; label = 0;}
mesh Th=buildmesh(cc(-50)+ce(30)+beb(20)+beu(20)+beo(10)+bei(10));
plot(Th);

// �
xã�Ek.«�
func bb=[[-1,-2],[4,2]];

/ FE Space Taylor Hood
fespace Xh(Th,P2); // �Ý
fespace Mh(Th,P1); // Ør
Xh u1,u2,v1,v2,du1,du2,u1p,u2p;
Mh p,q,dp,pp;

// ÏÄu>.^�k�Ñb�)
u1 = ( xˆ2+yˆ2) > 2;
u2=0;

��§·�æ^�½�E|¦�ÊÝëê ν�±ëY5, Ï�Úî{´3����ÊÝ
ν�m©uÑ"

// Ônëê
real nu= 1./50, nufinal=1/200. ,cnu=0.5;

// Úî{ª�ëê
real eps=1e-6;

verbosity=0;
while(1) // Ê5�Ì�
{ int n;

real err=0; // Úî{Ø� ...

... ò#�Úî{�3ùp

if(err < eps)
{ // ν~�§¯KÂñ£'�(J¤

plot([u1,u2],p,wait=1,cmm=" rey = " + 1./nu , coef=0.3,bb=bb);
if( nu == nufinal) break;
if( n < 4) cnu=cnuˆ1.5; // ¯�Âñ => Cz�¯
nu = max(nufinal, nu* cnu); // #�ÊÝ
u1p=u1; u2p=u2; pp=p; // ���() ...

}
else
{ // νO\§uÑ £�{ü¤

assert(cnu< 0.95); // T�{�ªuÑ
nu = nu/cnu; // ��c�Ú�Ê5�
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cnu= cnuˆ(1./1.5); // ØÂñ => Cz�ú
nu = nu* cnu; // #�Ê5�
cout << " restart nu = " << nu << " Rey= "<< 1./nu << " (cnu = " << cnu

<< " ) \n";
// ���() ..

u1=u1p;
u2=u2p;
p=pp;

}
}

ã 3.10: Xìê�200�§éA���À�Ú����Ç9Øå©Ù

3.11 ���...666NNN¯̄̄KKK

·����*l3Auroville-indiaïá
���·5���N�"·3~�¦��ÿ§¦
w�·¦F"eí�±÷X��ÏL�?\�m¦5�ö��a�øW"·w�¦/ù´
Ø�U�0¿�û½3ê�þ5�y§(ØÒ3ù�Ö�Ä�"
Navier-Stokes�§3ØÓ§Ý��Ý�¹e�)�6N��Ý±9Øå"
¯K�9��AÛ´��F/§·�b½§Ð©^�´d.Ü�e�íÚþÜ�æ�í5
|¤�S6"k�gd�	6§3£<��¤ºÜ>.äkw£�Ç
3.Üvkw£�
Ç"Navier-Stokes �§�§Ý�æ^RANS k − ε�.§2å^Boussinesq Cq§Xd�
5§·�kµ

∂tθ + u∇θ −∇ · (κmT ∇θ) = 0
∂tu+ u∇u−∇ · (µT∇u) +∇p+ e(θ − θ0)e2, ∇ · u = 0

µT = cµ
k2

ε
, κT = κµT

∂tk + u∇k + ε−∇ · (µT∇k) =
µT
2
|∇u+∇uT |2

∂tε+ u∇ε+ c2
ε2

k
− cε
cµ
∇ · (µT∇ε) =

c1

2
k|∇u+∇uT |2 = 0 (3.7)

ÀJ�±�½5��mlÑz§$^A��{ (Xm(x) ≈ x− um(x)δt)

1

δt
(θm+1 − θm ◦Xm)−∇ · (κmT ∇θm+1) = 0
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1

δt
(um+1 − um ◦Xm)−∇ · (µmT ∇um+1) +∇pm+1 + e(θm+1 − θ0)e2, ∇ · um+1 = 0

1

δt
(km+1 − km ◦Xm) + km+1 ε

m

km
−∇ · (µmT ∇km+1) =

µmT
2
|∇um +∇umT |2

1

δt
(εm+1 − εm ◦Xm) + c2ε

m+1 ε
m

km
− cε
cµ
∇(̇µmT ∇εm+1) =

c1

2
km|∇um +∇umT |2

µm+1
T = cµ

km+12

εm+1
, κm+1

T = κµm+1
T (3.8)

3äk·�>.^��C©/ªXe:

real L=6;
border aa(t=0,1){x=t; y=0 ;}
border bb(t=0,14){x=1+t; y= - 0.1*t ;}
border cc(t=-1.4,L){x=15; y=t ;}
border dd(t=15,0){x= t ; y = L;}
border ee(t=L,0.5){ x=0; y=t ;}
border ff(t=0.5,0){ x=0; y=t ;}
int n=8;
mesh Th=buildmesh(aa(n)+bb(9*n) + cc(4*n) + dd(10*n)+ee(6*n) + ff(n));
real s0=clock();

fespace Vh2(Th,P1b); // �Ý�m
fespace Vh(Th,P1); // Ør�m
fespace V0h(Th,P0); // FÝ�m
Vh2 u2,v2,up1=0,up2=0;
Vh2 u1,v1;
Vh u1x=0,u1y,u2x,u2y, vv;

real reylnods=500;
// cout << " Enter the reynolds number :"; cin >> reylnods;

assert(reylnods>1 && reylnods < 100000);
up1=0;
up2=0;
func g=(x)*(1-x)*4; // S6
Vh p=0,q, temp1,temp=35, k=0.001,k1,ep=0.0001,ep1;
V0h muT=1,prodk,prode, kappa=0.25e-4, stress;
real alpha=0, eee=9.81/303, c1m = 1.3/0.09 ;
real nu=1, numu=nu/sqrt( 0.09), nuep=pow(nu,1.5)/4.1;
int i=0,iter=0;
real dt=0;
problem TEMPER(temp,q) = // §Ý�§

int2d(Th)(
alpha*temp*q + kappa * ( dx(temp)*dx(q) + dy(temp)*dy(q) ))

// + int1d(Th,aa,bb)(temp*q* 0.1)
+ int2d(Th) ( -alpha*convect([up1,up2],-dt,temp1)*q )
+ on(ff,temp=25)

+ on(aa,bb,temp=35) ;

problem kine(k,q)= // ��µ6ÄU
int2d(Th)(

(ep1/k1+alpha)*k*q + muT * ( dx(k)*dx(q) + dy(k)*dy(q) ))
// + int1d(Th,aa,bb)(temp*q*0.1)

+ int2d(Th) ( prodk*q-alpha*convect([up1,up2],-dt,k1)*q )
+ on(ff,k=0.0001) + on(aa,bb,k=numu*stress) ;



3.11. �.6N¯K 47

problem viscturb(ep,q)= // ��µ6Ê¢Uþ'Ç
int2d(Th)(

(1.92*ep1/k1+alpha)*ep*q + c1m*muT * ( dx(ep)*dx(q) + dy(ep)*dy(q)
))

// + int1d(Th,aa,bb)(temp*q*0.1)
+ int2d(Th) ( prode*q-alpha*convect([up1,up2],-dt,ep1)*q )
+ on(ff,ep= 0.0001) + on(aa,bb,ep=nuep*pow(stress,1.5)) ;

solve NS ([u1,u2,p],[v1,v2,q]) = // Navier-Stokes k-epsilon and Boussinesq
int2d(Th)(

alpha*( u1*v1 + u2*v2)
+ muT * (dx(u1)*dx(v1)+dy(u1)*dy(v1)+dx(u2)*dx(v2)+dy(u2)*dy(v2))

// ( 2*dx(u1)*dx(v1) + 2*dy(u2)*dy(v2)+(dy(u1)+dx(u2))*(dy(v1)+dx(v2)))
+ p*q*(0.000001)
- p*dx(v1) - p*dy(v2)
- dx(u1)*q - dy(u2)*q

)
+ int1d(Th,aa,bb,dd)(u1*v1* 0.1)
+ int2d(Th) (eee*(temp-35)*v1 -alpha*convect([up1,up2],-dt,up1)*v1

-alpha*convect([up1,up2],-dt,up2)*v2 )
+ on(ff,u1=3,u2=0)

+ on(ee,u1=0,u2=0)
+ on(aa,dd,u2=0)
+ on(bb,u2= -up1*N.x/N.y)
+ on(cc,u2=0) ;

plot(coef=0.2,cmm=" [u1,u2] et p ",p,[u1,u2],ps="StokesP2P1.eps",value=1,wait=1);
{

real[int] xx(21),yy(21),pp(21);
for (int i=0;i<21;i++)
{

yy[i]=i/20.;
xx[i]=u1(0.5,i/20.);
pp[i]=p(i/20.,0.999);

}
cout << " " << yy << endl;

// plot([xx,yy],wait=1,cmm="u1 x=0.5 cup");
// plot([yy,pp],wait=1,cmm="pressure y=0.999 cup");

}

dt = 0.05;
int nbiter = 3;
real coefdt = 0.25ˆ(1./nbiter);
real coefcut = 0.25ˆ(1./nbiter) , cut=0.01;
real tol=0.5,coeftol = 0.5ˆ(1./nbiter);
nu=1./reylnods;

for (iter=1;iter<=nbiter;iter++)
{
cout << " dt = " << dt << " ------------------------ " << endl;
alpha=1/dt;
for (i=0;i<=500;i++)
{

up1=u1;
up2=u2;
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temp1=max(temp,25);
temp1=min(temp1,35);
k1=k; ep1=ep;
muT=0.09*k*k/ep;
NS; plot([u1,u2],wait=1); // ¦)Navier-Stokes�§

prode =0.126*k*(pow(2*dx(u1),2)+pow(2*dy(u2),2)+2*pow(dx(u2)+dy(u1),2))/2;
prodk= prode*k/ep*0.09/0.126;
kappa=muT/0.41;
stress=abs(dy(u1));
kine; plot(k,wait=1);
viscturb; plot(ep,wait=1);
TEMPER; // ¦)§Ý�§
if ( !(i % 5)){

plot(temp,value=1,fill=true,ps="temp_"+iter+"_"+i+".ps");
plot(coef=0.2,cmm=" [u1,u2] et p ",p,[u1,u2],ps="plotNS_"+iter+"_"+i+".ps");

}
cout << "CPU " << clock()-s0 << "s " << endl;

}

if (iter>= nbiter) break;
Th=adaptmesh(Th,[dx(u1),dy(u1),dx(u1),dy(u2)],splitpbedge=1,

abserror=0,cutoff=cut,err=tol, inquire=0,ratio=1.5,hmin=1./1000);
plot(Th,ps="ThNS.eps");
dt = dt*coefdt;
tol = tol *coeftol;
cut = cut *coefcut;

}
cout << "CPU " <<clock()-s0 << "s " << endl;

3.12 ���999EEEêêê���~~~fff

3�Å¬¥§>^|-u©f�)9þ"éuüÚ²¡Å§�ÌdHelmholtz �§�Ñ:

βv + ∆v = 0.

�Ä����/��Å¬§�Ådþ�Ü©puÑ"Ï
��>.^�©¤üÜ©§�Ü
©� Γ1 §éA v = 0 ¶,�Ü© Γ2 = [c, d] §éA£~X¤ v = sin(π y−c

c−d)"

k�ÔN3Ù¥\9§P�B, 9
� v2¤�'" 3þïG�e§k

−∆θ = v2IB, θΓ = 0

Ù¥§3 IBÔNþ� 1§Ù¦/�� 0"
(Jw«3ã3.11¥"
3e��§S¥§�í¥ β = 1/(1− I/2)§ÔN¥�2/(1− I/2) £i =

√
−1¤:

Example 3.11 (muwave.edp) // ©� muwave.edp
real a=20, b=20, c=15, d=8, e=2, l=12, f=2, g=2;
border a0(t=0,1) {x=a*t; y=0;label=1;}
border a1(t=1,2) {x=a; y= b*(t-1);label=1;}
border a2(t=2,3) { x=a*(3-t);y=b;label=1;}
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ã 3.11: �Å¬µ�ã��Å�¢Ü§¥ã��Å�JÜ§mã�§Ý©Ù"

border a3(t=3,4){x=0;y=b-(b-c)*(t-3);label=1;}
border a4(t=4,5){x=0;y=c-(c-d)*(t-4);label=2;}
border a5(t=5,6){ x=0; y= d*(6-t);label=1;}

border b0(t=0,1) {x=a-f+e*(t-1);y=g; label=3;}
border b1(t=1,4) {x=a-f; y=g+l*(t-1)/3; label=3;}
border b2(t=4,5) {x=a-f-e*(t-4); y=l+g; label=3;}
border b3(t=5,8) {x=a-e-f; y= l+g-l*(t-5)/3; label=3;}
int n=2;
mesh Th = buildmesh(a0(10*n)+a1(10*n)+a2(10*n)+a3(10*n)

+a4(10*n)+a5(10*n)+b0(5*n)+b1(10*n)+b2(5*n)+b3(10*n));
plot(Th,wait=1);
fespace Vh(Th,P1);
real meat = Th(a-f-e/2,g+l/2).region, air= Th(0.01,0.01).region;
Vh R=(region-air)/(meat-air);

Vh<complex> v,w;
solve muwave(v,w) = int2d(Th)(v*w*(1+R)

-(dx(v)*dx(w)+dy(v)*dy(w))*(1-0.5i))
+ on(1,v=0) + on(2, v=sin(pi*(y-c)/(c-d)));

Vh vr=real(v), vi=imag(v);
plot(vr,wait=1,ps="rmuonde.ps", fill=true);
plot(vi,wait=1,ps="imuonde.ps", fill=true);

fespace Uh(Th,P1); Uh u,uu, ff=1e5*(vrˆ2 + viˆ2)*R;

solve temperature(u,uu)= int2d(Th)(dx(u)* dx(uu)+ dy(u)* dy(uu))
- int2d(Th)(ff*uu) + on(1,2,u=0);

plot(u,wait=1,ps="tempmuonde.ps", fill=true);

3.13 `̀̀zzz������

�ÃuBFGS §·��±ÏLFreeFem++¦)E,���5`z¯K"~X§�ÄeXe
_¯Kµ

min
b,c,d∈R

J =

∫
E

(u− ud)2 : −∇(κ(b, c, d) · ∇u) = 0, u|Γ = uΓ
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Ù¥ ud�Ï"�, >. uΓ Ú*ÿ8Ü E ⊂ Ω þ®�½"?�Úb�

κ(x) = 1 + bIB(x) + cIC(x) + dID(x) ∀x ∈ Ω

Ù¥B,C,D � Ω¥�ØÓf8"

�
^[ÚîBFGS�{¦)ù�¯K§·��I��� J é b, c, d��ê" eδb, δc, δd
©O´ b, c, d � �ê§·�k

δJ ≈ 2

∫
E

(u− ud)δu, −∇(κ · ∇δu) ≈ ∇(δκ · ∇u) δu|Γ = 0

w, e δb = 1, δc = 0, δd = 0KJ ′b � δJ ��§Ón��'u J ′c Ú J ′d�aq(Ø"

±þ?Ø�de¡§S¢yµ

// ©� optimcontrol.edp
border aa(t=0, 2*pi) { x = 5*cos(t); y = 5*sin(t); };
border bb(t=0, 2*pi) { x = cos(t); y = sin(t); };
border cc(t=0, 2*pi) { x = -3+cos(t); y = sin(t); };
border dd(t=0, 2*pi) { x = cos(t); y = -3+sin(t); };
mesh th = buildmesh(aa(70)+bb(35)+cc(35)+dd(35));
fespace Vh(th,P1);
Vh Ib=((xˆ2+yˆ2)<1.0001),

Ic=(((x+3)ˆ2+ yˆ2)<1.0001),
Id=((xˆ2+(y+3)ˆ2)<1.0001),
Ie=(((x-1)ˆ2+ yˆ2)<=4),
ud,u,uh,du;

real[int] z(3);
problem A(u,uh) =int2d(th)((1+z[0]*Ib+z[1]*Ic+z[2]*Id)*(dx(u)*dx(uh)

+dy(u)*dy(uh))) + on(aa,u=xˆ3-yˆ3);
z[0]=2; z[1]=3; z[2]=4;
A; ud=u;
ofstream f("J.txt");
func real J(real[int] & Z)
{

for (int i=0;i<z.n;i++)z[i]=Z[i];
A; real s= int2d(th)(Ie*(u-ud)ˆ2);
f<<s<<" "; return s;

}

real[int] dz(3), dJdz(3);

problem B(du,uh)
=int2d(th)((1+z[0]*Ib+z[1]*Ic+z[2]*Id)*(dx(du)*dx(uh)+dy(du)*dy(uh)))
+int2d(th)((dz[0]*Ib+dz[1]*Ic+dz[2]*Id)*(dx(u)*dx(uh)+dy(u)*dy(uh)))
+on(aa,du=0);

func real[int] DJ(real[int] &Z)
{

for(int i=0;i<z.n;i++)
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{ for(int j=0;j<dz.n;j++) dz[j]=0;
dz[i]=1; B;
dJdz[i]= 2*int2d(th)(Ie*(u-ud)*du);

}
return dJdz;

}

real[int] Z(3);
for(int j=0;j<z.n;j++) Z[j]=1;
BFGS(J,DJ,Z,eps=1.e-6,nbiter=15,nbiterline=20);
cout << "BFGS: J(z) = " << J(Z) << endl;
for(int j=0;j<z.n;j++) cout<<z[j]<<endl;
plot(ud,value=1,ps="u.eps");

3d~¥§8Ü B,C,D,E ©O´d>. bb, cc, dd, ee�¤��/«�§½Â�Ω �aa �
¤��/«� " Ï"� ud � �b = 2, c = 3, d = 4�þ¡ �©�§�)" ¤k��þ
^�þz L«"I�5¿�´§3d�cIr Z E��z ¥§Ï�ùü�Cþ��´ÛÜ
Cþ§,��´�ÛCþ" �Cþ�b = 2.00125, c = 3.00109, d = 4.00551$1§S"(J
3ã3.12 ¥�Ñ§�±wÑ u Âñ§�¢y
éJ�ëY¼ê�O" I�5¿·�æ^

IsoValue

-118.75
-106.25

-93.75

-81.25

-68.75
-56.25

-43.75

-31.25

-18.75

-6.25
6.25

18.75

31.25

43.75

56.25
68.75

81.25

93.75

106.25

118.75

 0

 5

 10

 15

 20

 25

 30

 35

 40

 45

 0  5  10  15  20  25  30  35

"J.txt"

ã 3.12: �ã´ u��³�§mã�¦^ BFGS �{��� J �ëY�O £�Jp�Ö
5GØ
500�êâ¥�5�êâ¤


��� §½Â pXe§

−∇ · (κ∇p) = 2IE(u− ud), p|Γ = 0

Ïd

δJ = −
∫

Ω

(∇ · (κ∇p))δu

=

∫
Ω

(κ∇p · ∇δu) = −
∫

Ω

(δκ∇p · ∇u) (3.9)

- δb = 1, δc = δd = 0 §·����

J ′b = −
∫
B

∇p · ∇u, J ′c = −
∫
C

∇p · ∇u, J ′d = −
∫
D

∇p · ∇u
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555¿¿¿µµµ Ï�BFGS�{I��;��M ×M�Ý
§Ù¥ M ���þ��ê"���
� x ���k���§�§·¦^ù«�{´Ø���" ·�I�¦^Ù¦��`z�
{§X��5�ÝFÝ{ NLCG £ù�´ FreeFem++ ¥���'�c¤" �3~K©
�Y¥é�algo.edp©��w "

3.14 ���---ÅÅÅ���666NNN

�Ø �î.�§�^�NÈ{½k���{lÑz§�ù
ÿ�8¤�FreeFem++
¥"=BXd§æ^A��{§U
¼�-Åþ�f̄ = 1

2
(f+ + f−) §3?1��N!§�

���q(J"

∂tρ+ ū∇ρ+ ρ̄∇ · u = 0

ρ̄(∂tu+
ρu

ρ̄
∇u+∇p = 0

∂tp+ ū∇p+ (γ − 1)p̄∇ · u = 0 (3.10)

�«�1��{´k(Ü u, p§���# ρ, =

1

(γ − 1)δtp̄m
(pm+1 − pm ◦Xm) +∇ · um+1 = 0

ρ̄m

δt
(um+1 − um ◦ X̃m) +∇pm+1 = 0

ρm+1 = ρm ◦Xm +
ρ̄m

(γ − 1)p̄m
(pm+1 − pm ◦Xm) (3.11)

ã 3.13�Ñ
ê�)§ Ù FreeFem++ �èXeµ

verbosity=1;
int anew=1;
real x0=0.5,y0=0, rr=0.2;
border ccc(t=0,2){x=2-t;y=1;};
border ddd(t=0,1){x=0;y=1-t;};
border aaa1(t=0,x0-rr){x=t;y=0;};
border cercle(t=pi,0){ x=x0+rr*cos(t);y=y0+rr*sin(t);}
border aaa2(t=x0+rr,2){x=t;y=0;};
border bbb(t=0,1){x=2;y=t;};

int m=5; mesh Th;
if(anew) Th = buildmesh (ccc(5*m) +ddd(3*m) + aaa1(2*m) + cercle(5*m)

+ aaa2(5*m) + bbb(2*m) );
else Th = readmesh("Th_circle.mesh"); plot(Th,wait=0);

real dt=0.01, u0=2, err0=0.00625, pena=2;
fespace Wh(Th,P1);
fespace Vh(Th,P1);
Wh u,v,u1,v1,uh,vh;
Vh r,rh,r1;
macro dn(u) (N.x*dx(u)+N.y*dy(u) ) // ½Â{��ê

if(anew){ u1= u0; v1= 0; r1 = 1;}
else {

ifstream g("u.txt");g>>u1[];
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IsoValue

0.0714186

0.212634

0.35385

0.495066
0.636282

0.777498

0.918714

1.05993

1.20115
1.34236

1.48358

1.62479

1.76601

1.90722
2.04844

2.18966

2.33087

2.47209

2.6133
2.75452

ã 3.13: d(3.11)O����±��î.632êâe�Øå|

ifstream gg("v.txt");gg>>v1[];
ifstream ggg("r.txt");ggg>>r1[];
plot(u1,ps="eta.eps", value=1,wait=1);
err0=err0/10; dt = dt/10;

}

problem eul(u,v,r,uh,vh,rh)
= int2d(Th)( (u*uh+v*vh+r*rh)/dt

+ ((dx(r)*uh+ dy(r)*vh) - (dx(rh)*u + dy(rh)*v))
)

+ int2d(Th)(-(rh*convect([u1,v1],-dt,r1) + uh*convect([u1,v1],-dt,u1)
+ vh*convect([u1,v1],-dt,v1))/dt)

+int1d(Th,6)(rh*u) // +int1d(Th,1)(rh*v)
+ on(2,r=0) + on(2,u=u0) + on(2,v=0);

int j=80;
for(int k=0;k<3;k++)
{

if(k==20){ err0=err0/10; dt = dt/10; j=5;}
for(int i=0;i<j;i++){

eul; u1=u; v1=v; r1=abs(r);
cout<<"k="<<k<<" E="<<int2d(Th)(uˆ2+vˆ2+r)<<endl;
plot(r,wait=0,value=1);

}
Th = adaptmesh (Th,r, nbvx=40000,err=err0,

abserror=1,nbjacoby=2, omega=1.8,ratio=1.8, nbsmooth=3,
splitpbedge=1, maxsubdiv=5,rescaling=1) ;

plot(Th,wait=0);
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u=u;v=v;r=r;

savemesh(Th,"Th_circle.mesh");
ofstream f("u.txt");f<<u[];
ofstream ff("v.txt");ff<<v[];
ofstream fff("r.txt");fff<<r[];
r1 = sqrt(u*u+v*v);
plot(r1,ps="mach.eps", value=1);
r1=r;
}

3.15 ���§§§���©©©aaa

ÁÁÁ��� Ï~�¹e(½���§�a.´'�(J�§,
¦^=Û«Cq¦{9�A
��{5¦)�§K�ûu�§�a.µ

� k��(LBB ^�)^u?ný�.�§|"

� k��©{�^u)�Ô�§|¥�Cþ±9�Ô�§|¥�m±ÏS�ý��
§§���m�Ûª��±���­½�(J"

� Hº{, Petrov-Galerkin{, A�-Galerkin{, mä-Galerkin{±9k�NÈ{^u?
nV­�§|½��m±Ï�V­�§|"

��§a.UC��, ���(J�¬��UC ('XmäÀÂ�¹)

ýýý������§§§!!!���ÔÔÔ���§§§999VVV­­­���§§§  �©�§(PDE) ´�¹��¼ê9Ù �ê��
ª"

F (ϕ(x),
∂ϕ

∂x1

(x), · · · , ∂ϕ
∂xd

(x),
∂2ϕ

∂x2
1

(x), · · · , ∂
mϕ

∂xmd
(x)) = 0 ∀x ∈ Ω ⊂ Rd.

�§¥x ����� Ω¡� �©�§� ½Â�" �p� �ê�ê m¡� �ê"e F
Ú ϕ ��þ�¼ê, K¡ �©�§ | "
Ø
AÏ�½�¹�	, ·��½ �� �©�§ éA��IO�¼ê FÚ ϕ" e F é
�ëêÑ´�5�§K ¡ù� �©�§� �5�"
���5 �©�§���/ª� ∂2ϕ

∂xi∂xj
§ ·�òA : B½Â�

∑d
i,j=1 aijbij.

αϕ+ a · ∇ϕ+B : ∇(∇ϕ) = f § Ω ⊂ Rd,

Ù¥ f(x), α(x) ∈ R, a(x) ∈ Rd, B(x) ∈ Rd×d �  �©�§ Xê" eXê� xÃ', ¡ 
�©�§k ~Xê"
e^ 1O�ϕ ,ziO� ∂ϕ/∂xi §zizjO�∂

2ϕ/∂xi∂xj , z � Rd ¥��þ§·��±�� 
�©�§��g/ª:

α + a · z + zTBz = f.

ed�ý��§ £e d ≥ 2K�ý�N¤, K¡� ý�. �©�§; ed��Ô�§½
V­��§, K¡� �Ô. �©�§½ V­. �©�§" e A ≡ 0, �ê�1
Ø
´2,·�E,¡ù� �©�§�V­. �©�§§�Ïò¬3�¡Ù!¥�ã"

Äu±þQã§·��±ÏLïÄ �©�§�õ�ªP (z)/ª3Ã¡�?´Äk©|5
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é �©XÚ?1©a"£ý�N3Ã¡�?Ã©|§�Ô¡3Ã¡�?k��©|§V
­¡3Ã¡�?kA�©|¤"
e �©�§Ø´�5�§·�¡� ��5 �©�§"�â�5z�§�a.§·�
�±¡ �©�§´ÛÜý�. �©�§!�Ô. �©�§½V­. �©�§"
~Xé��5�§

∂2ϕ

∂t2
− ∂ϕ

∂x

∂2ϕ

∂x2
= 1,

·�k d = 2, x1 = t, x2 = x �§��5/ª�:

∂2u

∂t2
− ∂u

∂x

∂2ϕ

∂x2
− ∂ϕ

∂x

∂2u

∂x2
= 0,

é��� u §e ∂ϕ
∂x
< 0 K�ÛÜý�. �©�§§ e ∂ϕ

∂x
> 0K�ÛÜV­. �©�

§"

~~~ .Ê.d�§�ý�.�§:

∆ϕ ≡ ∂2ϕ

∂x2
1

+
∂2ϕ

∂x2
2

+ · · ·+ ∂2ϕ

∂x2
d

= f, ∀x ∈ Ω ⊂ Rd.

9�§��Ô.�§ § Q = Ω×]0, T [⊂ Rd+1 :

∂ϕ

∂t
− µ∆ϕ = f ∀x ∈ Ω ⊂ Rd, ∀t ∈]0, T [.

e µ > 0,KÅÄ �§�V­.�§:

∂2ϕ

∂t2
− µ∆ϕ = f 3 Q ¥ .

�µ 6= 0�§é6*Ñ�§��Ô.�§§Ù�µ�Ù¦�¹�§é6*Ñ�§�V­.�
§:

∂ϕ

∂t
+ a∇ϕ− µ∆ϕ = f.

VNÚ�§�ý�.�§:
∆(∆ϕ) = f 3 Ω ¥ .

>>>...^̂̂��� =��¼êÚ¼ê�ê��§�Øv±(½��¼ê§·��I���Ω �>
.Γ = ∂Ω &E½ö Γ �Ü©&EâU(½¼ê"
ù��&E¡� >.^�" ~X,

ϕ(x) �½, é ∀x ∈ Γ,

¡�� Dirichlet >.^�" Neumann>.^��

∂ϕ

∂n
(x) 3 Γ þ�½ (½é����� �©�§ n ·B∇ϕ3 Γþ�½)

Ù¥n ´ x ∈ Γ :�ü 	{� £Ù½Â� ∂ϕ
∂n

= ∇ϕ · n¤"
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,��²;�>.^��¡� Robin (½ Fp�) ^�§L«Xe:

ϕ(x) + β(x)
∂ϕ

∂n
(x) 3 Γþ�½.

Ï~é���>.^�8¦� ϕ ½Â��´�~(J�"
��5`, ��ý��§e3�N>.þk�� Dirichlet^�§Neumann^�½ Robin^
�§K¡ù��§�·½� £= ϕ ��¤"
.Ê.d�§�·½�e÷vDirichlet^�½Neumann^�§�÷veª�.Ê.d�§
½�·½�µ

ϕ �½3 Γ1,
∂ϕ

∂n
�½3 Γ2, Γ1 ∪ Γ2 = Γ, Γ̇1 ∩ Γ̇2 = ∅.

éu�Ô.�§ÚV­.�§§é��¹eI��� Γ × [0, T ]þ�¤k�>.^�âU
·½" ~X9�§�I÷veª=�·½�µ

ϕ 3 t = 0 ?�½ , �>. ∂Ω ÷vDirichlet^�½ Neumann ^�½·Ü^� .

d?t L«�m§¤±1��^��¡��� Ð©^�"¤k�>.^�8�Ú¡��Ü
^�"
ÅÄ�§�·½�e÷v

ϕ �
∂ϕ

∂t
3 t = 0 ?�½ , �>. ∂Ω ÷vDirichlet^�½ Neumann ^�½·Ü^�" .
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���{{{

4.1 êêêâââaaa...

��þ5ù FreeFem++ ´�± ?Èì:Ù�óa.õ�§¿PkÉ~?nÚ�£õU"
éuz�CþÑI��²Ùa.§z��éd©Ò/;0�m" FreeFem++ �±é
Ä���óa.?1?n§X�ê £int¤!¢ê £real¤, iÎG £string¤!
ê| £~: real[int]¤! �� £2D¤ k���ä £mesh¤, ��k���m
£fespace¤! )Û¼ê £func¤! k��¼êê| £func[basic type]¤)! �
5�V�5�f!DÕÝ
9�þ�"~Xµ

int i,n=20; // i, n ��ê

real[int] xx(n),yy(n); // ü��Ý�n�ê|

for (i=0;i<=20;i++) // ¿Ueã(²D�

{ xx[i]= cos(i*pi/10); yy[i]= sin(i*pi/10); }

ØCþ fespace 	§Ù¦Cþ�)·±Ïd�c�)Ò {. . .}û½"3eã�¹¥ÛÜ
)Òp�Cþ(²Ã� µ

Example 4.1

real r= 0.01;

mesh Th=square(10,10); // ü ��/��

fespace Vh(Th,P1); // P1 k���m

Vh u = x+ exp(y);

func f = z * x + r * log(y);

plot(u,wait=true);
{ // #��)Ò

real r = 2; // ��cÑy�rØ��

fespace Vh(Th,P1); // Ñy�Ø§Ï� Vh ´���Û¶

} // )Ò(å

// ùpr�£�0.01

FreeFem++ ¥éCþ�(²´r��; �Ãuù�`û�A:¦�§S�±;�dÛC
þ/ª�U���¦É" Cþ�¶¡´i1êi·Ü?��iÎG , �Cþ¶i¥Ø#
N¦^ey�/ 0 , Ï�ey�ò¬�^���$�Î"

57
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4.2 ÌÌÌ���aaa...

bool ^uÜ6L�½6þ��"'�£ùpA�'Xª¤�(J´��Ù�.§X3

bool fool=(1<2);

¥§fool �ý"Ón�^u ==, <=, >=, <,>, ! =�ÎÒ�'�¥"

int (²���ê (�ÓuC++¥� long )

string (²iÎG§^±�;VÚÒ�¹�©�, ~X:

"This is a string in double quotes."

real (²Cþ^u�;êi§X /12.3450. £�ÓuC++¥� double)¤"

complex (²Cþ^u�;Eê, X 1 + 2i, FreeFem++ U
n) i =
√
−1 £�Ó

uC++¥� complex<double> ¤"

complex a = 1i, b = 2 + 3i;
cout << "a + b = " << a + b << endl;
cout << "a - b = " << a + b << endl;
cout << "a * b = " << a * b << endl;
cout << "a / b = " << a / b << endl;

±e�$1(Jµ

a + b = (2,4)
a - b = (-2,-2)
a * b = (-3,2)
a / b = (0.230769,0.153846)

ofstream (²ÑÑ©�"

ifstream (²Ñ\©�"

real[int ] (²Cþ^u�;��ê¢Ú�õ�¢ê"

real[int] a(5);
a[0] = 1; a[1] = 2; a[2] = 3.3333333; a[3] = 4; a[4] = 5;
cout << "a = " << a << endl;

§S$1(J�;

a = 5 :
1 2 3.33333 4 5

real[string ] (²Cþ^u�;�iÎG¢Ú�õ�¢ê"

string[string ] (²Cþ^u�;�iÎG¢Ú�õ�iÎG"
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func ½Â��vkëê�¼ê, XJgCþ� x, y" 'Xµ

func f=cos(x)+sin(y) ;

5§¼ê�a.�ûuÙL�ª�a."U
O�ê��g§'X§ xˆ1,
yˆ0.23"

mesh /¤n�¿©, � ??"

fespace ½Â��#�k���ma., �! ??.

problem (²�� �©¯K, �¿Ø¦)"

solve (²��¯K¿¦)"

varf ½Â�����C©¯K"

matrix ½Â��DÕÝ
"

4.3 ���ÛÛÛCCCþþþ

iÎ¶ x,y,z,label,region,P,N,nu_triangle... ´�3i§�^5ó��k
��óäµ

x ´�c:� x ¶ (¢Cþ)

y ´�c:� y ¶ (¢Cþ)

z ´�c:� z ¶ (¢Cþ)

label XJ�c:3>.þK��¹T>.IÒ§ÄK�0 £�.Cþ¤"

region �£�c: £x,y¤ �«�IÒ £�.Cþ¤"

P �Ñ�c: (R2 þ�Cþ" ). ÏL P.x, P.y, ·��±��d x, y |¤� P " ¿�
P.z ���3
��±�^u 3 ��/"

N �Ñ
�c:�ü 	{�þ§XJ�c:3d border £R3 þ�Cþ¤ ½Â�­�
þ" N.x Ú N.y ´{�þ� x Ú y ���©þ" N.z ´��3�" .

lenEdge �Ñ�c>��Ý

lenEdge = |qi − qj| if the current edge is [qi, qj]

hTriangle �Ñ�cn�/�º�

nuTriangle �Ñ�cn�/�¢Ú�I £�.Cþ¤"

nuEdge �Ñ�c>3Ùn�/¥�¢Ú�I £�.Cþ¤"

nTonEdge �Ñ��c>��n�/�êþ £ �ê ¤"
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area �Ñ�cn�/�¡È £¢Cþ¤"

volume �Ñ�co¡N�NÈ £¢Cþ¤"

cout ´IOÑÑ�� £%@´���¤" 3 MS-Windows þ, ù�IOÑÑ�k��
�" (ÑÑ6)

cin ´IOÑ\�� £%@´��¤" £Ñ\6¤"

endl V\��/1(å0�Ñ\/ÑÑ6"

true 3 bool Cþ¥L«/ý"

false 3 bool Cþ¥L«/b0"

pi ´ π �¢S���O�"

4.4 XXXÚÚÚ···---

ùp5`²XÛw«�� FreeFem++ §S�¤k�a.!ö�Ú¼ê:

dumptable(cout);

�1XÚ·-iÎG £3 Carbon MacOS þØ��1¤§�£XÚN^��"

system("shell command"); // 33.12-1����
exec("shell command");

ùééÄ FreeFem++ �,����1©��~k^"3 MS-Windows þ§K7L�
Ñ��1©����´»"~X§XJ·-/ls.exe03f8¹ /c:\cygwin\bin\0
e§@o·�7L�

exec("c:\\cygwin\\bin\\ls.exe");

,��k^�XÚ·-´ assert() §§^5(�)Òp¡���ý"

assert(version>=1.40);

4.5 ���âââ

333���êêê��� , +, −, ∗ ´Ï~��â\{ £\¤! ~{ £~¤ Ú¦{ £¦¤"AO
/§$�Î / Ú % l^1��L�ª�Ø1��L�ª5�)ûÚ{ê" XJ / ½
% �1��ê´"K$�vk½Â" ü��ê a, b ����½���ÏL max(a,b)½
min(a,b)5��"ü��ê a, b�� ab ÏL� aˆb5O�"²;� C++/�â^�0
L�ª a ? b : c ���u b§XJL�ª a ��ý"ÄKL�ª���uL�
ª c ��"
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Example 4.2 �ê�O�

int a = 12, b = 5;
cout <<"plus, minus of "<<a<<" and "<<b<<" are "<<a+b<<", "<<a-b<<endl;
cout <<"multiplication, quotient of them are "<<a*b<<", "<<a/b<<endl;
cout <<"remainder from division of "<<a<<" by "<<b<<" is "<<a%b<<endl;
cout <<"the minus of "<<a<<" is "<< -a << endl;
cout <<a<<" plus -"<<b<<" need bracket:"<<a<<"+(-"<<b<<")="<<a+(-b)<<endl;
cout <<"max and min of "<<a<<" and "<<b<<" is "<<max(a,b)<<","<<min(a,b)<< endl;
cout <<b<<"th power of "<<a<<" is "<<aˆb<< endl;
cout << " min == (a < b ? a : b ) is " << (a < b ? a : b) << endl;

b=0;
cout <<a<<"/0"<<" is "<< a/b << endl;
cout <<a<<"%0"<<" is "<< a%b << endl;

��Xe�(Jµ

plus, minus of 12 and 5 are 17, 7
multiplication, quotient of them are 60, 2
remainder from division of 12 by 5 is 2
the minus of 12 is -12
12 plus -5 need bracket :12+(-5)=7
max and min of 12 and 5 is 12,5
5th power of 12 is 248832
min == (a < b ? a : b) is 5
12/0 : long long long
Fatal error : ExecError Div by 0 at exec line 9
Exec error : exit

du integer ⊂ real§$�/+, −, ∗, /, %0 Ú / max, min,ˆ0 *Ð�¢ê½Cþ" �
´§% E,´O�ü�¢ê�êÜ©�{ê"
e¡´aq~f 4.2 �,�
~f

real a=sqrt(2.), b = pi;
cout <<"plus, minus of "<<a<<" and "<<pi<<" are "<< a+b <<", "<< a-b << endl;
cout <<"multiplication, quotient of them are "<<a*b<<", "<<a/b<< endl;
cout <<"remainder from division of "<<a<<" by "<<b<<" is "<< a%b << endl;
cout <<"the minus of "<<a<<" is "<< -a << endl;
cout <<a<<" plus -"<<b<<" need bracket :"<<a<<"+(-"<<b<<")="<<a + (-b) << endl;

§�Ñ
e¡�ÑÑµ

plus, minus of 1.41421 and 3.14159 are 4.55581, -1.72738
multiplication, quotient of them are 4.44288, 0.450158
remainder from division of 1.41421 by 3.14159 is 1
the minus of 1.41421 is -1.41421
1.41421 plus -3.14159 need bracket :1.41421+(-3.14159)=-1.72738

ÏL'X
bool ⊂ int ⊂ real ⊂ complex,

$�/+, −, ∗, /0Ú / ˆ0 �·^uEêa.�Cþ§�´ /%, max, min0Ø·^"
EêÃX 5+9i, i=

√
−1 ´Ü{�L�ª" �¢Cþ a=2.45, b=5.33�§�a+ i b Ú

a+ i
√

2.0 �Eê7L(²�
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complex z1 = a+b*1i, z2=a+sqrt(2.0)*1i;

��Eê z �¢ÜÚJÜ�±d imag Ú real5��"
a+bi (a, b´¢�)��Ý½Â� a−bi§§��±^/conj05O�§3 FreeFem++ ¥
^ conj(a+b*1i)5¢y"Eê z = a+ib�S3/@�´¢ê a, b�¤�¢êé (a, b)"
·��±N\§�Cartesian²¡þ�: (a, b) þ§Ù¥ x ¶´¢êÜ©
 y ¶´JêÜ
©": (a, b) k��4�IL« (r, φ)§¤± z §�´ z = r(cosφ+ i sinφ)!r =

√
a2 + b2

Ú φ = tan−1(b/a)¶r Ú φ �¡� z � � Ú Ë�"3e¡�~f¥§·�ò¦^
FreeFem++ Ú �#6úª zn = rn(cosnφ+ i sinnφ)5ü«µ

Example 4.3

real a=2.45, b=5.33;
complex z1=a+b*1i, z2 = a+sqrt(2.)*1i;
func string pc(complex z) // ÑÑEê/ª (real)+i(imaginary)
{

string r = "("+real(z);
if (imag(z)>=0) r = r+"+";
return r+imag(z)+"i)";

}
// ÑÑEê/ª |z|*(cos(arg(z))+i*sin(arg(z)))

func string toPolar(complex z)
{

return abs(z)+"*(cos("+arg(z)+")+i*sin("+arg(z)+"))";
}
cout <<"Standard output of the complex "<<pc(z1)<<" is the pair "

<<z1<<endl;
cout <<"Plus, minus of "<<pc(z1)<<" and "<<pc(z2)<<" are "<< pc(z1+z2)

<<", "<< pc(z1-z2) << endl;
cout <<"Multiplication, quotient of them are "<<pc(z1*z2)<<", "

<<pc(z1/z2)<< endl;
cout <<"Real/imaginary part of "<<pc(z1)<<" is "<<real(z1)<<", "

<<imag(z1)<<endl;
cout <<"Absolute of "<<pc(z1)<<" is "<<abs(z1)<<endl;
cout <<pc(z2)<<" = "<<toPolar(z2)<<endl;
cout <<" and polar("<<abs(z2)<<","<<arg(z2)<<") = "

<< pc(polar(abs(z2),arg(z2)))<<endl;
cout <<"de Moivre’s formula: "<<pc(z2)<<"ˆ3 = "<<toPolar(z2ˆ3)<<endl;
cout <<"conjugate of "<<pc(z2)<<" is "<<pc(conj(z2))<<endl;
cout <<pc(z1)<<"ˆ"<<pc(z2)<<" is "<< pc(z1ˆz2) << endl;

ùp´~ 4.3 �ÑÑ

Standard output of the complex (2.45+5.33i) is the pair (2.45,5.33)
Plus, minus of (2.45+5.33i) and (2.45+1.41421i) are (4.9+6.74421i), (0+3.91579i)
Multiplication, quotient of them are (-1.53526+16.5233i), (1.692+1.19883i)
Real/imaginary part of (2.45+5.33i) is 2.45, 5.33
Absolute of (2.45+5.33i) is 5.86612
(2.45+1.41421i) = 2.82887*(cos(0.523509)+i*sin(0.523509))

and polar(2.82887,0.523509) = (2.45+1.41421i)
de Moivre’s formula: (2.45+1.41421i)ˆ3

= 22.638*(cos(1.57053)+i*sin(1.57053))
conjugate of (2.45+1.41421i) is (2.45-1.41421i)
(2.45+5.33i)ˆ(2.45+1.41421i) is (8.37072-12.7078i)
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4.6 iiiÎÎÎGGGLLL���ªªª

3�e5�~f¥�\Þ�
iÎGL�ª�~fµ

string tt="toto1"+1+" -- 77"; // iÎGë�

string t1="0123456789";

string t2;

// #��Î

t2 ="12340005678";

t2(4:3) = "abcdefghijk-";

string t55=t2(4:3);

// t2 = "12340abcdefghijk-005678";

cout << t2 << endl;

cout << " find abc " << t2.find("abc") << endl;

cout << "r find abc " << t2.rfind("abc") << endl;

cout << " find abc from 10 " << t2.find("abc",10) << endl;

cout << " ffind abc from 10 " <<t2.rfind("abc",10) << endl;

cout << " " << string("abcc").length << endl;

cout << " t55 " << t55 << endl;

{ // V\ getline �� 3.0-6 jan 2009 FH

string s;

ifstream toto("xyf");

for (int i=0;i<10;++i)

{

getline(toto,s);
cout << i << " : " << s << endl;

}

}

4.7 ������¼¼¼êêê

ÄÄÄ���¼¼¼êêê ÑSï3 FreeFem++ ¥§ÃX�¼ê xˆ y = pow(x,y)= xy! �ê¼ê
exp(x) (= ex)! éê¼ê log(x)(= lnx) ½ log10(x) (= log10 x)! n�¼ê
sin(x), cos(x), tan(x) b��Ý´¦^ lÝ�5Ýþ; sinx, cosx, tanx �_
£�¡��¼ê½�n�¼ê¤�ÏLN^ asin(x)£=arcsinx¤, acos(x)£=arccosx¤,
atan(x)£=arctanx¤ ¢y¶ ¼ê atan2(x,y) ^uO� y/x ����¼ê�Ì
�§^ü�ëê�ÎÒ(½
�£����¶

V­¼ê,

sinhx =
(
ex − e−x

)
/2, coshx =

(
ex + e−x

)
/2.

Ú tanhx = sinhx/ coshx 9Ù�¼ê©OÏL sinh(x)! cosh(x)! tanh(x)!
asinh(x)! acosh(x) Ú atanh(x)/ªN^"

sinh−1 x = ln
[
x+
√
x2 + 1

]
, cosh−1 x = ln

[
x+
√
x2 − 1

]
.

��¼ê floor(x) �Ø�u x����ê�§
 ceil(x) �Ø�u x ����ê
�¶Ó�/§ rint(x) �£��Cu x £�â����\�ª¤�2:�ª��".
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ÐÐÐ���¼¼¼êêê L«3þ¡�Ñ
�¼êa£õ�ª¼ê!�ê¼ê!éê¼ê!n�¼ê!
�¼ê¤Ú§�k�goK$�����¼ê

f(x) + g(x), f(x)− g(x), f(x)g(x), f(x)/g(x)

±9k�gEÜ����¼ê f(g(x))" 3 FreeFem++ ¥, ¤k�Ð�¼êÑ�±
�Mï" ��Ð�¼ê��êE,´Ð�¼ê¶�´§Ð�¼ê�Ø½È©¿Øo
´U^Ð�¼ê5L�"

Example 4.4 e¡´��^Ð�¼ê5�E«�>.�~f" %/�

real b = 1.;
real a = b;
func real phix(real t)
{

return (a+b)*cos(t)-b*cos(t*(a+b)/b);
}
func real phiy(real t)
{

return (a+b)*sin(t)-b*sin(t*(a+b)/b);
}
border C(t=0,2*pi) { x=phix(t); y=phiy(t); }
mesh Th = buildmesh(C(50));

��Ì�§·��±é z 6= 0 ½Â log z Xe

ln z = ln |z|+ i arg z.

|^ FreeFem++ ,·��±O� exp(1+4i)! sin(pi+1i)! cos(pi/2-1i)
Ú log(1+2i)§,�·�k

−1.77679− 2.0572i, 1.8896710−16 − 1.1752i,

9.4483310−17 + 1.1752i, 0.804719 + 1.10715i.

���ÅÅÅ¼¼¼êêê �±¦^ FreeFem++ ��Åê)¤¼ê5½Â £����¡ http://www.
math.sci.hiroshima-u.ac.jp/˜m-mat/MT/emt.html¤"ù´��� 2219937−
1����~¯�ÚO(��Åêu)ì§¿�N^§�¼ê�µ

� randint32() )¤32 ÃÎÒ�ê"

� randint31() )¤31 ÃÎÒ�ê"

� randreal1() )¤þ!©Ù3 [0, 1] �¢ê£32- °Ý¤"

� randreal2() )¤þ!©Ù3 [0, 1)�¢ê £32- °Ý¤"

� randreal3() )¤þ!©Ù3 (0, 1] �¢ê£32- °Ý¤"

� randres53() )¤þ!©Ù3 [0, 1) �¢ê§�k 53-  ©EÇ"

� randinit(seed ) ÏL���U�"�32- �ê ”seed”Ð©zG��þ"

¥¥¥¼¼¼êêê /¤êÆ¥ £�� 2.17¤"

http://www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/emt.html
http://www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/emt.html
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� ¼ê j0(x), j1(x), jn(n,x), y0(x), y1(x), yn(n,x) ´1�aÚ
1�a�l�¼ê"

¼ê j0(x) Ú j1(x) ©OO� 0�Ú 1�1�a�l�¼ê¶ ¼ê jn(n,
x)O� n��ê��1�a�l�¼ê"

¼ê y0(x) Ú y1(x) ©OO�Ù�5Ã'� 0 �Ú 1��1�a�l�¼
ê§Ù¥ x���ê£½�¢ê¤¶¼ê yn(n, x)O��ê� n ��1�a
�l�¼ê§ Ù¥ x���ê£½�¢ê¤"

� ¼ê tgamma(x) O�'ux� Γ ¼ê" lgamma(x) O�'ux�Γ ¼ê�ý
é��g,éê"

� ¼ê erf(x)O�Ø�¼ê§Ù¥ erf(x) = 2√
(pi)

∫ x
0
exp(−t2)dt"¼ê erfc(x)

O�x�pÖØ�¼ê erfc(x) = 1− erf(x)"

4.8 ������¼¼¼êêê

4.8.1 úúúªªª

'uü�ÕáCþ a, b ���¢¼ê���/ª� c = f(a, b)" 3 FreeFem++ ¥§ x,
y Ú z X 4.3 ¥0��@�´�3i" ¤±�¼ê�ü�Cþ� x Ú y�§·�ÃI
(²ëê=�½Â§~X:

func f=cos(x)+sin(y) ;

5¿¼ê�a.dL�ª�a.(½"ÃX xˆ1! yˆ0.23 ��$���±^u¼ê
¥" 3 func¥§·��±�e¡ù��Ñ��Ð�¼ê

func f = sin(x)*cos(y);
func g = (xˆ2+3*yˆ2)*exp(1-xˆ2-yˆ2);
func h = max(-0.5,0.1*log(fˆ2+gˆ2));

^ECþMï2�Cþ x, y �¼êXe:

mesh Th=square(20,20,[-pi+2*pi*x,-pi+2*pi*y]); // [−π, π]2

fespace Vh(Th,P2);
func z=x+y*1i; // z = x+ iy

func f=imag(sqrt(z)); // f = =
√
z

func g=abs( sin(z/10)*exp(zˆ2/10) ); // g = | sin z/10 exp z2/10|
Vh fh = f; plot(fh); // f����
Vh gh = g; plot(gh); // g����

·���±lÐ�¼ê f(x) ½ g(y)ÑuÏLk�goK$�ïá ��Ð�¼ê "

4.8.2 FE-¼¼¼êêê

k��¼ê��±�Ð�¼ê��âúª����E§ØÓ�/�3u§´3(²��
�¿� FreeFem++ �;Cþê|� ��Ùk��a.�gdÝk'"�k��ØÓ
´§Ð�¼ê���3I��âO�"Ïd§FE-¼ê�ÏLúªÚk�ü���5�Ó
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½Â"XJ��FE-¼ê3��vkgdÝ�:��K¬�����Ø§�'�e§Ð�
¼ê�±3?¿�:°(D�"

func f=xˆ2*(1+y)ˆ3+yˆ2;
mesh Th = square(20,20,[-2+4*x,-2+4*y]); // ��/ ]− 2, 2[2

fespace Vh(Th,P1);
Vh fh=f; // fh ´ f 3 Vh þ�ÝK£¢�¤
func zf=(xˆ2*(1+y)ˆ3+yˆ2)*exp(x+1i*y);
Vh<complex> zh = zf; // zh ´ zf 3E�Vh�m�ÝK

fh (=fh) ��E3 ??¥®²)ºL"

Note 4.1 ·- plot �UA^u¢½E�FE-¼ê £2 �½3 �¤þ
ØU^uÐ�¼
ê"

^ECþ¼êMï2 �Cþ x, y�¼êXe§

mesh Th=square(20,20,[-pi+2*pi*x,-pi+2*pi*y]); // ]− π, π[2

fespace Vh(Th,P2);
func z=x+y*1i; // z = x+ iy
func f=imag(sqrt(z)); // f = =

√
z

func g=abs( sin(z/10)*exp(zˆ2/10) ); // g = | sin z/10 exp z2/10|
Vh fh = f; plot(fh); // ã4.1 f ����
Vh gh = g; plot(gh); // ã4.2 g ����

ã 4.1: =
√
z k©| ã 4.2: | sin(z/10) exp(z2/10)|

4.9 êêê|||

ê| ^u�;õ���§�kü«a.�ê|µ 1�a´aqu �þ§�Ò´k �ê
¢Ú�ê|¶1�a´äkiÎG¢Ú�ê|" éu1�a§3§S�1�7L��ê
|���§¿�ÏL KN<>a5�1§ KN<>�¤k�þö�þ��1"~Xµ

real [int] tab(10), tab1(10); // 2�ê|, ©Ok 10 �¢ê
real [int] tab2; // vk�½����Øê|
tab = 1.03; // -¤k�ê|�1.03
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tab[1]=2.15;
cout << tab[1] << " " << tab[9] << " size of tab = "

<< tab.n << " min: " << tab.min << " max:" << tab.max
<< " sum : " << tab.sum << endl; //

tab.resize(12); // UCê| tab ���§���12§¿�3�5��
tab(10:11)=3.14; // ��Ù{��
cout <<" resize tab: " << tab << endl;
real [string] tt;
tt["+"]=1.5;
cout<<tt["a"]<<" "<<tt["+"]<<endl;
real[int] a(5),b(5),c(5),d(5);
a = 1;
b = 2;
c = 3;
a[2]=0;
d = ( a ? b : c ); // for i = 0, n-1 : d[i] = a[i] ? b[i] : c[i] ,
cout << " d = ( a ? b : c ) is " << d << endl;
d = ( a ? 1 : c ); // for i = 0, n-1: d[i] = a[i] ? 1 : c[i] , (v2.23-1)
d = ( a ? b : 0 ); // for i = 0, n-1: d[i] = a[i] ? b[i] : 0 , (v2.23-1)
d = ( a ? 1 : 0 ); // for i = 0, n-1: d[i] = a[i] ? 0 : 1 , (v2.23-1)
tab.sort ; // éê| tab üS £�� 2.18¤
cout << " tab (after sort) " << tab << endl;
int[int] ii(0:d.n-1); // ��ê| ii � 0,1, ..., d.n-1 (v3.2)
d=-1:-5; // �� d � -1,-2, .. -5 (v3.2)

sort(d,ii); // éê| d Ú ii ¿1üS
cout << " d " << d << "\n ii = " << ii << endl;

)¤�ÑÑXeµ

2.15 1.03 size of tab = 10 min: 1.03 max:2.15 sum : 11.42
resize tab: 12

1.03 2.15 1.03 1.03 1.03
1.03 1.03 1.03 1.03 1.03
3.14 3.14

0 1.5
d = ( a ? b : c ) is 5

3 3 2 3 3
tab (after sort) 12

1.03 1.03 1.03 1.03 1.03
1.03 1.03 1.03 1.03 2.15
3.14 3.14
d 5
-5 -4 -3 -2 -1

ii = 5
4 3 2 1 0

ê|�±�3 matlab ½ scilab¥@�^ ::5��§^ a:cÚ^ a:1:c5�)ê|´
�d�"^ a:b:c����ê|���� b|(b − a)/c| + 1c §�Ù¢ÚCþ i ��
�a+ i(b− a)/c"
1n�~f´éu �., ¢ê., Eê. ê|§kü�$� (.in, .re) 5lEêê|©
O)¤¢ÜÚJÜ�¢êê|(ØÏL��) :

// �� 3.2 2009c5�
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// aqu matlab Ú scilab
{
int[int] tt(2:10); // 2,3,4,5,6,7,8,9,10
int[int] t1(2:3:10); // 2,5,8,
cout << " tt(2:10)= " << tt << endl;
cout << " t1(2:3:10)= " << t1 << endl;
tt=1:2:5;
cout << " 1.:2:5 => " << tt << endl;
}

{
real[int] tt(2:10); // 2,3,4,5,6,7,8,9,10
real[int] t1(2.:3:10.); // 2,5,8,
cout << " tt(2:10)= " << tt << endl;
cout << " t1(2:3:10)= " << t1 << endl;
tt=1.:0.5:3.999;
cout << " 1.:0.5:3.999 => " << tt << endl;
}
{
complex[int] tt(2.+0i:10.+0i); // 2,3,4,5,6,7,8,9,10
complex[int] t1(2.:3.:10.); // 2,5,8,
cout << " tt(2.+0i:10.+0i)= " << tt << endl;
cout << " t1(2.:3.:10.)= " << t1 << endl;
cout << " tt.re real part array " << tt.re << endl ;

// Eêê|�¢Ü�¤�ê|
cout << " tt.im imag part array " << tt.im << endl ;

// Eêê|�JÜ�¤�ê|

}

ÑÑ´µ

tt(2:10)= 9
2 3 4 5 6
7 8 9 10
t1(2:3:10)= 3
2 5 8
1.:2:5 => 3
1 3 5
tt(2:10) = = 9
2 3 4 5 6
7 8 9 10
t1(2.:3:10.)= 3
2 5 8
1.:0.5:3.999 => 6
1 1.5 2 2.5 3

3.5
tt(2.+0i:10.+0i)= 9

(2,0) (3,0) (4,0) (5,0) (6,0)
(7,0) (8,0) (9,0) (10,0)
t1(2.:3.:10.);= 3

(2,0) (5,0) (8,0)

tt.re real part array 9
2 3 4 5 6
7 8 9 10
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tt.im imag part array 9
0 0 0 0 0
0 0 0 0

2

¤k�ê$�Î´ :

{
int N=5;
real[int] a(N),b(N),c(N);
a =1;
a(0:4:2) = 2;
a(3:4) = 4;
cout <<" a = " << a << endl;
b = a+ a;
cout <<" b = a+a : " << b << endl;
b += a;
cout <<" b += a : " << b << endl;
b += 2*a;
cout <<" b += 2*a : " << b << endl;
b /= 2;
cout <<" b /= 2 : " << b << endl;
b .*= a; // ��u b = b .* a
cout << "b.*=a; b =" << b << endl;
b ./= a; // ��u b = b ./ a
cout << "b./=a; b =" << b << endl;
c = a+b;
cout << " c =a+b : c=" << c << endl;
c = 2*a+4*b;
cout << " c =2*a+4b : c= " << c << endl;
c = a+4*b;
cout << " c =a+4b : c= " << c << endl;
c = -a+4*b;
cout << " c =-a+4b : c= " << c << endl;
c = -a-4*b;
cout << " c =-a-4b : c= " << c << endl;
c = -a-b;
cout << " c =-a-b : c= " << c << endl;

c = a .* b;
cout << " c =a.*b : c= " << c << endl;
c = a ./ b;
cout << " c =a./b : c= " << c << endl;
c = 2 * b;
cout << " c =2*b : c= " << c << endl;
c = b*2 ;
cout << " c =b*2 : c= " << c << endl;

/* this operator do not exist
c = b/2 ;
cout << " c =b/2 : c= " << c << endl;

*/

// ---- �{ --
cout << " ||a||_1 = " << a.l1 << endl; //
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cout << " ||a||_2 = " << a.l2 << endl; //
cout << " ||a||_infty = " << a.linfty << endl; //
cout << " sum a_i = " << a.sum << endl; //
cout << " max a_i = " << a.max << " a[ " << a.imax << " ] = "
<< a[a.imax] << endl; //
cout << " min a_i = " << a.min << " a[ " << a.imin << " ] = "
<< a[a.imin] << endl; //

cout << " a’*a = " << (a’*a) << endl; //
cout << " a quantile 0.2 = " << a.quantile(0.2) << endl; //

// ê|N�
int[int] I = [2, 3, 4, -1, 3];
b = c = -3;
b = a(I); // for( i=0;i<b.n;i++) if(I[i] >=0) b[i]=a[I[i]];
c(I) = a; // for( i=0;i<I.n;i++) if(I[i] >=0) C(I[i])=a[i];
cout << " b = a(I) : " << b << "\n c(I) = a " << c << endl;
c(I) += a; // for( i=0;i<I.n;i++) if(I[i] >=0) C(I[i])+=a[i];
cout << " b = a(I) : " << b << "\n c(I) = a " << c << endl;

}

)¤ÑÑµ

5
3 3 2 3 3

== 3 3 2 3 3
a = 5

2 1 2 4 4

b = a+a : 5
4 2 4 8 8

b += a : 5
6 3 6 12 12

b += 2*a : 5
10 5 10 20 20

b /= 2 : 5
5 2.5 5 10 10

b.*=a; b =5
10 2.5 10 40 40

b./=a; b =5
5 2.5 5 10 10

c =a+b : c=5
7 3.5 7 14 14

c =2*a+4b : c= 5
24 12 24 48 48

c =a+4b : c= 5
22 11 22 44 44
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c =-a+4b : c= 5
18 9 18 36 36

c =-a-4b : c= 5
-22 -11 -22 -44 -44

c =-a-b : c= 5
-7 -3.5 -7 -14 -14

c =a.*b : c= 5
10 2.5 10 40 40

c =a./b : c= 5
0.4 0.4 0.4 0.4 0.4

c =2*b : c= 5
10 5 10 20 20

c =b*2 : c= 5
10 5 10 20 20

||a||_1 = 13
||a||_2 = 6.403124237
||a||_infty = 4
sum a_i = 13
max a_i = 4 a[3] = 4
min a_i = 1 a[1] = 1
a’*a = 41
a quantile 0.2 = 2
b = a(I) : 5

2 4 4 -3 4

c(I) = a 5
-3 -3 2 4 2

b = a(I) : 5
2 4 4 -3 4

c(I) = a 5
-3 -3 4 9 4

Note 4.2 © :´���ÅCþ�\È©Ù¼ê3Ù�K«mþ¤��:"ùp�ê|
��´�Å�"
éu���½� q ∈ [0, 1], ÚO¼ê a.quantile(q) l��º�� n �ê| a O�Ñ
v, ¦�

#{i/a[i] < v} ∼ q ∗ n;

�ê| a ®üS�,§�du v = a[q ∗ n]"
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~~~µµµ­­­###???ÒÒÒ���êêê||| £�� 2.3 ½�`��¤" ­#?Òo´�é���êê|, XJ
ê|�,�����´K�, KN�Ã{£ã, l
T���Ø�½"

int[int] I=[2,3,4,-1,0]; // ^u­#?Ò��êN�
b=c=-3;
b= a(I); // for( i=0;i<b.n;i++) if(I[i] >=0) b[i]=a[I[i]];
c(I)= a; // for( i=0;i<I.n;i++) if(I[i] >=0) C(I[i])=a[i];
cout << " b = a(I) : " << b << "\n c(I) = a " << c << endl;

ÑÑ´µ

b = a(I) : 5
2 4 4 -3 2

c(I) = a 5
4 -3 2 1 2

4.9.1 VVV���êêê���IIIêêê|||���ÝÝÝ




e¡�Ñ�
ò÷
=�DÕ
�~fµ

int N=3,M=4;

real[int,int] A(N,M);
real[int] b(N),c(M);
b=[1,2,3];
c=[4,5,6,7];

complex[int,int] C(N,M);
complex[int] cb=[1,2,3],cc=[10i,20i,30i,40i];

b=[1,2,3];

int [int] I=[2,0,1];
int [int] J=[2,0,1,3];

A=1; // Ý
¤k����1
A(2,:) = 4; // 1n1¤k����4
A(:,1) = 5; // 1��¤k���5
A(0:N-1,2) = 2; // 1n�¤k���2
A(1,0:2) = 3; // 1�1cn����3

cout << " A = " << A << endl;
// 	È

C = cb*cc’;
C += 3*cb*cc’;
C -= 5i*cb*cc’;
cout << " C = " << C << endl;

// òê|=z�DÕÝ

matrix B;
B = A;
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B=A(I,J); // B(i,j)= A(I(i),J(j))
B=A(Iˆ-1,Jˆ-1); // B(I(i),J(j))= A(i,j)

A = 2.*b*c’; // 	È
cout << " A = " << A << endl;
B = b*c’; // 	È B(i,j) = b(i)*c(j)
B = b*c’; // 	È B(i,j) = b(i)*c(j)
B = (2*b*c’)(I,J); // 	È B(i,j) = b(I(i))*c(J(j))
B = (3.*b*c’)(Iˆ-1,Jˆ-1); // 	È B(I(i),J(j)) = b(i)*c(j)
cout << "B = (3.*b*c’)(Iˆ-1,Jˆ-1) = " << B << endl;

ÙÑÑ´

b = a(I) : 5
2 4 4 -3 2

c(I) = a 5
4 -3 2 1 2

A = 3 4
1 5 2 1
3 3 3 1
4 5 2 4

C = 3 4
(-50,-40) (-100,-80) (-150,-120) (-200,-160)
(-100,-80) (-200,-160) (-300,-240) (-400,-320)
(-150,-120) (-300,-240) (-450,-360) (-600,-480)

A = 3 4
8 10 12 14
16 20 24 28
24 30 36 42

4.9.2 ÝÝÝ


���EEE���������

� UCÝ
�'��5XÚ¦)§S, $1

set(M,solver=sparsesolver);

XÚ%@�¦)§S´ GMRES"

� 5gC©/ª: £�� 6.12! 167 �¤

varf vDD(u,v) = int2d(Thm)(u*v*1e-10);
matrix DD=vDD(Lh,Lh);

� ����~êÝ


matrix A =
[[ 0, 1, 0, 10],
[ 0, 0, 2, 0],
[ 0, 0, 0, 3],
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[ 4,0 , 0, 0]];

� ����©¬Ý


matrix M=[
[ Asd[0] ,0 ,0 ,0 ,Csd[0] ],
[ 0 ,Asd[1] ,0 ,0 ,Csd[1] ],
[ 0 ,0 ,Asd[2] ,0 ,Csd[2] ],
[ 0 ,0 ,0 ,Asd[3] ,Csd[3] ],
[ Csd[0]’,Csd[1]’,Csd[2]’,Csd[3]’,DD ]

];

// òmà��
real[int] bb =[rhssd[0][], rhssd[1][],rhssd[2][],rhssd[3][],rhsl[] ];
set(M,solver=sparsesolver);
xx = Mˆ-1 * bb;
[usd[0][],usd[1][],usd[2][],usd[3][],lh[]] = xx;

// ò)����Ü©

ùp� AsdÚ Csd´Ý
ê| (5g examples++-tuturial�~f mortar-DN-4.edp
).

� �
��½¼�DÕÝ
 A ¤k��IÚXê, 4 I,J,C ©O�ü� int[int]
ê|Ú�� real[int] ê|§ ùn�ê|½ÂÝ
Xeµ

A =
∑
k

C[k]MI[k],J[k] Ù¥ Mab = (δiaδjb)ij

·�k: Mab �Ä�Ý
, Ù¥���"�� mab = 1"

P [I,J,C]=A ;¼�Ý
 A£Tê|�gÄN�Lº�¤�¤k�,� A=[I,J,C] ;
UC¤k��Ý
"5¿�Ý
�º�´ n= I.max Ú m=J.max" �5: ïáé
�Ý
�§ÃI I,J ½ n,m"

� Ý
­#?Ò

int[int] I(15),J(15); // ü�^u­#?Ò�ê|
//

// 8�´ò��Ý
=z���DÕÝ

matrix B;
B = A; // Ý
 A �B�
B=A(I,J); // B(i,j) = A(I(i),J(j))
B=A(Iˆ-1,Jˆ-1); // B(I(i),J(j))= A(i,j)
B.resize(10,20); // ­#N�DÕÝ
�º�¿�Ø�å�

Ù¥ A ´���½�Ý
"

� EDÕÝ
�¢DÕÝ
:

matrix<complex> C=vv(Xh,Xh);
matrix R=vr(Xh,Xh);
matrix<complex> CR=R; C=R; // )¤½E�¢Ý
½EÝ

R=C.im; R=C.re; // ��EDÕÝ
�¢Ü½JÜ
matrix CI=C.im, CR=C.re; // ��EDÕÝ
�¢Ü½JÜ
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4.9.3 ÝÝÝ


$$$���

$�Î *, /, Ú %, $�^Sl��m"

� ’ ´Ý
� £��¤ m=�, 3¢ê�¹e���Ý
=�
3Eê�¹e�
Hermitian =�"

� .* ´Å�¦È$�Î"

� ./ ´Å�Ø{$�Î"

�k�
·Ü$�Î:

� ˆ-1 ^u)�5XÚ £~X: b = Aˆ-1 x¤"

� ’ * ´=�ÚÝ
¦È�EÜ, =:È £~X real DotProduct=a’*b¤ , 3E
ê�¹e=� Hermitian È, ¤±êÆþk a’*b= aT b "

� a*b’ ´	È £~X matrix B=a’*b ¤"

Example 4.5

mesh Th = square(2,1);
fespace Vh(Th,P1);
Vh f,g;
f = x*y;
g = sin(pi*x);
Vh<complex> ff,gg; // ��E�k��¼ê
ff= x*(y+1i);
gg = exp(pi*x*1i);
varf mat(u,v) =

int2d(Th)(1*dx(u)*dx(v)+2*dx(u)*dy(v)+3*dy(u)*dx(v)+4*dy(u)*dy(v))
+ on(1,2,3,4,u=1);

varf mati(u,v) =
int2d(Th)(1*dx(u)*dx(v)+2i*dx(u)*dy(v)+3*dy(u)*dx(v)+4*dy(u)*dy(v))
+ on(1,2,3,4,u=1);

matrix A = mat(Vh,Vh); matrix<complex> AA = mati(Vh,Vh); // ��EDÕÝ


Vh m0; m0[] = A*f[];
Vh m01; m01[] = A’*f[];
Vh m1; m1[] = f[].*g[];
Vh m2; m2[] = f[]./g[];
cout << "f = " << f[] << endl;
cout << "g = " << g[] << endl;
cout << "A = " << A << endl;
cout << "m0 = " << m0[] << endl;
cout << "m01 = " << m01[] << endl;
cout << "m1 = "<< m1[] << endl;
cout << "m2 = "<< m2[] << endl;
cout << "dot Product = "<< f[]’*g[] << endl;
cout << "hermitien Product = "<< ff[]’*gg[] << endl;
cout << "outer Product = "<< (A=ff[]*gg[]’) << endl;
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cout << "hermitien outer Product = "<< (AA=ff[]*gg[]’) << endl;
real[int] diagofA(A.n);

diagofA = A.diag; // ��Ý
�é��
A.diag = diagofA ; // ��Ý
�é��

// �� 2.17 ½�`�� ---
int[int] I(1),J(1); real[int] C(1);
[I,J,C]=A; // ��Ý
 A �DÕ� £ê|�­#N�º�¤
cout << " I= " << I << endl;
cout << " J= " << J << endl;
cout << " C= " << C << endl;
A=[I,J,C]; // ����#Ý

matrix D=[diagofA] ; // dê| A �é������é�
 D"
cout << " D = " << D << endl;

1�«�¹�´STL1[26]���N�, ¤±�þ$�´Ø#N�, Ø�À¥,���"
ÚMatlab ½ Scilab¥��, =�½ Hermitian �Ý$�Î´ ’, ¤±O�ü�ê| a,b �
:È´ real ab= a’*b"
#NéDÕÝ
 A ­#N�º� :

A.resize(10,100);

5¿�#�º��±'�k�º���½ö��, ¤±#��Ñ���""
Äuã/ 2.4 �n�¿©, ·�k:

A =


1030 0.5 0. 30. −2.5 0.
0. 1030 0.5 0. 0.5 −2.5
0. 0. 1030 0. 0. 0.5
0.5 0. 0. 1030 0. 0.
−2.5 0.5 0. 0.5 1030 0.

0. −2.5 0. 0. 0.5 1030


{v} = f[] =

(
0 0 0 0 0.5 1

)T
{w} = g[] =

(
0 1 1.2× 10−16 0 1 1.2× 10−16

)
A*f[] =

(
−1.25 −2.25 0.5 0 5× 1029 1030

)T
(= A{v})

A’*f[] =
(
−1.25 −2.25 0 0.25 5× 1029 1030

)T
(= AT{v})

f[].*g[] =
(

0 0 0 0 0.5 1.2× 10−16
)T

= (v1w1 · · · vMwM)T

f[]./g[] =
(
−NaN 0 0 −NaN 0.5 8.1× 1015

)T
= (v1/w1 · · · vM/wM)T

f[]’*g[] = 0.5 (= {v}T{w} = {v} · {w})

I, J, C ê|�ÑÑ:

I= 18
0 0 0 1 1
1 1 2 2 3
3 4 4 4 4
5 5 5

J= 18
0 1 4 1 2

1IO��¥, y3´IO C++ ��Ü©
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4 5 2 5 0
3 0 1 3 4
1 4 5

C= 18
1e+30 0.5 -2.5 1e+30 0.5
0.5 -2.5 1e+30 0.5 0.5
1e+30 -2.5 0.5 0.5 1e+30
-2.5 0.5 1e+30

é�DÕÝ
 D �ÑÑ£´w: éufortran�ó�.¡, ÑÑ�Id 1 m©,
3
FreeFem++ ¥aqu C, �Id 0 m©¤:

D = # Sparce Matrix (Morse)
# first line: n m (is symmetic) nbcoef
# after for each nonzero coefficient: i j a_ij where (i,j) \in {1,...,n}x{1,...,m}
6 6 1 6

1 1 1.0000000000000000199e+30
2 2 1.0000000000000000199e+30
3 3 1.0000000000000000199e+30
4 4 1.0000000000000000199e+30
5 5 1.0000000000000000199e+30
6 6 1.0000000000000000199e+30

Note 4.3 $�Î ˆ-1 ØU^u)¤Ý
; e¡�Ñ���Ø�~fµ

matrix AAA = Aˆ-1;

3~ examples++-load/lapack.edp ¥��÷
ÏL lapack ¥ÚT�.Ä�ó�.¡¢y
¦_ £�� C ! 333 �¤"

load "lapack"
load "fflapack"
int n=5;
real[int,int] A(n,n),A1(n,n),B(n,n);
for(int i=0;i<n;++i)
for(int j=0;j<n;++j)

A(i,j)= (i==j) ? n+1 : 1;
cout << A << endl;
A1=Aˆ-1; // ½Â3 1\ "lapack"¥
cout << A1 << endl;

B=0;
for(int i=0;i<n;++i)

for(int j=0;j<n;++j)
for(int k=0;k<n;++k)

B(i,j) +=A(i,k)*A1(k,j);
cout << B << endl;

// A1+Aˆ-1; 5¿$1�}

inv(A1); // ½Â3 1\ "fflapack"¥
cout << A1 << endl;

ÑÑ´:

5 5
6 1 1 1 1
1 6 1 1 1
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1 1 6 1 1
1 1 1 6 1
1 1 1 1 6

error: dgesv_ 0
5 5
0.18 -0.02 -0.02 -0.02 -0.02
-0.02 0.18 -0.02 -0.02 -0.02
-0.02 -0.02 0.18 -0.02 -0.02
-0.02 -0.02 -0.02 0.18 -0.02
-0.02 -0.02 -0.02 -0.02 0.18

5 5
1 -1.387778781e-17 -1.040834086e-17 3.469446952e-17 0

-1.040834086e-17 1 -1.040834086e-17 -2.081668171e-17 0
3.469446952e-18 -5.551115123e-17 1 -2.081668171e-17 -2.775557562e-17
1.387778781e-17 -4.510281038e-17 -4.857225733e-17 1 -2.775557562e-17
-1.387778781e-17 -9.714451465e-17 -5.551115123e-17 -4.163336342e-17 1

5 5
6 1 1 1 1
1 6 1 1 1
1 1 6 1 1
1 1 1 6 1
1 1 1 1 6

error: dgesv_ 0
5 5
0.18 -0.02 -0.02 -0.02 -0.02
-0.02 0.18 -0.02 -0.02 -0.02
-0.02 -0.02 0.18 -0.02 -0.02
-0.02 -0.02 -0.02 0.18 -0.02
-0.02 -0.02 -0.02 -0.02 0.18

5 5
1 -1.387778781e-17 -1.040834086e-17 3.469446952e-17 0

-1.040834086e-17 1 -1.040834086e-17 -2.081668171e-17 0
3.469446952e-18 -5.551115123e-17 1 -2.081668171e-17 -2.775557562e-17
1.387778781e-17 -4.510281038e-17 -4.857225733e-17 1 -2.775557562e-17
-1.387778781e-17 -9.714451465e-17 -5.551115123e-17 -4.163336342e-17 1

5 5
6 1 1 1 1
1 6 1 1 1
1 1 6 1 1
1 1 1 6 1
1 1 1 1 6

�
O� lapack.cpp ½ fflapack.cpp, \�XÚ7LPk lapack ¥¿�38¹
examples++-load Sö�"

ff-c++ lapack.cpp -llapack
ff-c++ fflapack.cpp -llapack
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4.9.4 ÙÙÙ¦¦¦êêê|||

·���±^Ó���{éFE¼ê�Ñ�A�ê|"XJI��{§�±�� �þ�¼
ê 5?n" , �m½ö�þ�k�¼êü��

int n = 100; // ê|���
Vh[int] wh(n); // ¢ê�¹
Wh[int] [uh,vh](n); // ¢�þ�¹
Vh<complex>[int] cwh(n); // Eê�¹
Wh<complex>[int] [cuh,cvh](n); // E�þ�¹
[cuh[2],cvh[2]]= [x,y]; // �E�þ�1���ID�

Example 4.6 e¡·��½n�ØÓ�¼ê¦)Ñt�§§ f = 1, sin(πx) cos(πy), |x −
1||y − 1|, Ù¥§ùn�¼ê�);�3FE¼ê�ê|¥"

mesh Th=square(20,20,[2*x,2*y]);
fespace Vh(Th,P1);
Vh u, v, f;
problem Poisson(u,v) =

int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v))
+ int2d(Th)( -f*v ) + on(1,2,3,4,u=0) ;

Vh[int] uu(3); // FE¼ê�ê|
f=1; // ¯K1
Poisson; uu[0] = u;
f=sin(pi*x)*cos(pi*y); // ¯K2
Poisson; uu[1] = u;
f=abs(x-1)*abs(y-1); // ¯K3
Poisson; uu[2] = u;
for (int i=0; i<3; i++) // ±�¤k)�ã�

plot(uu[i], wait=true);

4.10 NNN���êêê|||

éu1�«�¹§ù�´éu STL2[26] �N�§�Ué�þ¥�����?1ö�§Ø
Ué�þ�Nö�"

real[string] map; // Ä�ê|
for (i=0;i<10;i=i+1)
{

tab[i] = i*i;
cout << i << " " << tab[i] << "\n";

};

map["1"]=2.0;
map[2]=3.0; // 2g,éA1n�iÎ

cout << " map[\"1\"] = " << map["1"] << "; "<< endl;
cout << " map[2] = " << map[2] << "; "<< endl;

2IO��¥, y3´IO C++ ��Ü©
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4.11 ÌÌÌ���

3 FreeFem++ ¥�k for � while § break � continue �Ì�'�c"

3forÌ�¥kn�ëê¶��Cþ�Ð©z£INITIALIZATION¤!UY�^�£CONDITION¤!
��Cþ�Cz£CHANGE¤" � ^� �ý��ÿ§forÌ�UY"

for (INITIALIZATION; CONDITION; CHANGE)

{ BLOCK of calculations }

e¡�~fü«
l1�10�¦Ú§(Jw«3 sum¥§

int sum=0;

for (int i=1; i<=10; i++)

sum += i;

whileÌ�

while (CONDITION) {

BLOCK of calculations or change of control variables

}

Ì���?1§��£CONDITION¤ �b" l1�10�¦Ú��±^ while 5O�µ

int i=1, sum=0;

while (i<=10) {

sum += i; i++;

}

¦^ break�±3¥mòÑÌ�" 
 continue �±aL�1l continue �Ì�(å�
Ü©"

Example 4.7

for (int i=0;i<10;i=i+1)

cout << i << "\n";

real eps=1;

while (eps>1e-5)

{ eps = eps/2;

if( i++ <100) break;

cout << eps << endl;}

for (int j=0; j<20; j++) {

if (j<10) continue;

cout << "j = " << j << endl;

}
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4.12 ÑÑÑ\\\/ÑÑÑÑÑÑ

k'Ñ\ÑÑ��{Ú C++ ��{é�q" ¦^ cout, cin, endl, <<,>>.
�
���©� (resp. read from)§ (²��#�Cþ ofstream ofile("filename");
½ö ofstream ofile("filename",append); (resp. ifstream ifile("filename");
) ,�¦^ ofile (resp. ifile) �� cout (resp. cin)"
N\£append¤3/ ofstream ofile("filename",append);0¥�¿g´3N
\´»¥±�?�/ª�mT©�"

Note 4.4 ©�¬3µ4«¬�Ñ�?'4"

Example 4.8

int i;
cout << " std-out" << endl;
cout << " enter i= ? ";
cin >> i ;
{

ofstream f("toto.txt");
f << i << "coucou’\n";

}; // '4©�f§Ï�Cþf�íØ


{
ifstream f("toto.txt");
f >> i;

}
{

ofstream f("toto.txt",append);
// N\�yk©�"toto.txt"¥

f << i << "coucou’\n";
}; // '4©�f§Ï�Cþf�íØ


cout << i << endl;

�
¼ê�±^55�ÑÑ�ª"

� int nold=f.precision(n) �½�ê:m¡�êi� ê"·^u�e5¤k
�?ÑÑ6�2:ê" ,
§ù¿ØU4�.k�ê:"Ïd�Ä�ù�K�7L
¦^�½�ê:"

� f.scientific r2:ê^�ÆOê{L« ( d.dddEdd )"

� f.fixed r2:êU�¤�½�ê:�L« ( d.ddd ) �scientific��"

� f.showbase �âC++éÈ©~ê��{/ªU��\§¦�=C�	Ü�Ö�/
ª"%@Ø�½�showbase"

� f.noshowbase �� showbase ��½"

� f.showpos 3����È©���?�=��c\���Ò (+) "

� f.noshowpos �� showpos ��½"

� f.default ò�c��½ (fmtflags) �U�%@°Ý"



82 14Ù �{

Ù¥ f ´ÑÑ6ÎÒ�§~X cout" AO5¿§Ø
1��§�e¤k�Ñö�Ñ�
£�6 f§¤±§��±�e¡ù�ë�3�å

cout.scientific.showpos << 3 << endl;

4.12.1 ������ëëëêêê

Freefem++ ¥½Â
���~k^�ê|ARGV §�¹
·-1¥¤^��¤k��ë
ê" e¡��è�Ñ
ëê¥�cn�µ

// �� 3.8-1
for(int i=0;i<ARGV.n;++i)

{
cout << ARGV[i] << endl;

}

�
�� getARGV.idp ¥vk¦^L�ëê§�\��©�§

getARGV(n,defaultvalue) // ��vk¦^L�1n�ëê§XJ§�3(n = 1, ...)
getARGV(after,defaultvalue) // ��iÎG�gCþ£arg¤§XJ§�3

"���a.�±´ int, real, string,

4.13 ýýý???nnn§§§SSS

ý?n§Sk�¹
©�9¤½Â�÷��'ö��- (include ”script-name.idp”)§
÷½Â" ÷�-©�ü«§�«aqué�§�«aqu¼ê"aqé��÷�-vk
ëê§
aq¼ê�këê" (²I«Î��÷�-��{Xeµ

macro <identifier>() <replacement token list> // EOM // Ê�÷�5º
macro <identifier>(<parameter list>) <replacement token list> // EOM

vkëê�÷�-�~f

macro xxx() {real i=0;int j=0;cout << i << " " << j << endl;} //
xxx /* replace xxx by the <replacement token list> */

ù´ freefem++ �§S�è:

1 : // macro without parameter
2 : macro xxx {real i=0;int j=0;cout << i << " " << j << endl;}//
3 :
4 : {real i=0;int j=0;cout << i << " " << j << endl;}

÷·-ëê�~f

macro toto(i) i //
// Ú^ëê§£Ä {}

toto({real i=0;int j=0;cout << i << " " << j << endl;})
// �k�� {} �£Ä

toto({{real i=0;int j=0;cout << i << " " << j << endl;}})

ïá freefem++ �è :
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6 : macro toto(i ) i //
8 : // Ú^ëê§£Ä \{\}
9 : real i=0;int j=0;cout << i << " " << j << endl;
10 : // �k�� \{\} �£Ä
11 : {real i=0;int j=0;cout << i << " " << j << endl;}

¦^÷��÷ �ëê§5r��Ý
=�¤ê|§Xeµ

real[int,int] CC(7,7),EE(6,3),EEps(4,4);

macro VIL6(v,i) [ v(1,i), v(2,i),v(4,i), v(5,i),v(6,i) ] // EOM
macro VIL3(v,i) [ v(1,i), v(2,i) ] // EOM

// rv����ê|��µ
macro VV6(v,vv) [ v(vv,1), v(vv,2),
v(vv,4), v(vv,5), v(vv,6) ] // EOM

macro VV3(v,vv) [ v(vv,1), v(vv,2) ] // EOM
// ¤±^�ª�Ý
5�)¯Kµ

func C5x5 = VV6(VIL6,CC);
func E5x2 = VV6(VIL3,EE);
func Eps = VV3(VIL3,EEps);

freefem++ �èXeµ

16 : real[int,int] CC(7,7),EE(6,3),EEps(4,4);
17 :
18 : macro VIL6(v,i ) [ v(1,i), v(2,i),v(4,i), v(5,i),v(6,i) ] // EOM
19 : macro VIL3(v,i ) [ v(1,i), v(2,i) ] // EOM
20 : // apply v on array element :
21 : macro VV6(v,vv ) [ v(vv,1), v(vv,2),
22 : v(vv,4), v(vv,5), v(vv,6) ] // EOM
23 : macro VV3(v,vv ) [ v(vv,1), v(vv,2) ] // EOM
24 : // so formal matrix to build problem..
25 : func C5x5 =
1 : [ [ CC(1,1), CC(2,1),CC(4,1), CC(5,1),CC(6,1) ] ,

[ CC(1,2), CC(2,2),CC(4,2), CC(5,2),CC(6,2) ] ,
1 : [ CC(1,4), CC(2,4),CC(4,4), CC(5,4),CC(6,4) ] ,

[ CC(1,5), CC(2,5),CC(4,5), CC(5,5),CC(6,5) ] ,
[ CC(1,6), CC(2,6),CC(4,6), CC(5,6),CC(6,6) ] ] ;

26 : func E5x2 =
1 : [ [ EE(1,1), EE(2,1) ] , [ EE(1,2), EE(2,2) ] ,
1 : [ EE(1,4), EE(2,4) ] , [ EE(1,5), EE(2,5) ] ,

[ EE(1,6), EE(2,6) ] ] ;
27 : func Eps = [ [ EEps(1,1), EEps(2,1) ] ,

[ EEps(1,2), EEps(2,2) ] ] ;
28 :

��§ÎÒ# ^5rëêë�å5µ �E���þ$�§Xeµ

macro div(u) (dx(u#1)+ dy(u#2)) // EOM
mesh Th=square(2,2); fespace Vh(Th,P1);
Vh v1=x,v2=y;
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cout << int2d(Th)(div(v)) << endl;

freefem++�èXeµ

31 : macro div(u ) (dx(u#1)+ dy(u#2)) //EOM
32 : mesh Th=square(2,2); fespace Vh(Th,P1);
33 : Vh v1=x,v2=y;
34 : cout << int2d(Th)( (dx(v1)+ dy(v2)) ) << endl;

�¤y²Ú^�ÿÁµ

macro foo(i,j,k) i j k // EOM
foo(,,) // �1
foo( {int [}, {int] a(10},{);})

(J:

36 : macro foo(i,j,k ) i j k//EOM
37 : // �1
38 : int [ int] a(10 );

�
3÷·-macro¥½Â÷ macro§�±¦^ü�#�'�c NewMacro! EndMacro
5#ïÚ'4�½�÷½Â" (�� 3.11§����¤ÿÁ).

4.14 ÉÉÉ~~~???nnn

3 FreeFem++ ���2.3 ¥§É~�¹�?nÚC++¥´���" �´y3§�kC++
¥�É~�)û
"5¿�§3C++ ¥§¤kÚå ExecError, assert, exit,
... ��Ø�Ñ��É~�¹§�ùaÉ~�UéJé��Ï" É~?n¤k�
ExecErrorµ

Example 4.9 ��{ü�~f§Ó¼^"�©1µ

real a;
try {

a=1./0.;
}
catch (...) // 32.3�����¤k�~	ÑU
�8Ñ5
{

cout << " Catch an ExecError " << endl;
a =0;

}

ÑÑ�µ

1/0 : d d d
current line = 3

Exec error : Div by 0
-- number :1

Try:: catch (...) exception
Catch an ExecError
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Example 4.10 : 'u��Ø�_Ý
�~fµ

int nn=5 ;
mesh Th=square(nn,nn);
verbosity=5;
fespace Vh(Th,P1); // P1 FE �m
Vh uh,vh; // ���ÿÁ¼ê
func f=1; // mÃ>¼ê
func g=0; // >.^�¼ê
real cpu=clock();
problem laplace(uh,vh,solver=Cholesky,tolpivot=1e-6) = //
¯K�½Â

int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) ) // V�5
+ int2d(Th)( -f*vh ) // �5

;

try {
cout << " Try Cholesky \n";
laplace; // )û¯K
plot(uh); // w«(J
cout << "-- lap Cholesky " << nn << "x" << nn << " : " << -cpu+clock()

<< " s, max =" << uh[].max << endl;
}
catch(...) { // 8Ñ¤k�É~

cout << " Catch cholesky PB " << endl;
}

ÑÑ�

-- square mesh : nb vertices =36 , nb triangles = 50 ...
Nb of edges on Mortars = 0
Nb of edges on Boundary = 20, neb = 20
Nb Mortars 0

number of real boundary edges 20
Number of Edges = 85
Number of Boundary Edges = 20 neb = 20
Number of Mortars Edges = 0
Nb Of Mortars with Paper Def = 0 Nb Of Mortars = 0 ...

Nb Of Nodes = 36
Nb of DF = 36
Try Cholesky

-- Change of Mesh 0 0x312e9e8
Problem(): initmat 1 VF (discontinuous Galerkin) = 0
-- SizeOfSkyline =210
-- size of Matrix 196 Bytes skyline =1
-- discontinous Galerkin =0 size of Mat =196 Bytes
-- int in Optimized = 1, ...

all
-- boundary int Optimized = 1, all

ERREUR choleskypivot (35)= -1.23124e-13 < 1e-06
current line = 28

Exec error : FATAL ERREUR dans ../femlib/MatriceCreuse_tpl.hpp
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cholesky line:
-- number :545

catch an erreur in solve => set sol = 0 !!!!!!!
Try:: catch (...) exception
Catch cholesky PB
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������)))¤¤¤

5.1 ������)))¤¤¤���···---

·�lü�'�cm©ùåµ border Ú buildmesh"
�!¤k~fþ5gu mesh.edp©� Ú tablefunction.edp©�"

5.1.1 ���///£££Square¤¤¤

·-/square0 rü ��/©¤n�/ Xe

mesh Th = square(4,5);

3[0, 1]2�ü ��/¥�)
 4 × 5 ��f" >.�©a�ã Fig. 5.1" �
3��

l a b e l

= 4

l a b e l = 1

l a b e l = 3

l a b e l

= 2

ã 5.1: square(10,10)����>.©a

[x0, x1]× [y0, y1]�Ý/¥�En×m��f§�?�Xe�èµ

real x0=1.2,x1=1.8;
real y0=0,y1=1;
int n=5,m=20;
mesh Th=square(n,m,[x0+(x1-x0)*x,y0+(y1-y0)*y]);

87
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Note 5.1 �O\ëê flags=icase, icase �±eê�:

0 )¤��§Ù¥¤k�o>/Ñ�é��x− y = cte©�"

1 )¤Union Jack flag.��"

2 )¤��§Ù¥¤k�o>/Ñ�é�� x+ y = cte ©�(v 3.8)"

3 ��0��¹��§Ø
3ü��?vkn�/n�º:Ñ3>.þ (v 3.8)"

4 ��2��¹��§Ø
3ü��?vkn�/n�º:Ñ3>.þ (v 3.8)"

mesh Th=square(n,m,[x0+(x1-x0)*x,y0+(y1-y0)*y],flags=icase);

V\ëêlabel=labs ò4�%@I\êUC�labs[i-1], ~X int[int] labs =
[11,12,13,14],
V\ëêregion=10 ò«�êUC� 10 (v 3.8)"
�
*	ù
IP, �±�w©�examples++/square-mesh.edp :

for (int i=0;i<5;++i)
{

int[int] labs=[11,12,13,14];
mesh Th=square(3,3,flags=i,label=labs,region=10);
plot(Th,wait=1,cmm=" square flags = "+i );

}

5.1.2 >>>...

>.�½Â�©ãëê­�, zã­��3à:?��, ���±�uõuü:">.�
��«��>��¹�^uò�ä(�z§©��«�, ME�«�:

int upper = 1;
int others = 2;
int inner = 3;

border C01(t=0,1){x = 0; y = -1+t; label = upper;}
border C02(t=0,1){x = 1.5-1.5*t; y = -1; label = upper;}
border C03(t=0,1){x = 1.5; y = -t; label = upper;}
border C04(t=0,1){x = 1+0.5*t; y = 0; label = others;}
border C05(t=0,1){x = 0.5+0.5*t; y = 0; label = others;}
border C06(t=0,1){x = 0.5*t; y = 0; label = others;}
border C11(t=0,1){x = 0.5; y = -0.5*t; label = inner;}
border C12(t=0,1){x = 0.5+0.5*t; y = -0.5; label = inner;}
border C13(t=0,1){x = 1; y = -0.5+0.5*t; label = inner;}

int n = 10;
plot(C01(-n)+C02(-n)+C03(-n)+C04(-n)+C05(-n)+C06(-n)+

C11(n)+C12(n)+C13(n), wait=true);
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mesh Th = buildmesh(C01(-n)+C02(-n)+C03(-n)+C04(-n)+C05(-n)+C06(-n)+
C11(n)+C12(n)+C13(n));

plot(Th, wait=true); // ã 5.3

cout << "Part 1 has region number " << Th(0.75, -0.25).region << endl;
cout << "Part 2 has redion number " << Th(0.25, -0.25).region << endl;

ã 5.2: Multiple border ends intersect ã 5.3: Generated mesh

'�cTriangulation£n�¿©¤b�
«�½Â3dëê�§(½�ëê>.��ý
£�A/§mý¤"

Γj = {(x, y) | x = ϕx(t), y = ϕy(t), aj ≤ t ≤ bj }

�
u�>.½� t 7→ (ϕx(t), ϕy(t)), t0 ≤ t ≤ t1. XJ´Xã5.4¥@�§@o«�Ò3
£��ý�¤ÒK«�§ÄKK3�����ý

 G j

t  =  t 0

t  =  t 1

( x  =  j x ( t ) ,  y  =  j y ( t ) )

( d j x ( t ) / d t ,  d j y ( t ) / d t )

( x  =  t ,  y  =  t ) ( x  =  t ,  y  =  - t )
t  =  t 0

t  =  t 1

t  =  t 1

t  =  t 0

ã 5.4: d (φx(t), φy(t)) ½Â�>.��

��½Ân�¿©��{´µ

mesh Mesh_Name = buildmesh(Γ1(m1) + · · ·+ ΓJ(mj) OptionalParameter);
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Ù¥mj´^5L«3Γj, Γ = ∪Jj=1ΓJþkõ�º:�½�½K�ê§�Àëê�£^ÏÒ
�m¤µ

nbvx=<int value> , �½��¥�õõ��º:"

fixeborder=<bool value> , �½���)ìUÄUC>.��£%@�±UC¶�
�%±Ï5>.^�£~X. 6¤§�U¬Ñ¯K¤"

�±ÏLUCmj�ÎÒUC>.���"e¡�~f`²XÛUC>.½�§T~f�
)��k���É�ü ��§òü ��?Ò�/10£Ù¥���?�/20¤§>.
�I7L�"§ØL��±�Ñ"

1: border a(t=0,2*pi){ x=cos(t); y=sin(t);label=1;}
2: border b(t=0,2*pi){ x=0.3+0.3*cos(t); y=0.3*sin(t);label=2;}
3: plot(a(50)+b(+30)) ; // w�e>.���ã
4: mesh Thwithouthole= buildmesh(a(50)+b(+30));
5: mesh Thwithhole = buildmesh(a(50)+b(-30));
6: plot(Thwithouthole,wait=1,ps="Thwithouthole.eps"); // ã 5.5
7: plot(Thwithhole,wait=1,ps="Thwithhole.eps"); // ã 5.6

Note 5.2 5¿1Ê1�/b(-30)0UC
½�§18§Ô1�ps="fileName"^±�
)ØÓ�ã���©�§Xeã¤«µ

ã 5.5: Ø�¹É��� ã 5.6: �Ä�É���

Note 5.3 >.�êâ�k3 plot½ buildmesh�N^�â¬O�"Ïdéu�ÛC
þ§=ùp�r§�,3ü�>.½Â�m��
UC§,
§e¡ùã�è¬Ñ�§Ï
�1��>.�r�¬���0.3O�"

real r=1; border a(t=0,2*pi){ x=r*cos(t); y=r*sin(t);label=1;}
r=0.3 ; border b(t=0,2*pi){ x=r*cos(t); y=r*sin(t);label=1;}
mesh Thwithhole = buildmesh(a(50)+b(-30)); // �Ø(a trap) du

// ü��k����» = 0.3
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5.1.3 õõõ­­­>>>...

£�� 3.30¤ k�ÿ>.ê|¬ék^?§,
Ø3�´FreeFem++ ¿Ø|±"·
�Àãs£�e§æ^,	��ªµ�lÑãên´��ê|§·�æ^Ì���ª5
�½z�ê|��§Ì��Ii��3ëê½Â��§~Xµborder a(t=0,2*pi;i)
....

��{ü�~f´µ

1: border a(t=0,2*pi;i){ x=(i+1)*cos(t); y=(i+1)*sin(t);label=1;}
2: int[int] nn=[10,20,30];
3: plot(a(nn)); // ©O^10,20,30�:xÑn�� ..

���E,�~f´£5gmesh.edp¥�~f¤|^���½Â��Ý/µ

// õ­�� �{ £2014c4� 3.30��¤
real[int] xx=[0,1,1,0],
yy=[0,0,1,1];

// �»§4��%
real[int] RC=[ 0.1, 0.05, 0.05, 0.1],
XC= [0.2,0.8,0.2,0.8],
YC= [0.2,0.8,0.8,0.2];
int[int] NC=[-10,-11,-12,13]; // �Ñ«ãê

// 4��/>.
border bb(t=0,1;i)
{

// i ´õ­>.�Ì��I
int ii = (i+1)%4; real t1 = 1-t;
x = xx[i]*t1 + xx[ii]*t;
y = yy[i]*t1 + yy[ii]*t;
label = 0; ;
}
border cc(t=0,2*pi;i)
{
x = RC[i]*cos(t)+XC[i];
y = RC[i]*sin(t)+YC[i];
label = i+1;
}
int[int] nn=[4,4,5,7]; // 4^>. , ©OéA�«ãê�4,4,5,7"
plot(bb(nn),cc(NC),wait=1);
mesh th= buildmesh(bb(nn)+cc(NC)) ;
plot(th,wait=1);

5.1.4 êêêâââ(((���������������ÖÖÖ���···---

XJ^r��Ö?¿ ��n����&E§I�ëwe¡ù
©�µ

border C(t=0,2*pi) { x=cos(t); y=sin(t); }
mesh Th = buildmesh(C(10));
savemesh("mesh_sample.msh");

��L«3ã 5.7¥"
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Th �&E�3/mesh sample.msh0§Ù(�3L 5.1¥k`²"
Ù¥nvL«º:ê§ntL«n�/ê§ns>.þ�>ê"
éz��º:qi, i = 1, · · · , nv§^(qix, q

i
y)L«x�IÚy �I"

z�n��Tk, k = 1, · · · , 10k3�º:qk1 , qk2 , qk3§Uì_����ü�">.d�^
�Li, i = 1, · · · , 10|¤§§��à:�qi1 , qi2"

1 2

1 1

3

1 3

5

4

5
3

8

9

7

1 1

8

1 2

1 4
1 3

1 0

6

9

2

1 3

1

4

1 0

1 5

1 4

6

7

1 2

ã 5.7: buildmesh(C(10)))¤���

3Tã¥§·�kµ

nv = 14, nt = 16, ns = 10

q1 = (−0.309016994375, 0.951056516295)
...

...
...

q14 = (−0.309016994375, −0.951056516295)

T1 are q9, q12, q10�º:"
...

...
...

T16 �º:´ q9, q10, q6"

L1 1��>�à:´ q6, q5"
...

...
...

L10 1��>�à:´ q10, q6"

©�SN )º
14 16 10 nv nt ne
-0.309016994375 0.951056516295 1 q1

x q1
y boundary label=1

0.309016994375 0.951056516295 1 q2
x q2

y boundary label=1

· · · · · · ...
-0.309016994375 -0.951056516295 1 q14

x q14
y boundary label=1

9 12 10 0 11 12 13 region label=0
5 9 6 0 21 22 23 region label=0
· · ·
9 10 6 0 161 162 163 region label=0
6 5 1 11 12 boundary label=1
5 2 1 21 22 boundary label=1
· · ·
10 6 1 101 102 boundary label=1

Table 5.1: “mesh sample.msh”�(�

3 FreeFem++ ¥kõ«��©���ª§�±�Ù¦óä§Xemc2, modulef.. £�
112Ù¤�é^"©��*Ð¶L²
Ù�ª§3F. Hecht�©Ù”bamg : a bidimentional
anisotropic mesh generator”£�±3FreeFEM�Õe1¤¥§�±?�Ú
).msh�ª©
��&E;��ª"
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FreeFem++ �±Ö\��©�§�´>.�¶ivk��§©����
>.ëê"Ï
dù
>.7L�ëêéXå5§ù
ëêû½
>.3§S¥�gS§Ø�^'�c
/label0CXK§�"±e��
~f

border floor(t=0,1){ x=t; y=0; label=1;}; // ü ��/
border right(t=0,1){ x=1; y=t; label=5;};
border ceiling(t=1,0){ x=t; y=1; label=5;};
border left(t=1,0){ x=0; y=t; label=5;};
int n=10;
mesh th= buildmesh(floor(n)+right(n)+ceiling(n)+left(n));
savemesh(th,"toto.am_fmt"); // "formatted Marrocco" �ª
savemesh(th,"toto.Th"); // "bamg"-. ��
savemesh(th,"toto.msh"); // freefem �ª
savemesh(th,"toto.nopo"); // modulef �ª � [10]
mesh th2 = readmesh("toto.msh"); // Ö���

Example 5.1 (Readmesh.edp) border floor(t=0,1){ x=t; y=0; label=1;}; // ü 
�/
border right(t=0,1){ x=1; y=t; label=5;};
border ceiling(t=1,0){ x=t; y=1; label=5;};
border left(t=1,0){ x=0; y=t; label=5;};
int n=10;
mesh th= buildmesh(floor(n)+right(n)+ceiling(n)+left(n));
savemesh(th,"toto.am_fmt"); // "formated Marrocco"�ª
savemesh(th,"toto.Th"); // êâ¥�ª db "bamg"��
savemesh(th,"toto.msh"); // freefem �ª
savemesh(th,"toto.nopo"); // modulef �ª ë� [10]
mesh th2 = readmesh("toto.msh");
fespace femp1(th,P1);
femp1 f = sin(x)*cos(y),g;
{ // ;�)
ofstream file("f.txt");
file << f[] << endl;
} // '4©��� (end block)
{ // Ö\
ifstream file("f.txt");
file >> g[] ;
} // '4Ñ\©� (end block)
fespace Vh2(th2,P1);
Vh2 u,v;
plot(g);
// find u such that
// u+ ∆u = g in Ω ,
// u = 0 on Γ1 and ∂u

∂n = g on Γ2

solve pb(u,v) =
int2d(th)( u*v - dx(u)*dx(v)-dy(u)*dy(v) )

+ int2d(th)(-g*v)
+ int1d(th,5)( g*v) // ∂u

∂n = g on Γ2

+ on(1,u=0) ;
plot (th2,u);
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5.1.5 ���������ëëë���

e¡�~fÐ«
¼���&E��{

{ // ¼���&E £�� 1.37¤
mesh Th=square(2,2);

// ¼����êâ
int nbtriangles=Th.nt;
cout << " nb of Triangles = " << nbtriangles << endl;
for (int i=0;i<nbtriangles;i++)
for (int j=0; j <3; j++)

cout << i << " " << j << " Th[i][j] = "
<< Th[i][j] << " x = "<< Th[i][j].x << " , y= "<< Th[i][j].y
<< ", label=" << Th[i][j].label << endl;

// Th(i) �£ Th �º:i
// Th[k] �£ Th �n�/k

fespace femp1(Th,P1);
femp1 Thx=x,Thy=y; // ¼�º:�I�§S

// ¼�º:&E :
int nbvertices=Th.nv;
cout << " nb of vertices = " << nbvertices << endl;
for (int i=0;i<nbvertices;i++)

cout << "Th(" <<i << ") : " // << endl;
<< Th(i).x << " " << Th(i).y << " " << Th(i).label // v 2.19
<< " old method: " << Thx[][i] << " " << Thy[][i] << endl;

// ¼�: (0.55,0.6) &E��{

int it00 = Th(0.55,0.6).nuTriangle; // �X´n�/�ê
int nr00 = Th(0.55,0.6).region; //

// ��n�/�&E
real area00 = Th[it00].area; // 3��2.19¥�#
real nrr00 = Th[it00].region; // 3��2.19¥�#
real nll00 = Th[it00].label; // 3d�¹e�«��Ó

// ¼��¹:x,y �n�/
// ½«�ê £�5��{¤
// -------------------------------------------------------

fespace femp0(Th,P0);
femp0 nuT; // ��P0��n�/�IÒ

for (int i=0;i<Th.nt;i++)
nuT[][i]=i;

femp0 nuReg=region; // ��P0��n�/�«�ê
// �¦

int it0=nuT(0.55,0.6); // �¹ (0.55,0,6) �Th�n�/ê8;
int nr0=nuReg(0.55,0.6); // �¹ (0.55,0,6) �Th�«�ê8;

// =;
// -------------------------------------------------------

cout << " point (0.55,0,6) :triangle number " << it00 << " " << it00
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<< ", region = " << nr0 << " == " << nr00 << ", area K " << area00 << endl;

// ¼�>.&E������#�{

int k=0,l=1,e=1;
Th.nbe ; // �£>.ü���ê
Th.be(k); // �£>.ü� k ∈ {0, ..., Th.nbe− 1}
Th.be(k)[l]; // �£>.ü� k �º: l ∈ {0, 1}
Th.be(k).Element ; // �£�¹>.ü� k �n�/
Th.be(k).whoinElement ; // �£�¹>.ü�k�n�/�>?Ò
Th[k].adj(e) ; // �£k 'u>e���n�/, ¿ò

// e��UC�3��n�/�éA�>
Th[k] == Th[k].adj(e) // vk��n�/�£�Ó��
Th[k] != Th[k].adj(e) // ý��n�/

cout << " print mesh connectivity " << endl;
int nbelement = Th.nt;
for (int k=0;k<nbelement;++k)

cout << k << " : " << int(Th[k][0]) << " " << int(Th[k][1])
<< " " << int(Th[k][2])
<< " , label " << Th[k].label << endl;

//

for (int k=0;k<nbelement;++k)
for (int e=0,ee;e<3;++e)

// FH §S�5: ò ee �� e, ^adj�{òeeUC,
// 3 () ¥�ëêØÓ.

cout << k << " " << e << " <=> " << int(Th[k].adj((ee=e))) << " " << ee
<< " adj: " << ( Th[k].adj((ee=e)) != Th[k]) << endl;

// 5º : XJ k == int(Th[k].adj(ee=e)) Ø´��ü�

int nbboundaryelement = Th.nbe;

for (int k=0;k<nbboundaryelement;++k)
cout << k << " : " << Th.be(k)[0] << " " << Th.be(k)[1] << " , label "

<< Th.be(k).label << " tria " << int(Th.be(k).Element)
<< " " << Th.be(k).whoinElement << endl;

}

ÑÑ(J´µ

-- square mesh : nb vertices =9 , nb triangles = 8 , nb boundary edges 8
Nb of Vertices 9 , Nb of Triangles 8
Nb of edge on user boundary 8 , Nb of edges on true boundary 8

number of real boundary edges 8
nb of Triangles = 8
0 0 Th[i][j] = 0 x = 0 , y= 0, label=4
0 1 Th[i][j] = 1 x = 0.5 , y= 0, label=1
0 2 Th[i][j] = 4 x = 0.5 , y= 0.5, label=0
...
6 0 Th[i][j] = 4 x = 0.5 , y= 0.5, label=0
6 1 Th[i][j] = 5 x = 1 , y= 0.5, label=2
6 2 Th[i][j] = 8 x = 1 , y= 1, label=3
7 0 Th[i][j] = 4 x = 0.5 , y= 0.5, label=0
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7 1 Th[i][j] = 8 x = 1 , y= 1, label=3
7 2 Th[i][j] = 7 x = 0.5 , y= 1, label=3
Nb Of Nodes = 9
Nb of DF = 9
-- vector function’s bound 0 1
-- vector function’s bound 0 1
nb of vertices = 9

Th(0) : 0 0 4 old method: 0 0
Th(1) : 0.5 0 1 old method: 0.5 0
...
Th(7) : 0.5 1 3 old method: 0.5 1
Th(8) : 1 1 3 old method: 1 1
Nb Of Nodes = 8
Nb of DF = 8

print mesh connectivity
0 : 0 1 4 , label 0
1 : 0 4 3 , label 0
...
6 : 4 5 8 , label 0
7 : 4 8 7 , label 0
0 0 <=> 3 1 adj: 1
0 1 <=> 1 2 adj: 1
0 2 <=> 0 2 adj: 0
...
6 2 <=> 3 0 adj: 1
7 0 <=> 7 0 adj: 0
7 1 <=> 4 0 adj: 1
7 2 <=> 6 1 adj: 1
0 : 0 1 , label 1 tria 0 2
1 : 1 2 , label 1 tria 2 2
...
6 : 0 3 , label 4 tria 1 1
7 : 3 6 , label 4 tria 5 1

5.1.6 '''���ccc///triangulate000£££nnn���¿¿¿©©©¤¤¤

FreeFem++ U
é:8ïán��©"ù�n��©dDelaunay�{ïáÄu:8��
�à����"��l��L�¼êïá���§¬^�ù�õU"
3©�¥§L�¼ê�:�IÚ�©O½Â�/X x y f(x,y)�1µ

0.51387 0.175741 0.636237
0.308652 0.534534 0.746765
0.947628 0.171736 0.899823
0.702231 0.226431 0.800819
0.494773 0.12472 0.580623
0.0838988 0.389647 0.456045
...............

z1�1n�êd triangulate �½�Ø�Ö§�\�±^ù1n��½Â��z1
/X x y f(x,y) �L�¼ê"
e¡ü�~fÐ«
XÛl©� /xyf0 Ñu§U±þ¤`�ª�����" ·-
triangulate �U3cü1^"
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ã 5.8: ©�xyf¥:8)¤���à�
�Delaunay��

ã 5.9: L�¼ê����

mesh Thxy=triangulate("xyf"); // ïáà�� Delaunay ��
// ©��cü�½Â: xyf

plot(Thxy,ps="Thxyf.ps"); // (�ã 5.8)

fespace Vhxy(Thxy,P1); // ïá P1 ��
Vhxy fxy; // ¼ê

// Ö�1n1, ½Â¼ê
{ ifstream file("xyf");

real xx,yy;
for(int i=0;i<fxy.n;i++)
file >> xx >>yy >> fxy[][i]; // �Ö1n1

// aL xx � yy
}
plot(fxy,ps="xyf.eps"); // xÑ¼ê £�ã 5.9¤

��#�ïá����{´^ü�ê|§��´x�§��´y�(version 2.23-2)

Vhxy xx=x,yy=y; // �xÚyïáü�ê|
mesh Th=triangulate(xx[],yy[]);

5.2 ïïïááá���������������>>>...kkk���������mmm

�
½Â��>.þ�k���m§·�����vkSÜ:���£���¤§ ù�
g´3^.�KF¦f{?nE,�¢S¯K�ék^"
Ïd¼ê emptymesh ØK��¤k>.S�:§�Ø�):3S>.þ�:"

{ // #� 2004 ��� £�� 1.40¤
// -- éïáMultiplicator�mk^

// ïá��vkS:���
// Pk�Ó�>.

// -----
assert(version>=1.40);
border a(t=0,2*pi){ x=cos(t); y=sin(t);label=1;}
mesh Th=buildmesh(a(20));
Th=emptymesh(Th);
plot(Th,wait=1,ps="emptymesh-1.eps"); // �ã 5.10
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}

ÏL emptymesh(Th,ssd) ^�� Th é>��½8Ü§�b��f«�ïá����
´�U�§ XJ�âü����n�/e = t1 ∩ t2Ússd[T1] 6= ssd[T2]§Ù¥ ssd �Lb
�«�n�/�?Ò§@o��£ùü���n�/ú^�¤>e Ò3ù�8Ü¥§§�
�;�3�¹n�/º�Úêþ��� int[int] ê|¥"

{ // #� 2004 ��� £�� 1.40¤

// -- éïáMultiplicator�mk^

// ïá��vkS:���

// 3[f«�¥

// -----

assert(version>=1.40);

mesh Th=square(10,10);

int[int] ssd(Th.nt);

for(int i=0;i<ssd.n;i++) // ïá[«�?Ò

{ int iq=i/2; // Ï�z�o>/k2�n�/

int ix=iq%10; //

int iy=iq/10; //

ssd[i]= 1 + (ix>=5) + (iy>=5)*2;

}

Th=emptymesh(Th,ssd); // ïá���

// k> e = T1 ∩ T2 and ssd[T1] 6= ssd[T2]

plot(Th,wait=1,ps="emptymesh-2.eps"); // �ã 5.11

savemesh(Th,"emptymesh-2.msh");

}

ã 5.10: >.���� ã 5.11: ��db�«�n�/IÒ½Â
����
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5.3 ­­­###������zzz

5.3.1 Movemesh

���±ÏL movemesh =�§^=§©);ù3�5åÆ¥*	/G� £Φ(x, y) =
(Φ1(x, y),Φ2(x, y))E¤�C/�ék^§ ��±^5?ngd>.¯K½�C>.¯
K"

XJΩ´��/XTh(Ω)�n��©§Φ´�� £¥þ§KΦ(Th)dT�-(½

mesh Th=movemesh(Th,[Φ1,Φ2]);

k�C�����´Ã��§Ï�k
n�/â,�=
§=�)
K«�"�
9�u
yT¯K§3¢S�?ÛC�c§7L^ checkmovemesh u���¥���n�/«
�"

Example 5.2 Φ1(x, y) = x+ k ∗ sin(y ∗ π)/10), Φ2(x, y) = y + k ∗ cos(yπ)/10), � k > 1 é
��.

verbosity=4;

border a(t=0,1){x=t;y=0;label=1;};

border b(t=0,0.5){x=1;y=t;label=1;};

border c(t=0,0.5){x=1-t;y=0.5;label=1;};

border d(t=0.5,1){x=0.5;y=t;label=1;};

border e(t=0.5,1){x=1-t;y=1;label=1;};

border f(t=0,1){x=0;y=1-t;label=1;};

func uu= sin(y*pi)/10;

func vv= cos(x*pi)/10;

mesh Th = buildmesh ( a(6) + b(4) + c(4) +d(4) + e(4) + f(6));

plot(Th,wait=1,fill=1,ps="Lshape.eps"); // �ã 5.12

real coef=1;

real minT0= checkmovemesh(Th,[x,y]); // ���n�«�

while(1) // é���(�£Ä«�

{

real minT=checkmovemesh(Th,[x+coef*uu,y+coef*vv]); // ���n�«�

if (minT > minT0/5) break ; // XJv
�

coef/=1.5;

}

Th=movemesh(Th,[x+coef*uu,y+coef*vv]);
plot(Th,wait=1,fill=1,ps="movemesh.eps"); // �ã 5.13

Note 5.4 �Ä��½Â3��Thþ�¼êu"��éTh=movemesh(Th...)ØUCu, Ï
dÎ����,�3" �vk¼ê^�§�, ��Ò¬�»�" �u = u��é3#��
�ThþÏL��­#½Â
u, ÏdXJu´��^�T���¼ê@oÎ��Th ¬�»
�"
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ã 5.12: L-. ã 5.13: £Ä
� L-.

Example 5.3 (movemesh.edp) y3, ·��Ñ��£Ä���~f" §´��½Â3£
Ä��þ� lagrangian ¼ê u"

// {ü�£Ä���~f

mesh Th=square(10,10);

fespace Vh(Th,P1);

real t=0;

// ---

// y3�¯K´XÛØ^��5ïáêâ

// ¤±X\¤�êâ u �X��£Ä

// ---

Vh u=y;

for (int i=0;i<4;i++)

{

t=i*0.1;

Vh f= x*t;

real minarea=checkmovemesh(Th,[x,y+f]);

if (minarea >0 ) // £Ä���~

Th=movemesh(Th,[x,y+f]);

cout << " Min area " << minarea << endl;

real[int] tmp(u[].n);

tmp=u[]; // ���

u=0; // UC�u�'�FEspaceÚ��

u[]=tmp; // ��u��, Ø^����#&E

plot(Th,u,wait=1);
};

// 3ù�§S¥, Ï�u�½Â3������, Ïd

// ¤k�c���Ñ�íØ
.

// --------
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5.4 ���KKKnnn���¿¿¿©©©: hTriangle

é8ÜS, ·�½ÂS��»

diam(S) = sup{|x− y|; x, y ∈ S}

«�Ω¥�S�{Th}h↓0 �¡� �K, XJ¦�÷v±e^�:

1.
lim
h↓0

max{diam(Tk)| Tk ∈ Th} = 0

2. �3�hÃ'�êσ > 0 ¦�

ρ(Tk)

diam(Tk)
≥ σ for all Tk ∈ Th

Ù¥ ρ(Tk)´Tk¥S����».

·�-h(Th) = max{diam(Tk)| Tk ∈ Th}, ¿ÏL±e��:

mesh Th = ......;
fespace Ph(Th,P0);
Ph h = hTriangle;
cout << "size of mesh = " << h[].max << endl;

5.5 ggg···AAA������

¼ê
f(x, y) = 10.0x3 + y3 + tan−1[ε/(sin(5.0y)− 2.0x)] ε = 0.0001

��ì��CÄ, ¿�dÙ! 5.1¥�·-�Ñ�Ð©�� ØU�AÑT¼ê�ì�C
z"

Example 5.4

real eps = 0.0001;
real h=1;
real hmin=0.05;
func f = 10.0*xˆ3+yˆ3+h*atan2(eps,sin(5.0*y)-2.0*x);

mesh Th=square(5,5,[-1+2*x,-1+2*y]);
fespace Vh(Th,P1);
Vh fh=f;
plot(fh);
for (int i=0;i<2;i++)
{

Th=adaptmesh(Th,fh);
fh=f; // Î���íØ
plot(Th,fh,wait=1);

}
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I n i t i a l  

m e s h

F i r s t  

a d a p t a t i o n
S e c o n d  

a d a p t a t i o n

ã 5.14: Ð©��91�Ú1�g·A���3Dã

FreeFem++ ¦^�CÝþ/Delaunay gÄ���{" ·-

mesh ATh = adaptmesh(Th, f);

ïá
g·Au¼ê(úª½FE-function)

D2f = (∂2f/∂x2, ∂2f/∂x∂y, ∂2f/∂y2)

� Hessian 
�#�� ATh" �¯KÛÜì�CÄ�, ��g·A´��~rkå�ó
ä"
ùp·�)û¯K (2.1)-(2.2), 3 f = 1 Ú Ω ´ L-. «���/e"

Example 5.5 (Adapt.edp) )3ü^� bc Ú bd �: γ ?kÛÉ5 r3/2, r = |x − γ| £�
ã5.15¤"

border ba(t=0,1.0){x=t; y=0; label=1;};
border bb(t=0,0.5){x=1; y=t; label=1;};
border bc(t=0,0.5){x=1-t; y=0.5;label=1;};
border bd(t=0.5,1){x=0.5; y=t; label=1;};
border be(t=0.5,1){x=1-t; y=1; label=1;};
border bf(t=0.0,1){x=0; y=1-t;label=1;};
mesh Th = buildmesh ( ba(6)+bb(4)+bc(4)+bd(4)+be(4)+bf(6) );
fespace Vh(Th,P1); // �� FE �m
Vh u,v; // ����¼êÚÿÁ¼ê
func f = 1;
real error=0.1; // �Ø�?
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b a

b b

b c

b d

b e

b f

ã 5.15: L-.«�Ú§>.�¶i ã 5.16: ÏL4gg·A���ª)

problem Poisson(u,v,solver=CG,eps=1.0e-6) =
int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v))

- int2d(Th) ( f*v )
+ on(1,u=0) ;

for (int i=0;i< 4;i++)
{

Poisson;
Th=adaptmesh(Th,u,err=error);
error = error/2;

} ;
plot(u);

�
\�g·A, adaptmesh �%@ëê err ����UC; §(½
�¦�°Ý¿¦
�#���°[½ö�o÷"
¯K´r�Úé¡�, Ïd�5XÚ�±^�ÝFÝ{¦) £ëê solver=CG, éëþ
�ÊÅOK, ùp eps=1.0e-6¤" ÏL g·A��, �ª)3 bc Ú bd �:NC��Ç
U
�(/O�, Xã5.16"
[9] �[£ã
T�{§ §kéõ%@ëê�±N� :
Si f1,f2 sont des functions et thold, Thnew des maillages.

Thnew = adaptmesh(Thold, f1 ... );
Thnew = adaptmesh(Thold, f1,f2 ... ]);
Thnew = adaptmesh(Thold, [f1,f2] ... );

g·A���N\ëêvk�3ù�, Ïd ”...”

hmin= ��>�º�" £val ´��¢ê" %@�����z«����9��)¤
ì�°Ýk'¤"

hmax= ��>�º�. £val ´��¢ê" %@�����z«���»k'¤"

err= P1 ��Ø�?O £%@ 0.01 ¤"

errg= �éAÛØ�"%@�� 0.01, ¿�ð$u 1/
√

2" Ï�AÛ�å, dTÀ�)¤
����Uk
>�u -hmin "

nbvx= d��)¤ì)¤���º:ê £(%@� 9000¤"
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nbsmooth= 1wzL§�S�gê £%@� 5 ¤"

nbjacoby= 3�EÝþ¥�1wzL§�S�gê , 0 ¿�XØ?11wz £%@� 6
¤"

ratio= 3Ýþþ?15½�1wz�Xê"XJ�� 0 ½�u 1.1, Ø�?Û1wz
£%@� 1.8¤"

XJ ratio > 1.1, ����CÄ��Ý�. � log(ratio) ��" 5¿: � ratio
�Cu 1, )¤�º:��êO\" ùéu��shock½>.�NC\[«���Ý
k�Ï"

omega= 1wzL§�tµëê £%@� 1.0¤"

iso= e� true, r�Ýþ���Ó5 £%@� false ¤"

abserror= e� false, ¦^�éØ�� equi-repartion IO5O�Ýþ £%@� false
¤" 3ù«�¹eÝþd

M =

(
1

err coef2

|H|
max(CutOff, |η|)

)p
(5.1)

�Ñ" ÄK, ¦^Ø�� equi-repartion IO5O�Ýþ" 3ù«�¹eÝþd

M =

(
1

err coef2

|H|
sup(η)− inf(η)

)p
(5.2)

�Ñ"

cutoff= �éØ�O��e4� £%@� 1.0e-6¤"

verbosity= �w&E?O £l 0 � ∞ mÀJ¤" �UC�ÛCþ�Kó�� £®¢
ï¤"

inquire= Î¯���ã�&E £%@� false¤"

splitpbedge= e� true, ò¤k�kü�>.º:�SÜ>é�© £%@� true¤"

maxsubdiv= UCÝþ¦��µ>��[©�þ.� val £4�o´ 10, ¿�%@��
10¤"

rescaling= e� true, éA��g·A�¼ê­#N!� 0 Ú 1 �m £%@� true
¤"

keepbackvertices= e� true, ÁX¦���¥�º:¦þ�3 £%@� true¤"

isMetric= e� true,Ýþ�wª½Â£%@� false¤"e�½ 3�¼ê m11,m12,m22

, §���½Â��é¡Ý
�, O�ù
Ý
� Hessian 
5½ÂÝþ" e��½
��¼ê, @o§Ny��Ó5��3z:?���"

~X, e�½ �ê fxx (= ∂2f/∂x2), fxy (= ∂2f/∂x∂y), fyy (= ∂2f/∂y2) , ·�
�±-

Th=adaptmesh(Th,fxx,fxy,fyy,IsMetric=1,nbvx=10000,hmin=hmin);
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power= ^5O�Ýþ� Hessian 
��ê� £%@� 1 ¤"

thetamax= ���>��Ý�Ýê (%@� 10◦), 'X>�´ ABC @o�Ý=��þ
AB,BC�Y�, £0 ¿�XvkY�, 90 ¿�XR� , ...¤"

splitin2= Ù��. e� true, r¤k�ª���n�¿©¤ 4 ��n�/"

metric= ��d 3 �¢ê�|¤�ê�, ^±��¼�Ýþêâ&E. ùn�ê���Ý
7L�º:��ê" Ïde m11,m12,m22 ´�g·A���'�n� P1 k��,
\�±�¤: metric=[m11[],m12[],m22[]] £��~f�©� convect-apt.edp
¤

nomeshgeneration= e� true, Ø)¤?Ûg·A�� £^5�O�Ýþ�k^¤"

periodic= �� periodic=[[4,y],[2,y],[1,x],[3,x]]; ïág·A�±Ï�
�. ��)¤����V±Ï��" £�±Ïk���m 6, ��~f�©�
sphere.edp¤

·�¦^·- adaptmesh 5ïák�½�����~5��" Ïdïá����� 1
30

���, Á±e�è:

Example 5.6 uniformmesh.edp

mesh Th=square(2,2); // ïáÐ©��

plot(Th,wait=1,ps="square-0.eps");

Th= adaptmesh(Th,1./3As writing

0.,IsMetric=1,nbvx=10000); //

plot(Th,wait=1,ps="square-1.eps");

Th= adaptmesh(Th,1./30.,IsMetric=1,nbvx=10000); // Ø��g

Th= adaptmesh(Th,1./30.,IsMetric=1,nbvx=10000); // �âg·A>. maxsubdiv=

plot(Th,wait=1,ps="square-2.eps");

ã 5.17: Ð©�� ã 5.18: 1�gS� ã 5.19: ���gS�
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5.6 Trunc

·�®0�
ü«ö�5l��¥�Ø½©�n�/" ö� Trunc kü�ëê

label= ��#>.�� label ê £%@� 1¤

split= ��n�©��?O� n " z�n�/�©�¤ n× n £%@� 1¤"

�
Mï��ò�� Th ¥¤kn�/©�¤ 3×3 �#�� Th3, �I��:

mesh Th3 = trunc(Th,1,split=3);

«~©� truncmesh.edp �E
¤k /trunc0��5| �m Vh ¥�Ä�¼ê£cf.
abs(u)>0¤, ¦^ 5×5 5©�¤kn�/, ¿�3#�>.þ�� label ê� 2"

mesh Th=square(3,3);

fespace Vh(Th,P1);

Vh u;

int i,n=u.n;

u=0;

for (i=0;i<n;i++) // ¤kgdÝ

{

u[][i]=1; // Ä�¼ê i

plot(u,wait=1);
mesh Sh1=trunc(Th,abs(u)>1.e-10,split=5,label=2);

plot(Th,Sh1,wait=1,ps="trunc"+i+".eps"); // xÑ

// ¼ê�| ã

u[][i]=0; // ­�

}

ã 5.20: mesh of support the function P1
number 0, splitted in 5×5

ã 5.21: mesh of support the function P1
number 6, splitted in 5×5
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5.7 Splitmesh

,�«©���n�/��{´æ^ splitmesh, ~X:

{ // new stuff 2004 splitmesh (version 1.37)
assert(version>=1.37);
border a(t=0,2*pi){ x=cos(t); y=sin(t);label=1;}
mesh Th=buildmesh(a(20));
plot(Th,wait=1,ps="nosplitmesh.eps"); // see figure 5.22
Th=splitmesh(Th,1+5*(square(x-0.5)+y*y));
plot(Th,wait=1,ps="splitmesh.eps"); // see figure 5.23

}

ã 5.22: Ð©�� ã 5.23: ¤k���>�n�/��/©
�¤ int(1+5*(square(x-0.5)+y*y)2̂
�n�/"

5.8 ������~~~fff

Example 5.7 (���>>>���>>>üüü���������///)

border a(t=0,1){x=t;y=0;};
border b(t=0,1){x=1;y=t;};
border c(t=1,0){x=t ;y=1;};
border d(t=1,0){x = 0; y=t;};
border c1(t=0,1){x=t ;y=1;};
border e(t=0,0.2){x=1;y=1+t;};
border f(t=1,0){x=t ;y=1.2;};
border g(t=0.2,0){x=0;y=1+t;};
int n=1;
mesh th = buildmesh(a(10*n)+b(10*n)+c(10*n)+d(10*n));
mesh TH = buildmesh ( c1(10*n) + e(5*n) + f(10*n) + g(5*n) );
plot(th,TH,ps="TouchSide.esp"); // ã. 5.24
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Example 5.8 (NACA0012 ÅÅÅÊÊÊ)

border upper(t=0,1) { x = t;
y = 0.17735*sqrt(t)-0.075597*t

- 0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4); }
border lower(t=1,0) { x = t;

y= -(0.17735*sqrt(t)-0.075597*t
-0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4)); }

border c(t=0,2*pi) { x=0.8*cos(t)+0.5; y=0.8*sin(t); }
mesh Th = buildmesh(c(30)+upper(35)+lower(35));
plot(Th,ps="NACA0012.eps",bw=1); // ã. 5.25

a
b

c

d

h

e

f
g

( 0 , - 1 0 )

( 0 , 0 )

( 0 , 2 )

( 1 0 , - 1 0 )

T H

t h

ã 5.24: �>�>ü���/ ã 5.25: NACA0012 ÅÊ

Example 5.9 (%%%999���)

real b = 1, a = b;
border C(t=0,2*pi) { x=(a+b)*cos(t)-b*cos((a+b)*t/b);

y=(a+b)*sin(t)-b*sin((a+b)*t/b); }
mesh Th = buildmesh(C(50));
plot(Th,ps="Cardioid.eps",bw=1); // ã. 5.26

Example 5.10 (Cassini ���)

border C(t=0,2*pi) { x=(2*cos(2*t)+3)*cos(t);
y=(2*cos(2*t)+3)*sin(t); }

mesh Th = buildmesh(C(50));
plot(Th,ps="Cassini.eps",bw=1); // ã. 5.27

Example 5.11 (nnnggg Bezier ­­­���)

// ��ng Bezier ­�^ü���:5ë�ü:
func real bzi(real p0,real p1,real q1,real q2,real t)
{

return p0*(1-t)ˆ3+q1*3*(1-t)ˆ2*t+q2*3*(1-t)*tˆ2+p1*tˆ3;
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ã 5.26: k%9�>.�«� ã 5.27: k Cassini �>.�«�

}

real[int] p00=[0,1], p01=[0,-1], q00=[-2,0.1], q01=[-2,-0.5];

real[int] p11=[1,-0.9], q10=[0.1,-0.95], q11=[0.5,-1];

real[int] p21=[2,0.7], q20=[3,-0.4], q21=[4,0.5];

real[int] q30=[0.5,1.1], q31=[1.5,1.2];

border G1(t=0,1) { x=bzi(p00[0],p01[0],q00[0],q01[0],t);

y=bzi(p00[1],p01[1],q00[1],q01[1],t); }

border G2(t=0,1) { x=bzi(p01[0],p11[0],q10[0],q11[0],t);

y=bzi(p01[1],p11[1],q10[1],q11[1],t); }

border G3(t=0,1) { x=bzi(p11[0],p21[0],q20[0],q21[0],t);

y=bzi(p11[1],p21[1],q20[1],q21[1],t); }

border G4(t=0,1) { x=bzi(p21[0],p00[0],q30[0],q31[0],t);

y=bzi(p21[1],p00[1],q30[1],q31[1],t); }

int m=5;

mesh Th = buildmesh(G1(2*m)+G2(m)+G3(3*m)+G4(m));
plot(Th,ps="Bezier.eps",bw=1); // ã 5.28

Example 5.12 (uuuÄÄÄÅÅÅÜÜÜ���...«««���)

real a= 6., b= 1., c=0.5;

border L1(t=0,1) { x= -a; y= 1+b - 2*(1+b)*t; }

border L2(t=0,1) { x= -a+2*a*t; y= -1-b*(x/a)*(x/a)*(3-2*abs(x)/a );}

border L3(t=0,1) { x= a; y=-1-b + (1+ b )*t; }

border L4(t=0,1) { x= a - a*t; y=0; }

border L5(t=0,pi) { x= -c*sin(t)/2; y=c/2-c*cos(t)/2; }

border L6(t=0,1) { x= a*t; y=c; }

border L7(t=0,1) { x= a; y=c + (1+ b-c )*t; }

border L8(t=0,1) { x= a-2*a*t; y= 1+b*(x/a)*(x/a)*(3-2*abs(x)/a); }

mesh Th = buildmesh(L1(8)+L2(26)+L3(8)+L4(20)+L5(8)+L6(30)+L7(8)+L8(30));

plot(Th,ps="Engine.eps",bw=1); // ã. 5.29
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G 1

G 2

G 3

G 4

ã 5.28: Bezier­�ë�¤�>.

L 1

L 1
L 2

L 3

L 6
L 7

L 4

L 5

ã 5.29: uÄÅÜ�.«�

Example 5.13 (U-...«««���)

real d = 0.1; // U-.�°Ý
border L1(t=0,1-d) { x=-1; y=-d-t; }
border L2(t=0,1-d) { x=-1; y=1-t; }
border B(t=0,2) { x=-1+t; y=-1; }
border C1(t=0,1) { x=t-1; y=d; }
border C2(t=0,2*d) { x=0; y=d-t; }
border C3(t=0,1) { x=-t; y=-d; }
border R(t=0,2) { x=1; y=-1+t; }
border T(t=0,2) { x=1-t; y=1; }
int n = 5;
mesh Th = buildmesh (L1(n/2)+L2(n/2)+B(n)+C1(n)+C2(3)+C3(n)+R(n)+T(n));
plot(Th,ps="U-shape.eps",bw=1); // ã 5.30

Example 5.14 (V...vvv«««���)

real dAg = 0.01; // V-.��Ý
border C(t=dAg,2*pi-dAg) { x=cos(t); y=sin(t); };
real[int] pa(2), pb(2), pc(2);
pa[0] = cos(dAg); pa[1] = sin(dAg);
pb[0] = cos(2*pi-dAg); pb[1] = sin(2*pi-dAg);
pc[0] = 0; pc[1] = 0;
border seg1(t=0,1) { x=(1-t)*pb[0]+t*pc[0]; y=(1-t)*pb[1]+t*pc[1]; };
border seg2(t=0,1) { x=(1-t)*pc[0]+t*pa[0]; y=(1-t)*pc[1]+t*pa[1]; };
mesh Th = buildmesh(seg1(20)+C(40)+seg2(20));
plot(Th,ps="V-shape.eps",bw=1); // ã. 5.31

Example 5.15 (���òòò)

real d=0.1;
int m=5;
real a=1.5, b=2, c=0.7, e=0.01;
border F(t=0,2*pi) { x=a*cos(t); y=b*sin(t); }
border E1(t=0,2*pi) { x=0.2*cos(t)-0.5; y=0.2*sin(t)+0.5; }
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L 1

C 1

L 2

C 2

C 3

B

R

T( - c a , c b )

( c a , c b )

( t i p , d )

( t i p , - d )

ã 5.30: ^dUC�U.Ï�«�

C

s e g 1

s e g 2

ã 5.31: ^ dAg UC�V.v«�

border E2(t=0,2*pi) { x=0.2*cos(t)+0.5; y=0.2*sin(t)+0.5; }
func real st(real t) {

return sin(pi*t)-pi/2;
}
border C1(t=-0.5,0.5) { x=(1-d)*c*cos(st(t)); y=(1-d)*c*sin(st(t)); }
border C2(t=0,1){x=((1-d)+d*t)*c*cos(st(0.5));y=((1-d)+d*t)*c*sin(st(0.5));}
border C3(t=0.5,-0.5) { x=c*cos(st(t)); y=c*sin(st(t)); }
border C4(t=0,1) { x=(1-d*t)*c*cos(st(-0.5)); y=(1-d*t)*c*sin(st(-0.5));}

border C0(t=0,2*pi) { x=0.1*cos(t); y=0.1*sin(t); }
mesh Th=buildmesh(F(10*m)+C1(2*m)+C2(3)+C3(2*m)+C4(3)

+C0(m)+E1(-2*m)+E2(-2*m));
plot(Th,ps="SmileFace.eps",bw=1); // � Fig. 5.32

}

Example 5.16 (3:::���­­­)

// �½3 Fix1, Fix2�n:�­��/«�
// ò�\13 Load

real a=1, b=5, c=0.1;
int n=5, m=b*n;
border Left(t=0,2*a) { x=-b; y=a-t; }
border Bot1(t=0,b/2-c) { x=-b+t; y=-a; }
border Fix1(t=0,2*c) { x=-b/2-c+t; y=-a; }
border Bot2(t=0,b-2*c) { x=-b/2+c+t; y=-a; }
border Fix2(t=0,2*c) { x=b/2-c+t; y=-a; }
border Bot3(t=0,b/2-c) { x=b/2+c+t; y=-a; }
border Right(t=0,2*a) { x=b; y=-a+t; }
border Top1(t=0,b-c) { x=b-t; y=a; }
border Load(t=0,2*c) { x=c-t; y=a; }
border Top2(t=0,b-c) { x=-c-t; y=a; }
mesh Th = buildmesh(Left(n)+Bot1(m/4)+Fix1(5)+Bot2(m/2)+Fix2(5)+Bot3(m/4)

+Right(n)+Top1(m/2)+Load(10)+Top2(m/2));
plot(Th,ps="ThreePoint.eps",bw=1); // ã. 5.33
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F

E 1 E 2

C 1

E 1 C 2C 4

ã 5.32: �ò £��/G�C¤

L e f t R i g h t

B o t 1 B o t 2 B o t 3

T o p 1T o p 2 L o a d

F i x 1 F i x 2

( - b , a )

( b , - a )

ã 5.33: n:�­ÿÁ�«�

5.9 XXXÛÛÛUUUCCC������¥¥¥üüü���ÚÚÚ>>>...üüü���������III

UC��¥ü�Ú>.ü���I�±^'�c change ¢y" ù�·-1�ëêéAu
����Úõ���¹:

label = ���ê�þ�¹ëY�Î�IêÚ#�Iêé"

region = ���ê�þ�¹ëY�Î«�êÚ#«�êé"

flabel = ���¹#�I���ê�¼ê, �£�� 3.21¤"

fregion = ���¹#«�ê��ê�¼ê"

ù
�þ�¹ nl �ëY�êé O,N , ùp nl ´·��UC�£«�½�I¤ê" ~X,
·�k

label = [O1, N1, ..., Onl
, Nnl

] (5.3)

region = [O1, N1, ..., Onl
, Nnl

] (5.4)

¦^ù�õU���~f�©� ”glumesh2D.edp”:

Example 5.17 (glumesh2D.edp)

1:
2: mesh Th1=square(10,10);
3: mesh Th2=square(20,10,[x+1,y]);
4: verbosity=3;
5: int[int] r1=[2,0], r2=[4,0];
6: plot(Th1,wait=1);
7: Th1=change(Th1,label=r1); // �U>�I\
8: plot(Th1,wait=1);
9: Th2=change(Th2,label=r2); // �U>�I\

10: mesh Th=Th1+Th2; // "ÊÜ"�� Th1 � Th2
11: cout << " nb lab = " << int1d(Th1,1,3,4)(1./lenEdge)+int1d(Th2,1,2,3)(1./lenEdge)
12: << " == " << int1d(Th,1,2,3,4)(1./lenEdge) <<" == " << ((10+20)+10)*2
<< endl;
13: plot(Th,wait=1);
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14: fespace Vh(Th,P1);

15: macro Grad(u) [dx(u),dy(u)]; // ÷�½Â

16: Vh u,v;

17: solve P(u,v)=int2d(Th)(Grad(u)’*Grad(v))-int2d(Th)(v)+on(1,3,u=0);

18: plot(u,wait=1);

///ÊÊÊÜÜÜ000 ØØØÓÓÓ��������� 3�c©��1101, ·�^�
3 FreeFem++ ¥ /ÊÜ0 �
Ó�ê�ØÓ����{" õU�¢y´ÄuØÓ���m�$�Î /+0" ù«�{
�¢yI������:�Ó"

5.10 nnn���������

5.10.1 nnn���������ÖÖÖ���ÚÚÚ���\\\(((²²²

3n���¥, |±^ FreeFem++ Ñ\ÑÑ©��ª´ .mshÚ .mesh" ù
©��ª®
²3�����ªÙ!¥?ØL"

©©©���***ÐÐÐ¶¶¶ .msh n��*Ð¶ .msh©��(�deL�Ñ 5.2" 3ù«(J¥, nv L
«º:ê, ntet L«o¡Nü�ê and ntri L«n�/ü�ê" éuz�º: qi, i =
1, · · · , nv, ·�^ (qix, q

i
y, q

i
z) L« x-�I, y-�IÚ z-�I" z�o¡Nü� Tk, k =

1, · · · , ntet ko�º: qk1 , qk2 , qk3 , qk4" >.�¹�
n�/"z�n�/ bej, j =
1, · · · , ntri kn�º: qj1 , qj2 , qj3"

nv ntet ntri
q1
x q1

y q1
z º:�I

q2
x q2

y q2
z º:�I

...
...

...
...

qnv
x qnv

y qnv
z º:�I

11 12 13 14 «��I
21 22 23 24 «��I
...

...
...

...
...

(ntet)1 (ntet)2 (ntet)3 (ntet)4 «��I
11 12 13 >.�I
21 22 23 >.�I
...

...
...

...
(ntri)1 (ntri)2 (ntri)3 >.�I

Table 5.2: n���©�”.msh” (�"

extension file .mesh n����êâ(�´Ù!12.1¥0�êâ(���Ü©, ¿��´
�«o¡Nü�êâ(�" n�o¡N��ü��±^Xe�|��ë�:
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� Tetrahedra
(I) NbOfTetrahedrons

((@@Vertexji , j=1,4) , (I) Refφteti , i=1 , NbOfTetrahedrons)

L«|¤^�PÒ� 12.1"

5.10.2 TeGen: ooo¡¡¡NNN������)))¤¤¤^̂̂���

TetGen TetGen ´d�Iy� Weierstrass ïÄ¤ Hang Si Æ¬mu��±^� [36]"TetGen
éuïÄ��û�^å�¤" éu?Ûû�þ�¦^, I��Hang Si Æ¬¼�û�N�"
ù±^�)¤n�«�>.S�o¡N��" Ñ\�«�´õ¡½ö©¡�5�EÜN" ù«o
¡N��z´�«k�å� Delaunay o¡N��"
^� TetGen¥^5�����þ��{´�«d ShewchukJÑ� Delaunay��U?�{[37]"
ù«�{�þ�ÝþIO´�»->�'£� 1.3.1 ![36]¤"Shewchuk��{��«nØþ�
»->�'�þ.�±d�
º:, k�å�y©Ú���¡��, d�Ñ\��ÝÑ�u90 Ý"
nØþ�þ.´2.0"

�±^·-1 tetg m© Tetgen§ ù�·-1�ëê´:

label = ���ê�þ�¹eI 2i ?�n�/Î�IÚ3eI 2i+ 1 ?�n�/#�I" ù�
ëêd'�c change ��IÐ©z, �£5.3¤"

switch = iÎGëê" ù�iÎG� Tetgen �·-1 switch ^{��"� 3.2 ! [36]"

nbofholes= �É�êþ £%@� size of holelist/3 £�� 3.11¤ ¤"

holelist = ù��þ� tetgenio �êâ(� holelist �éA"�[36]" §´���Ý� 3 ×
nbofholes �¢ê�þ" 3 TetGen ¥, z��É�«�S���:k'" ù��þ´
xh1 , y

h
1 , z

h
1 , x

h
2 , y

h
2 , z

h
2 , · · · , ùp xhi , y

h
i , z

h
i ´� ith �É�éA�:"

nbofregions = «��êþ (size of regionlist/5 £�� 3.11) ¤"

regionlist = ù��þ� tetgenio �êâ(�regionlist�éA" �[36]" «��á5ÚNÈ
��dù��Ý� 5× nbofregions �¢�þ�Ñ 1 ith «�dÊ���5£ã: «�S
�: (xi, yi, zi)� x−�I, y−�I and z−�I; á5 (ati) Úù¬«�o¡Nü����N
È (mvoli)" ëê regionlist �þ´: x1, y1, z1, at1,mvol1, x2, y2, z2, at2,mvol2, · · ·"

nboffacetcl= ¡�êþ��� size of facetcl/2 £�� 3.11) ¤"

facetcl= ù��þ� tetgenio �êâ(� facetconstraintlist �éA" 1 ith ¡���d Reffci
Ú¡���¡È mareafci ½Â" ê� facetcl ´: Reffc1 ,mareafc1 , Ref

fc
2 ,mareafc2 , · · ·"

ù�ëêØå�^XJswitchÀ� q Ø�ÀJ�{"

TetGen¥�Ì�switchëê:

p >.o¡N��z"

q )¤`���" �»->�'�.dÀ� q �Ñ§%@��� 2.0"

a dNÈ���ïo¡N��"ù
NÈ��d�cÀ� q �Ñ�.½Â½ö3·-
regionlist �ëê½Â"

A é regionlist ¥�«�V\�I§Ù¦«���I� 0" À� AA éz�«��ÑØÓ
��I"ù3ÀJÀ� ’p’ �k�. XJÀJÀ� ’r’ KÃ�"
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r ­#�EÚU?�c½Â���" ù�À��U�·-1 tetgreconstruction Ó�¦
^"

Y ù�À�^5��	>.���"ù�À�7L^5(��C���m´�/��"

YY ù�À�^5��>.SÜÚ	Ü���"

C ^ TetGen ÿÁ(J����N5"

CC ^ TetGen ÿÁ(J����N5Ó�uÿ�� Delaunay ����N5 £XJÀJ ’p’¤
½öÓ�uÿ�/Delaunay ����N5 £XJÀJ ’q’¤"

V �Ñ'u TetGen $1�&E. ¦^’VV’ ½ö ’VVV’ U
���õ&E"

Q ÃÑÑ: Ø
��±	Ã�ªÑÑ(J"

M �¡�­¡Ø¬�·Ü"

T ��¡ÿÁ����K�" %@�� 1e− 8"

d ¡���¬�uÿ�."

�
^ tetgen ��o¡Nü���, ·�I�n�«�>.­¡��" ·�e¡�Ñ FreeFem++
¥��ù
���·-1"

'''���ccc: ”movemesh23” ��{ü��E­¡��{´r��«����n��m¥" ùéA
uò��«�Uìe� £�þ Φ(x, y) = (Φ1(x, y),Φ2(x, y),Φ3(x, y)) ?1C�"ò�����
� Th2 C��n��(J�±dXe��:

mesh3 Th3 = movemesh23(Th2,transfo=[Φ1,Φ2,Φ3]);

ù�·-1�ëê´:

transfo = [Φ1, Φ2, Φ3] ��C�� £�þ Φ(x, y) = [Φ1(x, y),Φ2(x, y),Φ3(x, y)]"

label = ��n�/�ê�I"

orientation= �����ê½�"

ptmerge = ¢êëê"�C����, ,
:¬�Ü¿" dëê^5½ÂÜ¿�:" %@½Â
Xe:

ptmerge = 1e− 7 V ol(B),

ùp B ´�¹«� Ω ����L¡²1u�I¶���N¿� V ol(B) ´ù���N�N
È"

·��±^Ù! 5.9 ¥��{é­¡?1”ÊÜ”" ��^·-1 tetg Ú movemesh23 ��n�
���~fd©� tetgencube.edp �Ñ"

Example 5.18 (tetgencube.edp)

// ©� tetgencube.edp
load "msh3"
load "tetgen"

real x0,x1,y0,y1;
x0=1.; x1=2.; y0=0.; y1=2*pi;
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mesh Thsq1 = square(5,35,[x0+(x1-x0)*x,y0+(y1-y0)*y]);

func ZZ1min = 0;

func ZZ1max = 1.5;

func XX1 = x;

func YY1 = y;

mesh3 Th31h = movemesh23(Thsq1,transfo=[XX1,YY1,ZZ1max]);
mesh3 Th31b = movemesh23(Thsq1,transfo=[XX1,YY1,ZZ1min]);

// ///////////////////////////////

x0=1.; x1=2.; y0=0.; y1=1.5;

mesh Thsq2 = square(5,8,[x0+(x1-x0)*x,y0+(y1-y0)*y]);

func ZZ2 = y;

func XX2 = x;

func YY2min = 0.;

func YY2max = 2*pi;

mesh3 Th32h = movemesh23(Thsq2,transfo=[XX2,YY2max,ZZ2]);
mesh3 Th32b = movemesh23(Thsq2,transfo=[XX2,YY2min,ZZ2]);

// ///////////////////////////////

x0=0.; x1=2*pi; y0=0.; y1=1.5;

mesh Thsq3 = square(35,8,[x0+(x1-x0)*x,y0+(y1-y0)*y]);
func XX3min = 1.;

func XX3max = 2.;

func YY3 = x;

func ZZ3 = y;

mesh3 Th33h = movemesh23(Thsq3,transfo=[XX3max,YY3,ZZ3]);
mesh3 Th33b = movemesh23(Thsq3,transfo=[XX3min,YY3,ZZ3]);

// //////////////////////////////

mesh3 Th33 = Th31h+Th31b+Th32h+Th32b+Th33h+Th33b; // /ÊÜ0L¡��±¼�á�
NL¡

savemesh(Th33,"Th33.mesh");

// ^ TetGen ïá��I¶²1�Ýf��

real[int] domain =[1.5,pi,0.75,145,0.0025];

mesh3 Thfinal = tetg(Th33,switch="paAAQY",regionlist=domain); //
^tetgenòá�NSÜo¡Nz

savemesh(Thfinal,"Thfinal.mesh");

// ïá��÷/�ÎN, S�»�1, 	�»�2, p1.5

func mv2x = x*cos(y);

func mv2y = x*sin(y);

func mv2z = z;

mesh3 Thmv2 = movemesh3(Thfinal, transfo=[mv2x,mv2y,mv2z]);

savemesh(Thmv2,"halfcylindricalshell.mesh")

·- movemesh �äN¦^3XeÜ©£ã.
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'''���ccc 000tetgtransfo/// ù�'�c�·-1 tetg Úmovemesh23 �XeN^�ª�éA

tetgtransfo( Th2, transfo= [Φ1, Φ2, Φ3] ), · · · ) = tetg( Th3surf, · · · ),

ùp Th3surf = movemesh23( Th2,tranfo=[Φ1, Φ2, Φ3] ) ¿� Th2 ´���� tetgtransfo
�Ñ\ëê"

ù�·-1�ëê:
label, switch, regionlist nboffacetcl facetcl

��¡´'�c tetg �ëê, ,��¡´'�c movemesh23 �ëê ptmerge "

555: �
¦^ tetgtransfo, ·- movemesh23 �)���7L´��4­¡¿�==½Â3
«�þ" Ïd, ëê regionlist =½Â3��«�þ"

ù�'�c���~f�±2©� ”buildlayers.edp” ¥é�"

'''���ccc ”tetgconvexhull” FreeFem++ , ¦^^� tetgen, �±l�
:¨ïáo¡N��. ù
�o¡N��´�« d:8�à��¤�Delaunay ��"

ù
:��I�±^Xe�ªÐ©z" Äk�)���¹¤k:�I�©� Xi = (xi, yi, zi). ù
�©��±dXe�ª|�
¤:

nv
x1 y1 z1

x2 y2 z2
...

...
...

xnv ynv znv

1�«�{´�Ñn�ê�©OéA x− �I, y− �I and z− �I.

ù�·-1�ëê´

switch = iÎGëê" ù�iÎG�TetGen�·-1 switch ^{��"� 3.2 ! [36]"

reftet = �êëê ��o¡N��I"

label = �êëê" ��n�/��I"

3iÎG switch¥, ·�ØU¦^À� ’p’ Ú ’q’"

5.10.3 ¦¦¦^̂̂ TetGen ­­­###���EEE/UUU??? nnn���������

n����±^^�TetGen�·-1 tetgreconstruction U?"
ù�'�c�ëê´

region= ���ê�þ^5UC«�o¡N���êþ"ù��þ�½Âaqu'�c change
�ëê reftet"

label= ���ê�þ^5UC>.n�/��I" ù��þ�½Âaqu'�c change �ë
ê label"

sizevolume= ��¢¼ê" ù�¼ê^5y3��»o¡N���NÈ"£�~ 5.31 ïán�
·A��¤ )
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^�TetGen (tetg)�ëê switch nbofregions, regionlist, nboffacetclÚ facetcl�
^� tetgrefine �ëê"
3ëê switch= ¥, i1 ’r’ AT3vki1 ’p’ ��¹eüÕ¦^" ~X, �^� TetGen �Ã
þ [36] ¥éui1 ’r’ �Ù¦i1õU�0�"
ëê regionlist ^5½Â��«��#�NÈ��" ëê regionlist ��I�´«���
��c��I" ù�ëêÚ nbofregions ØUÚëê sizevolume �å¦^"
~:

Example 5.19 (refinesphere.edp) // ©� refinesphere.edp

load "msh3"
load "tetgen"
load "medit"

mesh Th=square(10,20,[x*pi-pi/2,2*y*pi]); // [−π2 , −π2 [×[0, 2π]
// ¥Nëêz

func f1 =cos(x)*cos(y);
func f2 =cos(x)*sin(y);
func f3 = sin(x);

// ëêz DF � �ê
func f1x=sin(x)*cos(y);
func f1y=-cos(x)*sin(y);
func f2x=-sin(x)*sin(y);
func f2y=cos(x)*cos(y);
func f3x=cos(x);
func f3y=0;

// M = DF tDF
func m11=f1xˆ2+f2xˆ2+f3xˆ2;
func m21=f1x*f1y+f2x*f2y+f3x*f3y;
func m22=f1yˆ2+f2yˆ2+f3yˆ2;

func perio=[[4,y],[2,y],[1,x],[3,x]];
real hh=0.1;
real vv= 1/square(hh);
verbosity=2;
Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
plot(Th,wait=1);

verbosity=2;

// �ï¥NL¡
real Rmin = 1.;
func f1min = Rmin*f1;
func f2min = Rmin*f2;
func f3min = Rmin*f3;

mesh3 Th3=movemesh23(Th,transfo=[f1min,f2min,f3min]);

real[int] domain = [0.,0.,0.,145,0.01];
mesh3 Th3sph=tetg(Th3,switch="paAAQYY",nbofregions=1,regionlist=domain);

int[int] newlabel = [145,18];
real[int] domainrefine = [0.,0.,0.,145,0.0001];
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mesh3 Th3sphrefine=tetgreconstruction(Th3sph,switch="raAQ",reftet=newlabel,
nbofregions=1,regionlist=domain,refinesizeofvolume=0.0001);

int[int] newlabel2 = [145,53];
func fsize = 0.01/(( 1 + 5*sqrt( (x-0.5)ˆ2+(y-0.5)ˆ2+(z-0.5)ˆ2) )ˆ3);
mesh3 Th3sphrefine2=tetgreconstruction(Th3sph,switch="raAQ",reftet=newlabel2,
sizeofvolume=fsize);

medit(‘‘sphere’’,Th3sph);
medit(‘‘isotroperefine’’ ,Th3sphrefine);
medit(‘‘anisotroperefine’’,Th3sphrefine2);

5.10.4 333nnn������mmm¥¥¥£££ÄÄÄ������

Ú���/��£�15Ùmovemesh�!¤,n��m¥����±ÏL·-1movemesh5¢y
²£!^=ÚC/. e Ω �o¡Ny©� Th(Ω) , φ(x, y) = (φ1(x, y, z), φ2(x, y, z), φ3(x, y, z)) ´
�� £¥þ, @o�ÏL±e�ª�� φ(Th) :

mesh3 Th = movemesh( Th, transfo=[Φ1, Φ2, Φ3], ... );

n��m¥ movemesh �ëê�:

region = 3%@�¹e��Ð©o¡N��ê�I\"

label = ��>.�¡�I\"òTëêÐ©z�'�c change (5.3)¥�I\"

facemerge = ���êL�ª" 3��C/��±Ü¿�
¡. XJ�Ä?ù
�Ü¿�¡, T
ëê�u1, ÄK�u0"3%@�¹e, Tëê�u1"

ptmerge = ��¢êL�ª" 3��C/��±Ü¿�
:. Tëê´½Âü�Ü¿:�IO.
3%@�¹e, ·�¦^:

ptmerge = 1e− 7 V ol(B),

ùp B ´�¹lÑ«� Ω ���¶²1Ý, V ol(B) ´ù�Ý�NÈ"

orientation = ���êL�ª£3%@�¹e�1¤ , ÃØ��, o¡N���©ª´��
�"

T·-�~f�8¹ examples++-3d ¥�©�/Poisson3d.edp0.

5.10.5 ���������

3ù�!¥, ·�ò0�^5¼�����·-1buildlayermesh"T��´d z ¶þ���
��í2���"

d���½Â�½Â� Ω3d �u Ω3d = Ω2d × [zmin, zmax] , ùp� Ω2d ´d����½Â�«
�, zmin Ú zmax ´ Ω2d 3 R ¥�¼ê, ©OL« Ω3d �eL¡ÚþL¡"

éu����¥���º: V 2d
i = (xi, yi) , ·�Ú\ z−¶þ�'éº:ê Mi + 1 " P Mi ��

��� M , T��¡��ê£XJ ∀i, Mi = M , @o Ω3d ���¥k M �¤" V 2d
i )¤UX

e�ª½Â� M + 1 �º::

∀j = 0, . . . ,M, V 3d
i,j = (xi, yi, θi(zi,j)),
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Middle surface

Lower surface

upper surface

ã 5.34: n�����~f

ùp (zi,j)j=0,...,M ´3m� [zmin(V 2d
i ), zmax(V 2d

i )] þ� M + 1 ��å::

zi,j = j δα+ zmin(V 2d
i ), δα =

zmax(V 2d
i )− zmin(V 2d

i )

M
.

½Â3 [zmin(V 2d
i ), zmax(V 2d

i )] þ�¼ê θi d±eªf�Ñ:

θi(z) =

{
θi,0 e z = zmin(V 2d

i ),
θi,j e z ∈]θi,j−1, θi,j ],

ùp (θi,j)j=0,...,Mi ´3m� [zmin(V 2d
i ), zmax(V 2d

i )] þ� Mi + 1 ��å:"

�����¥���n�/ K = (V 2d
i1 , V 2d

i2 , V 2d
i3 ) . K ����þL¡(½eL¡)���n�/

(V 3d
i1,M , V

3d
i2,M , V

3d
i3,M ) (½ (V 3d

i1,0, V
3d
i2,0, V

3d
i3,0) )k'"

K�ÚM�NÈc/��k', Ù½ÂXe¤«:

∀j = 0, . . . ,M, Hj = (V 3d
i1,j , V

3d
i2,j , V

3d
i3,j , V

3d
i1,j+1, V

3d
i2,j+1, V

3d
i3,j+1).

ù
NÈ��±k�
Ü¿::

� 0 �Ü¿: : cÎ

� 1 �Ü¿: : cI

� 2 �Ü¿: : o¡N

� 3 �Ü¿: : vk��

ù
�kÜ¿:�NÈ��¡�òz�" �
��o¡N��, ·�òcI©)�ü�o¡N, ò
cÎ©)�n�o¡N" ÀJcIÚcÎo>/�¡, Ùé���º:äk���I, òÙ��l

¼�ù
o¡N£�Ï� [8]¤"

ÏL©)NÈc/��¼��3¥m¡þ�n�/, ´d�����>.>�)¤�" 3>.�
þ�n�/Úo¡N�I\´dù
�'���I\½Â�"

buildlayermesh�·-1ëê´������Ú�ê M "
T·-�ëê�:

zbound = [zmin,zmax] ùp zmin Ú zmax ´¼êL�ª, ©O½Â
eL¡��ÚþL¡�
�"
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coef = ��3[0,1]þ�¼êL�ª" Tëê^5Ú\��¥�òz�" 'é:½º: V 2d
i �ê

8´ coef(V 2d
i )M ��êÜ©"

region = T�þ^5Ð©zo¡N�«�" aq(5.3), T�þ�¹d�I� 2i ���«�êÚ
éA��I� 2i+ 1 �n�«�ê|¤�ëYé"

labelmid = T�þÏL��I\ê5Ð©zR�¡½¥m¡�n�I\ê"aq(5.3), T�þ
�¹d�I� 2i ���I\êÚéA��I� 2i+ 1 �n�I\ê|¤�ëYé"

labelup = T�þÏL��«�ê5Ð©zþL¡�n�I\ê" aq(5.3), T�þ�¹d�
I� 2i ���«�êÚéA��I� 2i+ 1 �n�I\ê|¤�ëYé"

labeldown = Úþ��ëê��, ØÓ:3u§´é.¡�I\
ó�"

d	, ·��V\�
^u£Ä����Ï?n�ëê"ù
ëê��u·-1movemesh¥
�transfo, facemerge and ptmerge" ëêregion, labelmid, labelup Ú labeldown´
d nl �d Oi, Nl |¤�ëYé�¤�, ùp nl ´·��¦�ê£I\½ö«�¤"

T·-1�~fdbuildlayermesh.edp�Ñ"

Example 5.20 (cube.idp)

load "medit"
load "msh3"
func mesh3 Cube(int[int] & NN,real[int,int] &BB ,int[int,int] & L)
{

// Äk�E8¡N�8�¡.
real x0=BB(0,0),x1=BB(0,1);
real y0=BB(1,0),y1=BB(1,1);
real z0=BB(2,0),z1=BB(2,1);

int nx=NN[0],ny=NN[1],nz=NN[2];
mesh Thx = square(nx,ny,[x0+(x1-x0)*x,y0+(y1-y0)*y]);

int[int] rup=[0,L(2,1)], rdown=[0,L(2,0)],
rmid=[1,L(1,0), 2,L(0,1), 3, L(1,1), 4, L(0,0) ];

mesh3 Th=buildlayers(Thx,nz, zbound=[z0,z1],
labelmid=rmid, labelup = rup,
labeldown = rdown);

return Th;
}

ü á�N�~f:

include "Cube.idp"
int[int] NN=[10,10,10]; // 3z����Ú½ê
real [int,int] BB=[[0,1],[0,1],[0,1]]; // >.µ
int [int,int] L=[[1,2],[3,4],[5,6]]; // 8�¡�I\, ù8�¡�g�: �¡, m
¡,

// c¡, �¡, .¡, þ¡
mesh3 Th=Cube(NN,BB,L);
medit("Th",Th); // �ã 5.35

�IN�~f£3��òzn�/þ�¶é¡��¤
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Example 5.21 (cone.edp)

load "msh3"
load "medit"

// ¦^�k��n�/�buildlayers��IN
real RR=1,HH=1;
border Taxe(t=0,HH){x=t;y=0;label=0;};
border Hypo(t=1,0){x=HH*t;y=RR*t;label=1;};
border Vert(t=0,RR){x=HH;y=t;label=2;};
int nn=10; real h= 1./nn;
mesh Th2=buildmesh( Taxe(HH*nn)+ Hypo(sqrt(HH*HH+RR*RR)*nn) + Vert(RR*nn) ) ;
plot(Th2,wait=1); // ����

int MaxLayersT=(int(2*pi*RR/h)/4)*4; // �ê
real zminT = 0, zmaxT = 2*pi; // pÝ� 2 ∗ pi
func fx= y*cos(z); func fy= y*sin(z); func fz= x;
int[int] r1T=[0,0], r2T=[0,0,2,2], r4T=[0,2];

// E|¼ê:
func deg= max(.01,y/max(x/HH,0.4) /RR);

// T¼ê�âMaxLayersT½Â
3¶NC��¤Ó�'~
mesh3 Th3T=buildlayers(Th2,coef= deg, MaxLayersT,

zbound=[zminT,zmaxT],transfo=[fx,fy,fz],
facemerge=0, region=r1T, labelmid=r2T);

medit("cone",Th3T); // �ã 5.36

ã 5.35: d cube.edp )¤�á�N�� ã 5.36: d cone.edp )¤��IN��

Example 5.22 (buildlayermesh.edp)
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// ©� buildlayermesh.edp

load "msh3"
load "tetgen"

// ÿÁ 1

int C1=99, C2=98; // �±�?¿�
border C01(t=0,pi){ x=t; y=0; label=1;}
border C02(t=0,2*pi){ x=pi; y=t; label=1;}
border C03(t=0,pi){ x=pi-t; y=2*pi; label=1;}
border C04(t=0,2*pi){ x=0; y=2*pi-t; label=1;}

border C11(t=0,0.7){ x=0.5+t; y=2.5; label=C1;}
border C12(t=0,2){ x=1.2; y=2.5+t; label=C1;}
border C13(t=0,0.7){ x=1.2-t; y=4.5; label=C1;}
border C14(t=0,2){ x=0.5; y=4.5-t; label=C1;}

border C21(t=0,0.7){ x= 2.3+t; y=2.5; label=C2;}
border C22(t=0,2){ x=3; y=2.5+t; label=C2;}
border C23(t=0,0.7){ x=3-t; y=4.5; label=C2;}
border C24(t=0,2){ x=2.3; y=4.5-t; label=C2;}

mesh Th=buildmesh( C01(10)+C02(10)+ C03(10)+C04(10)
+ C11(5)+C12(5)+C13(5)+C14(5)
+ C21(-5)+C22(-5)+C23(-5)+C24(-5));

mesh Ths=buildmesh( C01(10)+C02(10)+ C03(10)+C04(10)
+ C11(5)+C12(5)+C13(5)+C14(5) );

// �E�k���Úü�«��Ýf
func zmin=0.;
func zmax=1.;
int MaxLayer=10;

func XX = x*cos(y);
func YY = x*sin(y);
func ZZ = z;

int[int] r1=[0,41], r2=[98,98, 99,99, 1,56];
int[int] r3=[4,12]; // þL¡�n�/��´dI\�4Ú12���«��n�/�
�Th)¤�
int[int] r4=[4,45]; // eL¡�n�/��´dI\�4Ú45���«��n�/�
�Th)¤�

mesh3 Th3=buildlayers( Th, MaxLayer, zbound=[zmin,zmax], region=r1,
labelmid=r2, labelup = r3, labeldown = r4 );

savemesh(Th3,"box2region1hole.mesh");
// ^TetGen�E�¥N

func XX1 = cos(y)*sin(x);
func YY1 = sin(y)*sin(x);
func ZZ1 = cos(x);
string test="paACQ";
cout << "test=" << test << endl;
mesh3 Th3sph=tetgtransfo(Ths,transfo=[XX1,YY1,ZZ1],switch=test,nbofregions=1,
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regionlist=domain);
savemesh(Th3sph,"sphere2region.mesh");

5.11 ������zzz¢¢¢~~~

Example 5.23 (lac.edp) // ©� ”lac.edp”

load ‘‘msh3’’
int nn=5;
border cc(t=0,2*pi){x=cos(t);y=sin(t);label=1;}
mesh Th2 = buildmesh(cc(100));
fespace Vh2(Th2,P2);
Vh2 ux,uy,p2;
int[int] rup=[0,2], rdlow=[0,1], rmid=[1,1,2,1,3,1,4,1];
func zmin = 2-sqrt(4-(x*x+y*y));
func zmax = 2-sqrt(3.);

mesh3 Th = buildlayers(Th2,nn,
coeff = max((zmax-zmin)/zmax, 1./nn),
zbound=[zmin,zmax],
labelmid=rmid;
labelup=rup;
labeldown=rlow);

savemesh(Th,’’Th.meshb’’);
exec(‘‘medit Th; Th.meshb’’);

Example 5.24 (tetgenholeregion.edp) // ©� /tetgenholeregion.edp0
load "msh3"
load "tetgen"

mesh Th=square(10,20,[x*pi-pi/2,2*y*pi]); // [−pi2 , −pi2 ]× [0, 2π]
// ¥�ëêz�§

func f1 =cos(x)*cos(y);
func f2 =cos(x)*sin(y);
func f3 = sin(x);

// ëêzDF� �ê
func f1x=sin(x)*cos(y);
func f1y=-cos(x)*sin(y);
func f2x=-sin(x)*sin(y);
func f2y=cos(x)*cos(y);
func f3x=cos(x);
func f3y=0;

// M = DF tDF
func m11=f1xˆ2+f2xˆ2+f3xˆ2;
func m21=f1x*f1y+f2x*f2y+f3x*f3y;
func m22=f1yˆ2+f2yˆ2+f3yˆ2;

func perio=[[4,y],[2,y],[1,x],[3,x]];
real hh=0.1;
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real vv= 1/square(hh);

verbosity=2;

Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);

Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);

plot(Th,wait=1);

verbosity=2;

// ¥¡��E

real Rmin = 1.;

func f1min = Rmin*f1;

func f2min = Rmin*f2;

func f3min = Rmin*f3;

mesh3 Th3sph = movemesh23(Th,transfo=[f1min,f2min,f3min]);

real Rmax = 2.;

func f1max = Rmax*f1;

func f2max = Rmax*f2;

func f3max = Rmax*f3;

mesh3 Th3sph2 = movemesh23(Th,transfo=[f1max,f2max,f3max]);

cout << "addition" << endl;

mesh3 Th3 = Th3sph+Th3sph2;

real[int] domain2 = [1.5,0.,0.,145,0.001,0.5,0.,0.,18,0.001];

cout << "==============================" << endl;

cout << " tetgen call without hole " << endl;

cout << "==============================" << endl;

mesh3 Th3fin = tetg(Th3,switch="paAAQYY",nbofregions=2,regionlist=domain2);

cout << "=============================" << endl;

cout << "finish tetgen call without hole" << endl;

cout << "=============================" << endl;

savemesh(Th3fin,"spherewithtworegion.mesh");

real[int] hole = [0.,0.,0.];

real[int] domain = [1.5,0.,0.,53,0.001];

cout << "=============================" << endl;

cout << " tetgen call with hole " << endl;

cout << "=============================" << endl;

mesh3 Th3finhole=tetg(Th3,switch="paAAQYY",nbofholes=1,holelist=hole,

nbofregions=1,regionlist=domain);

cout << "=============================" << endl;

cout << "finish tetgen call with hole " << endl;

cout << "=============================" << endl;

savemesh(Th3finhole,"spherewithahole.mesh");
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5.11.1 ïïïááá���������ííí¥¥¥���ááá���NNN���nnn���������

ÄkN^MeshSurface.idp ©�5ïá8¡NÚ¥N�>.��"

func mesh3 SurfaceHex(int[int] & N,real[int,int] &B ,int[int,int] & L,int orientation)
{

real x0=B(0,0),x1=B(0,1);
real y0=B(1,0),y1=B(1,1);
real z0=B(2,0),z1=B(2,1);

int nx=N[0],ny=N[1],nz=N[2];

mesh Thx = square(ny,nz,[y0+(y1-y0)*x,z0+(z1-z0)*y]);
mesh Thy = square(nx,nz,[x0+(x1-x0)*x,z0+(z1-z0)*y]);
mesh Thz = square(nx,ny,[x0+(x1-x0)*x,y0+(y1-y0)*y]);

int[int] refx=[0,L(0,0)],refX=[0,L(0,1)]; // é Xmin, Xmax �I\­#D�
int[int] refy=[0,L(1,0)],refY=[0,L(1,1)]; // é Ymin, Ymax �I\­#D�
int[int] refz=[0,L(2,0)],refZ=[0,L(2,1)]; // é Zmin, Zmax �I\­#D�

mesh3 Thx0 = movemesh23(Thx,transfo=[x0,x,y],orientation=-orientation,label=refx);
mesh3 Thx1 = movemesh23(Thx,transfo=[x1,x,y],orientation=+orientation,label=refX);
mesh3 Thy0 = movemesh23(Thy,transfo=[x,y0,y],orientation=+orientation,label=refy);
mesh3 Thy1 = movemesh23(Thy,transfo=[x,y1,y],orientation=-orientation,label=refY);
mesh3 Thz0 = movemesh23(Thz,transfo=[x,y,z0],orientation=-orientation,label=refz);
mesh3 Thz1 = movemesh23(Thz,transfo=[x,y,z1],orientation=+orientation,label=refZ);
mesh3 Th= Thx0+Thx1+Thy0+Thy1+Thz0+Thz1;
return Th;

}

func mesh3 Sphere(real R,real h,int L,int orientation)
{

mesh Th=square(10,20,[x*pi-pi/2,2*y*pi]); // [−π2 , −π2 ]× [0, 2π]
// ¥�ëê�§

func f1 =cos(x)*cos(y);
func f2 =cos(x)*sin(y);
func f3 = sin(x);

//  �ê
func f1x=sin(x)*cos(y);
func f1y=-cos(x)*sin(y);
func f2x=-sin(x)*sin(y);
func f2y=cos(x)*cos(y);
func f3x=cos(x);
func f3y=0;

// ¥M = DF tDFþ�Ýþ
func m11=f1xˆ2+f2xˆ2+f3xˆ2;
func m21=f1x*f1y+f2x*f2y+f3x*f3y;
func m22=f1yˆ2+f2yˆ2+f3yˆ2;

func perio=[[4,y],[2,y],[1,x],[3,x]]; // ;�±Ï5^�

real hh=h/R; // ü ¥þ�����hh
real vv= 1/square(hh);
Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
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Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
Th=adaptmesh(Th,m11*vv,m21*vv,m22*vv,IsMetric=1,periodic=perio);
int[int] ref=[0,L];

mesh3 ThS= movemesh23(Th,transfo=[f1*R,f2*R,f3*R],orientation=orientation,refface=ref);
return ThS;

}

u�ùü�¼ê, N^tetgen5)¤��

load "tetgen"
include "MeshSurface.idp"

real hs = 0.1; // ¥þ�����
int[int] N=[20,20,20];
real [int,int] B=[[-1,1],[-1,1],[-1,1]];
int [int,int] L=[[1,2],[3,4],[5,6]];
mesh3 ThH = SurfaceHex(N,B,L,1);
mesh3 ThS =Sphere(0.5,hs,7,1); // òL¡��Å��tolat>.��

mesh3 ThHS=ThH+ThS;
savemesh(ThHS,"Hex-Sphere.mesh");
exec("ffmedit Hex-Sphere.mesh;rm Hex-Sphere.mesh"); // � 5.37

real voltet=(hsˆ3)/6.;
cout << " voltet = " << voltet << endl;
real[int] domaine = [0,0,0,1,voltet,0,0,0.7,2,voltet];

mesh3 Th = tetg(ThHS,switch="pqaAAYYQ",nbofregions=2,regionlist=domaine);
medit("Cube-With-Ball",Th); // � 5.38

ã 5.37: �kS�¥N�8¡N�L¡�� ã 5.38: �kS�¥�á�N�o¡N��
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5.12 ÑÑÑÑÑÑ)))���ªªª .sol ÚÚÚ .solb

ÏL¦^'�c savesol , ·��±;���Iþ¼ê, ��Iþk��¼ê, ��¥þ|, ���
þk��|, ��é¡ÜþÚ��é¡k��Üþ" T�ª3 medit ¥¦^"

***ÐÐÐ¶¶¶.sol ©��Þü1´

� MeshVersionFormatted 0

� Dimension (I) dim

{e�Ü©dù
'�c��m©: SolAtVertices, SolAtEdges, SolAtTriangles, SolAtQuadrilater-
als, SolAtTetrahedra, SolAtPentahedra, SolAtHexahedra.

3ù
'�c�e�1, ·��Ñ)�éA����ê £SolAtVertices: º:�ê, SolAtTriangles:
n�/�ê, ...¤ 2 e, ·��Ñ)��ê, )�a. £1: Iþ, 2: �þ, 3: é¡Üþ¤" ��,
·��Ñ)�����"

©�7Ld'�c End ª�"

eé¡Üþ���

ST 3d =

 ST 3d
xx ST 3d

xy ST 3d
xz

ST 3d
yx ST 3d

yy ST 3d
yz

ST 3d
zx ST 3d

zy ST 3d
zz

 ST 2d =

(
ST 2d

xx ST 2d
xy

ST 2d
yx ST 2d

yy

)
(5.5)

3 .sol p¡±ù��^S�;: ST 3d
xx , ST

3d
yx , ST

3d
yy , ST

3d
zx , ST

3d
zy , ST

3d
zz , ST

2d
xx , ST

2d
yx , ST

2d
yy .

��'�c� SolAtTetrahedra �~f:

� SolAtTetrahedra
(I) NbOfTetrahedrons

nbsol typesol1 ... typesoln(((
Ukij , ∀i ∈ {1, ..., nbrealsolk}

)
, ∀k ∈ {1, ...nbsol}

)
∀j ∈ {1, ..., NbOfTetrahedrons}

)
Ù¥

� nbsol ´)��ê

� typesolk, 1 k �)�a., ©O�

– typesolk = 1 1 k �)´Iþ"

– typesolk = 2 1 k �)´¥þ"

– typesolk = 3 1 k �)´é¡Üþ½öé¡Ý
"

� nbrealsolk £ã1 k �)I���ê, ©O�

– nbrealsolk = 1 1 k �)´Iþ"

– nbrealsolk = dim 1 k �)´¥þ £dim ´)��Ý¤"

– nbrealsolk = dim ∗ (dim + 1)/2 1 k �)´é¡Üþ½öé¡Ý
"

� Ukij �3éA��þ, 1 k �)�1 i �Ü©31 j �o¡N��"
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ù�Ü©�PÒÚ1 12.1 !�Ó" �ª .solb Ú .sol ��, �´´�?�� £Ö / ��¯, �;
þ��¤"
��¢�¼ê f1, ���þ| Φ = [Φ1,Φ2,Φ3], ±9��é¡Üþ ST 3d (5.5), éA�n���
Th3 �º:�;3 /f1PhiTh3.sol0©�¥, K¦^·-

savesol("f1PhiST3dTh3.sol",Th3, f1, [Φ1, Φ2, Φ3], VV3, order=1);

Ù¥ V V 3 = [ST 3d
xx , ST

3d
yx , ST

3d
yy , ST

3d
zx , ST

3d
zy , ST

3d
zz ]. éu������� Th, ��¢�¼ê f2, é

A��þ| Ψ = [Ψ1,Ψ2], ±9é¡Üþ ST 2d (5.5), �A�n�/�;3 ”f2PsiST2dTh3.solb”©
�¥, K¦^·-

savesol("f2PsiST2dTh3.solb",Th, f2, [Ψ1, Ψ2], VV2, order=0);

Ù¥ V V 2 = [ST 2d
xx , ST

2d
yx , ST

2d
yy ]. ¼ê savesol �Ñ\©O´©�¶, ��±9¦)¯K"Ñ\

7LUìù�^S"
ù�'�c�ëê´µ

order = 0 L«)�Ñ�´��­%��" 1 L«)�Ñ
��º:��"

3©�¥, )´Uìù��^S�;�: Iþ)!�þ)! ±9é¡Üþ)"

5.13 medit

ÏL Pascal Frey ��¤^� medit, �±Õáw«��, ½ö½Â3��þ�¼ê" Medit kÕá
�I�, ��þ¦^ OpenGL¶ �´�¦^�'·-§L¯kSC medit "
medit U
ÏL3�� Th �º:��ÀzëY½©¡�5�Iþ) f1 Ú f2 §¦^·-

medit("sol1 sol2",Th, f1, f2, order=1);

1��¶¡� /sol10 �ã�w« f1" 1��¶¡� /sol20 �ã�Ð« f2"
¼ê medit �Ñ\´ £d��m�¤�ØÓã¡�¶i! ��Ú)" z�)éA�Üã¡§Ù
¥Iþ, �þ±9é¡Üþ)��ª½Â�ë�'�c savesol"
T·-1�ëê´µ

order = 0 L«)�Ñ�´��­%��" 1 L«)�Ñ
��º:��"

meditff = �� medit ��1·-§%@´ medit"

save = �� .sol ½ö .solb �©�¶±�;)"

ù�·-1�U3Ó��I�eÐ«ü�ØÓ���Ú)§��¦)��7L��" Ïd, ¦^
«�©)�{U3Ó��I�e�ÀzØÓ�" ^ medit �ÀzIþ) h1 Ú h2, éA���º
:©O� Th1 Ú Th2, K�±¦^·-

medit("sol2domain",Th1, h1, Th2, h2, order=1);

Example 5.25 (meditddm.edp) // meditddm.edp
load "medit"

// Ð©¯K:
// ¦)Xe EDP:

// −∆us = f on Ω = {(x, y)|1 ≤ sqrt(x2 + y2) ≥ 2}
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// −∆u1 = f1 on Ω1 = {(x, y)|0.5 ≤ sqrt(x2 + y2) ≥ 1.}
// u = 1 on Γ + Null Neumman condition on Γ1 and on Γ2

// 3 Ω Ú Ω1 þ¦)ü� EDP 5��) u
// ¦^ medit ò)�Àz

verbosity=3;

border Gamma(t=0,2*pi){x=cos(t); y=sin(t); label=1;};
border Gamma1(t=0,2*pi){x=2*cos(t); y=2*sin(t); label=2;};
border Gamma2(t=0,2*pi){x=0.5*cos(t); y=0.5*sin(t); label=3;};

// �E Ω ���
mesh Th=buildmesh(Gamma1(40)+Gamma(-40));

fespace Vh(Th,P2);
func f=sqrt(x*x+y*y);
Vh us,v;
macro Grad2(us) [dx(us),dy(us)] // EOM

problem Lap2dOmega(us,v,init=false)=int2d(Th)(Grad2(v)’ *Grad2(us))
- int2d(Th)(f*v)+on(1,us=1) ;

// ¦) Ω þ� EDP
// −∆us = f1 on Ω1, us = 1 on Γ1,

∂us

∂n = 0 on Γ2

Lap2dOmega;

// �E Ω1 ���
mesh Th1=buildmesh(Gamma(40)+Gamma2(-40));

fespace Vh1(Th1,P2);
func f1=10*sqrt(x*x+y*y);
Vh1 u1,v1;
macro Grad21(u1) [dx(u1),dy(u1)] // EOM

problem Lap2dOmega1(u1,v1,init=false)=int2d(Th1)(Grad21(v1)’ *Grad21(u1))
- int2d(Th1)(f1*v1)+on(1,u1=1) ;

// ¦) Ω1 þ� EDP
// −∆u1 = f1 on Ω1, u− 1 = 1 on Γ1,

∂u1

∂n = 0 on Γ2

Lap2dOmega1;

// �ÀzÐ©¯K
medit("solution",Th,us,Th1,u1,order=1,save="testsavemedit.solb");

Example 5.26 (StockesUzawa.edp) // Ør�ÎÒ´�(�
assert(version>1.18);
real s0=clock();
mesh Th=square(10,10);
fespace Xh(Th,P2),Mh(Th,P1);
Xh u1,u2,v1,v2;
Mh p,q,ppp;

varf bx(u1,q) = int2d(Th)( (dx(u1)*q));
varf by(u1,q) = int2d(Th)( (dy(u1)*q));
varf a(u1,u2)= int2d(Th)( dx(u1)*dx(u2) + dy(u1)*dy(u2) )
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+ on(1,2,4,u1=0) + on(3,u1=1) ;

Xh bc1; bc1[] = a(0,Xh);
Xh b;

matrix A= a(Xh,Xh,solver=CG);
matrix Bx= bx(Xh,Mh);
matrix By= by(Xh,Mh);
Xh bcx=1,bcy=0;

func real[int] divup(real[int] & pp)
{

int verb=verbosity;
verbosity=0;
b[] = Bx’*pp; b[] += bc1[] .*bcx[];
u1[] = Aˆ-1*b[];
b[] = By’*pp; b[] += bc1[] .*bcy[];
u2[] = Aˆ-1*b[];
ppp[] = Bx*u1[];
ppp[] += By*u2[];
verbosity=verb;
return ppp[] ;

};
p=0;q=0;u1=0;v1=0;

LinearCG(divup,p[],q[],eps=1.e-6,nbiter=50);

divup(p[]);

plot([u1,u2],p,wait=1,value=true,coef=0.1);
medit("velocity pressure",Th,[u1,u2],p,order=1);

5.14 Mshmet

Mshmet ´d P. Frey mu�^�, �±�â) £X Hessian-based¤ 5O���É5Ýþ"^�
Ó��±O���Ó5Ýþ" Mshmet �U^5�E·ÜO�Y²8�{�Ýþ" )�±ïá3
(�z / �(�z� 2D ½ 3D ���þ" 'X`, )�±´ FE )�Ø��O"
mshmet �N^Ñ\kõ«§�±´¼ê!�þ¼ê!é¡Üþ!FE ¼ê!FE �þ¼ê! ±9
FE é¡Üþ�" é¡Üþ�êâ(�Ú datasol p¡½Â��Ó§T^��±Ó�Ñ\õ�)"
'�`, y3k½Â3�� Th þ�) u, ¦^ metric 5O��A�Ýþ M , K�±��

fespace Vh(Th,P1);
Vh u; // Iþ FE ¼ê
real[int] M = mshmet(Th,u);

'�c mshmet �ëê�

� normalization = <b> r)8�z� [0, 1]"

� aniso = <b> � 1 K�E��É5Ýþ £ %@ 0: ��Ó5¤"

� levelset = <b> �EY²8�{�Ýþ £%@: Ä¤"

� verbosity = <l>
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� nbregul = <l> )�8�zS�gê £%@: 0¤"

� hmin = <d>

� hmax = <d>

� err = <d> Ø��?"

� width = <d> °Ý"

� metric= double .�þ§ �)D4� mshmet �Ð©Ýþ. Metric �þ�(�3e�ãá
£ã"

� loptions= 7 ���.�þ" T�þ´ mshmet ��.ëê £;[¦^¤"

– loptions(0): 8�z £%@ 1¤"

– loptions(1): ��Ó5ëê £%@ 0¤"1 ���Ó5Ýþ, ÄK� 0"

– loptions(2): Y²8ëê £%@ 0¤" 1 ��EY²8Ýþ, ÄK� 0.

– loptions(3): NÁëê £%@ 0¤"1 �méNÁ�ª, ÄK� 0"

– loptions(4): �[?O £%@ 100¤"

– loptions(5): )�8�zS�gê £%@ 0¤"

– loptions(6): k�Ýþëê £%@ 0¤" 1 �¦^k�Ýþ, ÄK� 0"

� doptions= 4 �� double .�þ" T�þ´ mshmet � double .ëê £;[¦^¤"

– doptions(0): hmin : ��º� £%@ 0.01¤"

– doptions(1): hmax : ��º� £%@ 1.0¤"

– doptions(2): eps : N=Ø� £%@ 0.01¤"

– doptions(2): width : Y²8 £0 < w < 1¤ ��é°Ý £%@0.05¤"

'�c mshmet �ÑÑ´ real[int] .�, p¡�)
��þØÓº: Vi d mshmet O��Ý
þ"
^ nv L«º:�ê, T�þ�(�´

Miso = (m(V0),m(V1), . . . ,m(Vnv))
T ,

éu����Ó5�Ýþ m"éu��é¡ÜþÝþ h =

 m11 m12 m13

m21 m22 m23

m31 m32 m33

, metric �ÑÑ

´
Maniso = (H(V0), . . . ,H(Vnv))

T ,

Ù¥ H(Vi) ´�� 6 ��þ, ½Â� [m11,m21,m22,m31,m32,m33]"

Example 5.27 (mshmet.edp)

load "mshmet"
load "medit"
load "msh3"

border a(t=0,1.0){x=t; y=0; label=1;};
border b(t=0,0.5){x=1; y=t; label=2;};
border c(t=0,0.5){x=1-t; y=0.5;label=3;};
border d(t=0.5,1){x=0.5; y=t; label=4;};
border e(t=0.5,1){x=1-t; y=1; label=5;};
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border f(t=0.0,1){x=0; y=1-t;label=6;};
mesh Th = buildmesh (a(6) + b(4) + c(4) +d(4) + e(4) + f(6));
savemesh(Th,"th.msh");
fespace Vh(Th,P1);
Vh u,v;
real error=0.01;
problem Problem1(u,v,solver=CG,eps=1.0e-6) =

int2d(Th,qforder=2)( u*v*1.0e-10+ dx(u)*dx(v) + dy(u)*dy(v))
+int2d(Th,qforder=2)( (x-y)*v);

func zmin=0;
func zmax=1;
int MaxLayer=10;
mesh3 Th3 = buildlayers(Th,MaxLayer,zbound=[zmin,zmax]);
fespace Vh3(Th3,P2);
fespace Vh3P1(Th3,P1);
Vh3 u3,v3;
Vh3P1 usol;
problem Problem2(u3,v3,solver=sparsesolver) =

int3d(Th3)( u3*v3*1.0e-10+ dx(u3)*dx(v3) + dy(u3)*dy(v3) + dz(u3)*dz(v3))
- int3d(Th3)( v3) +on(0,1,2,3,4,5,6,u3=0);

Problem2;
cout << u3[].min << " " << u3[].max << endl;
savemesh(Th3,"metrictest.bis.mesh");
savesol("metrictest.sol",Th3,u3);

real[int] bb=mshmet(Th3,u3);
cout << bb << endl;
for(int ii=0; ii<Th3.nv; ii++)

usol[][ii]=bb[ii];
savesol("metrictest.bis.sol",Th3,usol);

5.15 FreeYams

FreeYams ´d P. Frey mu�L¡��g·A^�§´#�� yams" g·A�L¡��´dA
ÛÝþÜþ|�ï�" TÜþ|´ÄulÑL¡��k5��" ù�^��U�ï{ü���"
Ä�ë�´ÄuÐ©Úy3n�ÿþ�m� Hausdorff ål" ��u yams, FreeYams �U�ï
·AuY²8�[���É5n�ÿþ" 8c�vk'u FreeYams �Eâ5�w§ �´'u
yams �©��ë� http://www.ann.jussieu.fr/∼frey/software.html [40].
3 Freefem++ ¥N^ FreeYams, ·�¦^'�c freeyams" T¼ê�Ñ\´Ð©��Ú / ½ Ý
þ" FreeYams ¥�Ýþ�±´ double .�¼ê! FE ¼ê! é¡Üþ¼ê! é¡ FE Üþ¼
ê±9�þ" XJÝþ´ double .��þ, ù�êâ7L´ metric �ª�§½ö^ metric �
�Ñ\"
~X, ½Â FE ¼ê.�Ýþ u, O� Thinit �g·A���±¦^·-:

fespace Vh(Thinit,P1);
Vh u;
mesh3 Th=freeyams(Thinit,u);

'�c freeyams ¥�é¡Üþ�(�Ú datasol ¥���"

� aniso = <b> ��Ó5½��É5Ýþ £%@ 0, ��Ó5¤"
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� mem = <l> freeyams �±¦^�S�, ü ´ Mb £%@ -1, freeyams g1û½¤"

� hmin = <d>

� hmax = <d>

� gradation = <d>

� option = <l>

0 : ��`z £²wÚO�¤"

1 : Ä�ÚO\·AuÝþN� £%@¤"

-1 : Ä�·AuÝþN�"

2 : ¦^ Hausdorff-like �{?1Ä�ÚO\"

-2 : ¦^ Hausdorff-like �{?1Ä�."

4 : 48/©�n�/"

9 : �Â º:²w"

� ridgeangle = <d>

� absolute = <b>

� verbosity = <i>

� metric= �þL«" Tëê�¹
Ð©��ØÓº:�Ýþ§� nv �º:��ê, T�þ
K�

Miso = (m(V0),m(V1), . . . ,m(Vnv))
T

Ýþ m ´Iþ"e´é¡ÜþÝþ h =

 m11 m12 m13

m21 m22 m23

m31 m32 m33

, metric �ëê´

Maniso = (H(V0), . . . ,H(Vnv))
T

Ù¥ H(Vi) ´�� 6 ��þ, ½Â� [m11,m21,m22,m31,m32,m33]"

� loptions= 13 ���.�þ" T�þ´ FreeYams ��.ëê £;[¦^¤"

– loptions(0): ��É5ëê £%@ 0¤"1 ���É5Ýþ, ÄK� 0"

– loptions(1): k��?�ëê £%@ 0¤" 1 �Ø¦^k��?�, ÄK� 0"

– loptions(2): ©�õë�:ëê £%@ 1¤" 1 ©�õë�:, ÄK� 0"

– loptions(3): S����¦^þ, ü � Mbytes £%@ -1: ��d freeyams �½¤"

– loptions(4): ��8I�ë�¤©�� £5: freeyams gÄ�½z�ë�¤©��¤"

– loptions(5): �[?O"

– loptions(6): £�N�e¤ �>\:ëê £%@ 0¤" 1 ��>\:, ÄK� 0"

– loptions(7): 1wk�5�yëê" Tëê�éAu�Â º:²w`z £`zÀ�
9¤" 1 �Ø�y1w�k�5, ÄK� 0"

– loptions(8): 8Iº:�ê £%@ -1¤"

– loptions(9): `zS�gê £%@ 30¤"

– loptions(10): Øuÿëê £%@ 0¤" 1 �uÿ���B�, ÄK� 0" B��½Â
dëê doptions(10) �Ñ"

– loptions(11): Ø1wº:ëê £%@ 0¤" 1 �1wº:, ÄK� 0"



5.15. FREEYAMS 135

– loptions(12): `z�?ëê £%@ 0¤"

* 0 : ��`z £²wÚO�¤

* 1 : Ä�ÚO\·AuÝþN�"

* -1 : Ä�·AuÝþN�"

* 2 : ¦^ Hausdorff-like �{?1Ä�ÚO\"

* -2 : ¦^ Hausdorff-like �{?1Ä�"

* 4 : 48/©�n�/"

* 9 : �Â º:²w"

� doptions= 11 �� double .�þ" T�þ´ FreeYams � double .ëê"

– doptions(0): ��AÛCq £�²¡ �¤£%@ 0.010.

– doptions(1): �� lamda ëê £%@ -1¤"

– doptions(2): �� mu ëê £%@ -1¤"

– doptions(3): ���Ý� £���Ý��¤ £%@ 1.3¤"

– doptions(4): ����º� £hmin¤ £%@ -2.0: gÄO�º�¤"

– doptions(5): ����º� £hmax¤ £%@ -2.0: gÄO�º�¤"

– doptions(6): ��u ����N= £%@ -2.0¤"

– doptions(7): ��ü)�þ £%@ 0.599¤"

– doptions(8): �� declic ëê £%@ 2.0¤"

– doptions(9): ��� walton ��ëê £%@ 45 Ý¤"

– doptions(10): ���B�uÿ £%@ 45 Ý¤"

Example 5.28 (freeyams.edp)

load "msh3"

load "medit"

load "freeyams"

int nn=20;

mesh Th2=square(nn,nn);

fespace Vh2(Th2,P2);

Vh2 ux,uz,p2;

int[int] rup=[0,2], rdown=[0,1], rmid=[1,1,2,1,3,1,4,1];

real zmin=0,zmax=1;

mesh3 Th=buildlayers(Th2,nn, zbound=[zmin,zmax],

reffacemid=rmid, reffaceup = rup, reffacelow = rdown);

mesh3 Th3 = freeyams(Th);

medit("maillagesurfacique",Th3,wait=1);
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5.16 mmg3d

Mmg3d´d C. DobrzynskiÚ P. Freymu� 3D��­�^�£http://www.math.u-bordeaux1.fr/∼dobj/logiciels/mmg3d.php¤"
I�ù�¥��ue��: cecile.dobrzynski@math.u-bordeaux1.fr ½ö pascal.frey@upmc.fr"

ù�^��±�âo¡N(��Ð©��5­���"Ð©��g·AuAÛÝþÜþ|, ½ö·
Au £�þ ££ØfN¤" Ýþ�±d mshmet O� £�1 5.14 !¤"

555 5 :

(a) XJvk�½Ýþ, ¬�âÐ©��>�º�5O�����Ó5�Ýþ"

(b) XJ�½
 £, £ÄL¡n�/�º:�, Ø¬u�#L¡���AÛ(�"

mmg3d �ëê�

� options= �þL«"T�þ�¹
 mmg3d ��Àëê"´�� 6 ��þ, z��©OL
«

(0) `zëê: £%@ 1¤
0 : ��`z"
1 : ·AuÝþ £íØÚO\º:¤ Ú`z"
-1 : ·AuÝþ £íØÚO\º:¤ 
Ø`z"
4 : ©�o¡N £5¿L¡�Cz¤"
9 : £Ä��¿`z"
-9 : £Ä��
Ø`z"

(1) NÁ�ª: £%@ 0¤
1 : méNÁ�ª"
0 : Ù¦."

(2) �½z��Ý� bucket �� £%@ 64¤

(3) O��ª: £%@ 0¤
1 : ØUC>½¡"
0 : Ù¦"

(4) O\:�ª: £%@ 0¤)
1 : Ø©�½òU>�ØO\:"
0 : Ù¦"

(5) �[?O £%@ 3¤"

� memory= �êL«"��#������;þ, ü �Mbytes" %@�, ��º:!o¡
N!n�/©O� 500 000! 3000 000!100000, ù��I� 100 M �S��m"

� metric= �þL«"T�þ�¹
D4� mmg3d �Ýþ" ´�� nv � or 6 nv ���
þ, L«��Ó5½��É5�Ýþ, Ù¥nv ´Ð©���º:�ê" �þ(��£ã�1
5.14 !"

� displacement= [Φ1, Φ2, Φ3] ��Ð©��� £�þ
Φ(x, y) = [Φ1(x, y),Φ2(x, y),Φ3(x, y)].

� displVect= ±�þ�/ª�� £�þ" T�þ�)Ð©��z�:� £" ´�� 3
nv ���þ"

¦^T¼ê�~f� ”mmg3d.edp”:
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Example 5.29 (mmg3d.edp)

// ÿÁ mmg3d
load "msh3"
load "medit"
load "mmg3d"
include "../examples++-3d/cube.idp"

int n=6;
int[int] Nxyz=[12,12,12];
real [int,int] Bxyz=[[0.,1.],[0.,1.],[0.,1.]];
int [int,int] Lxyz=[[1,1],[2,2],[2,2]];
mesh3 Th=Cube(Nxyz,Bxyz,Lxyz);

real[int] isometric(Th.nv);{
for( int ii=0; ii<Th.nv; ii++)

isometric[ii]=0.17;
}

mesh3 Th3=mmg3d( Th, memory=100, metric=isometric);

medit("init",Th);
medit("isometric",Th3);

©�/fallingspheres.edp0�Ñ����£Ä�~f:

Example 5.30 (fallingspheres.edp) load "msh3" load "tetgen" load "medit" load "mmg3d"
include "MeshSurface.idp"

// ïá��kü�É£300,310¤�ÝG��£311¤

real hs = 0.8;
int[int] N=[4/hs,8/hs,11.5/hs];
real [int,int] B=[[-2,2],[-2,6],[-10,1.5]];
int [int,int] L=[[311,311],[311,311],[311,311]];
mesh3 ThH = SurfaceHex(N,B,L,1);
mesh3 ThSg =Sphere(1,hs,300,-1);
mesh3 ThSd =Sphere(1,hs,310,-1); ThSd=movemesh3(ThSd,transfo=[x,4+y,z]);
mesh3 ThHS=ThH+ThSg+ThSd; // ÊÜL¡��
medit("ThHS", ThHS); // �L¡��

real voltet=(hsˆ3)/6.;
real[int] domaine = [0,0,-4,1,voltet];
real [int] holes=[0,0,0,0,4,0];
mesh3 Th = tetg(ThHS,switch="pqaAAYYQ",nbofregions=1,regionlist=domaine, nbofholes=2,holelist=holes);
medit("Box-With-two-Ball",Th);

// ��ïá�.

int[int] opt=[9,0,64,0,0,3]; // mmg3dÀ�, � freeem++ ©�
real[int] vit=[0,0,-0.3];
func zero = 0.;
func dep = vit[2];

fespace Vh(Th,P1);
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macro Grad(u) [dx(u),dy(u),dz(u)] //

Vh uh,vh; // O� £|
problem Lap(uh,vh,solver=CG) = int3d(Th)(Grad(uh)’*Grad(vh)) // ’) � emacs

+ on(310,300,uh=dep) +on(311,uh=0.);

for(int it=0; it<29; it++){
cout<<" ITERATION "<<it<<endl;
Lap;
plot(Th,uh);
Th=mmg3d(Th,options=opt,displacement=[zero,zero,uh],memory=1000);
}

5.17 ������3���isotope������ggg···AAALLL§§§

Example 5.31 (Laplace-Adapt-3d.edp)

load "msh3" load "tetgen" load "mshmet" load "medit"
// ïáÐ©��

int nn = 6;
int[int] l1111=[1,1,1,1],l01=[0,1],l11=[1,1]; // I\?Ò, ¤kI\Ñ� 1
mesh3 Th3=buildlayers(square(nn,nn,region=0,label=l1111),

nn, zbound=[0,1], labelmid=l11, labelup = l01, labeldown = l01);
Th3 = trunc(Th3,(x<0.5) | (y < 0.5) | (z < 0.5) ,label=1);// �K ]0.5, 1[3 á�
N

// ïáÐ©��ïá�.
fespace Vh(Th3,P1);
Vh u,v,usol,h;

macro Grad(u) [dx(u),dy(u),dz(u)] // EOM

problem Poisson(u,v,solver=CG) = int3d(Th3)( Grad(u)’*Grad(v) )
-int3d(Th3)( 1*v ) + on(1,u=0);

real errm=1e-2; // Ø�Y²
for(int ii=0; ii<5; ii++)
{

Poisson; // ¦) Poisson �§
cout <<" u min, max = " << u[].min << " "<< u[].max << endl;
h=0. ; // � h[] ­#ü�, Ï���Cz

h[]=mshmet(Th3,u,normalization=1,aniso=0,nbregul=1,hmin=1e-3,hmax=0.3,err=errm);
cout <<" h min, max = " << h[].min << " "<< h[].max

<< " " << h[].n << " " << Th3.nv << endl;
plot(u,wait=1);
errm*= 0.8; // UCØ�Y²
cout << " Th3" << Th3.nv < " " << Th3.nt << endl;
Th3=tetgreconstruction(Th3,switch="raAQ",sizeofvolume=h*h*h/6.); // ­#ïá

��
medit("U-adap-iso-"+ii,Th3,u,wait=1);}
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5.18 ddd������������ïïï2���������

g´´r���lÑz�6Ä)¤��§ù«�{�±^u���Ñã��«���" Äk§·
��Ñ����m��0.2§±)Û¼ê

√
(x− 1/2)2 + (y − 1/2)2 ��3ü ��/þ�ï���

~f"

Example 5.32 (isoline.edp)

load "isoline" // \1 /isoline0

real[int,int] xy(3,1); // ����:
int[int] be(1); // ��mÞÚ(åA1
{ // S�+n��¬

mesh Th=square(10,10); // ,[x*.5,y*0.5]);
fespace Vh(Th,P1);
Vh u= sqrt(square(x-0.5)+square(y-0.5));
real iso= 0.2 ;
real[int] viso=[iso];
plot(u,viso=viso,Th); // *	���

int nbc= isoline(Th,u,xy,close=1,iso=iso,beginend=be,smoothing=0.1);

����ëêk��Th§u�L�ª§�;�:�I����
 xy"e��·¶�ëêµ

iso= �O������� £%@��0¤"

close= ^>.ò���µ4å5 (½Â�ý)§·�5½��>.þ���u���þ��"

smoothing= 1w?n§Ý§�lrs §Ù¥ l´�c�����Ý§ r'~§ s ´1wÝ"Ù%@
�� 0"

ratio= '~ ( %@� 1)"

eps= �é ε £��è ??¤ £½Â� 1e-10 ¤

beginend= z����å:Úª:�¤�
�£gÄN���¤

file= ��­�êâ�êâ©�� gnu ^±xã"

ê|xy¥´���þº:��L§ù
º:3z^ëÏ�­��i = ic0, . . . , i
c
1 − 1 §ùp ic0 =

be(2 ∗ c)§ic1 = be(2 ∗ c+ 1),� xi = xy(0, i), yi = yx(1, i), li = xy(2, i)" Ù¥li ´­���Ý(­�
�å:P� ic0)"
é����£O¦��p�Ü©3�����ý" Ïdùp: �����:´ 0.5, 05§Ïd­�
1 ´U^����£O�§z�Ü©�´Uìz�:4~�^Sü��"

cout << " nb of the line component = " << nbc << endl;
cout << " n = " << xy.m << endl; // :��ê
cout << "be = " << be << endl; // z�Ü©�å:Úª:

// w«­�
for( int c=0;c<nbc; ++c)
{

int i0 = be[2*c], i1 = be[2*c+1]-1; // ­�Ü©�å:Úª:
cout << " Curve " << c << endl;
for(int i=i0; i<= i1; ++i)



140 15Ù ��)¤

cout << " x= " << xy(0,i) <<" y= " << xy(1,i) << " s= "
<< xy(2,i) << endl;

plot([xy(0,i0:i1),xy(1,i0:i1)],wait=1,viso=viso,cmm = " curve "+c);
}

} // S�+n�.

cout << " len of last curve = " << xy(2,xy.m-1) << endl;;

éu�mä� Curve·��k��#�¼ê5ëêz§½Â�be, xy"

border Curve0(t=0,1) // 	>.
{ int c =0; // Ü© 0
int i0 = be[2*c], i1 = be[2*c+1]-1;
P=Curve(xy,i0,i1,t); // ­� 0
label=1;

}

border Curve1(t=0,1)
{ int c =1; // Ü© 1

int i0 = be[2*c], i1 = be[2*c+1]-1;
P=Curve(xy,i0,i1,t); // ­� 1
label=1;

}

plot(Curve1(100)); // w«­�
mesh Th= buildmesh(Curve1(-100)); //
plot(Th,wait=1); //

Ùg§�âù�g´5éã�5�ï��§·�|^��ppm2rnm 5Ö� pgm �Ý�ªã�§
¿�J��Ý30.25±þ�ã�Ó+"

Example 5.33 (Leman-mesh.edp)

load "ppm2rnm" load "isoline"
string leman="lg.pgm"; // �ã 5.39
real AreaLac = 580.03; // ü  Km2

real hsize= 5; // ±���ü ���º�
real[int,int] Curves(3,1);
int[int] be(1);
int nc; // ­�^ê
{

real[int,int] ff1(leman); // Ö�ã� (ã 5.39)
// ��Ý/ê|

int nx = ff1.n, ny=ff1.m; // 0�1�m��� £�Ú¤
// ïá��(k���, ¦��:3·�� �

mesh Th=square(nx-1,ny-1,[(nx-1)*(x),(ny-1)*(1-y)]);
// ´w, º:(x,y)�?Ò�

// i = x/nx+ nx ∗ y/ny
fespace Vh(Th,P1);
Vh f1; f1[]=ff1; // òê|=C�k��¼ê

nc=isoline(Th,f1,iso=0.25,close=1,Curves,beginend=be,smoothing=.1,ratio=0.5);
}

// ����� : lac ..
int ic0=be(0), ic1=be(1)-1;
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plot([Curves(0,ic0:ic1),Curves(1,ic0:ic1)], wait=1);
int NC= Curves(2,ic1)/hsize;
border G(t=0,1) { P=Curve(Curves,ic0,ic1,t); label= 1 + (x>xl)*2 + (y<yl);}

plot(G(-NC),wait=1);
mesh Th=buildmesh(G(-NC));
plot(Th,wait=1);
real scale = sqrt(AreaLac/Th.area);
Th=movemesh(Th,[x*scale,y*scale]); // ��­#ü�
cout << " Th.area = " << Th.area << " Kmˆ2 " << " == " << AreaLac << " Kmˆ2 "
<< endl ;
plot(Th,wait=1,ps="leman.eps"); // �ã 5.40

ã 5.39: FS���ã�

ã 5.40: FS�����y©
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kkk������

Ò�1 2Ùm©�� éu¤k�¼êw§FEM %C/ª´

w(x, y) ' w0φ0(x, y) + w1φ1(x, y) + · · ·+ wM−1φM−1(x, y)

Ù¥ φk(x, y) �k��Ä¼ê§ wk (k = 0, · · · ,M − 1)�Xê" ¼êφk(x, y)ÏLn�/Tik�E
Ñ5§�¡�/G¼ê£shape functions¤" 3 FreeFem++ ¥§k���m�

Vh = {w | w0φ0 + w1φ1 + · · ·+ wM−1φM−1, wi ∈ R}

�±éN´^±e·-�Eµ

fespace IDspace(IDmesh,<IDFE>) ;

½ö k` é±Ï>.^�§2��

fespace IDspace(IDmesh,<IDFE>,
periodic=[[la 1,sa 1],[lb 1,sb 1],

...
[la k,sa k],[lb k,sb `]]);

3��

fespace IDspace(IDmesh,<IDFE>,
periodic=[[la 1,sa 1,ta 1],[lb 1,sb 1,tb 1],

...
[la k,sa k,ta k],[lb k,sb `,tb `]]);

ùp
IDspace ´�m¶¡ £e.g. Vh¤§

IDmesh ´�A����¶¡§ <IDFE> L²
k���a."

32�¥·�k�é±Ï>.^�§ XJ [la i,sa i],[lb i,sb i] ´�é�ê§@o 2 �I\
la i Ú lb i �L�ª¥�üã>."
XJ [la i,sa i],[lb i,sb i] ´�é¢ê§@o sa i Ú sb i 3ü^>.­�þ�Ñú�î
�I§XJî�I��§@oùü�:­Ü"

33�¥·�k�é±Ï>.^�§XJ [la i,sa i,ta i],[lb i,sb i,tb i] ´�é�ê§@
o 2 �I\ la i and lb i �L�ª¥�üã>."
XJ [la i,sa i,ta i],[lb i,sb i,tb i] ´�é¢ê§@o sa i,ta i and sb i,tb i 3ü^
>.­�þ�Ñú��Iëê§eùü��I©O��§Kùü�:­Ü"

143
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555 6 2���¥ü�>.^��>.7L��§ Ïd�
(���§3buildmesh ·-¥ÀJ
ëê fixeborder=true (X 5.1.2) ¥�~f periodic2bis.edp (� 9.7)"

��8F§·�®��k��a.kµ

P0,P03d ©ã~�ØëY�k�� £2�§3�¤§ gdÝ´­%���"

P0h =
{
v ∈ L2(Ω)

∣∣éu?¿� K ∈ Th �3 αK ∈ R : v|K = αK
}

(6.1)

P1,P13d ©ã�5ëY�k�� £2�§3�¤§gdÝ´º:��"

P1h =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P1

}
(6.2)

P1dc ©ã�5ØëY�k��

P1dch =
{
v ∈ L2(Ω)

∣∣ ∀K ∈ Th v|K ∈ P1

}
(6.3)

´w�du��¯K§gdÝØ´º:
´n�º:�S£Ä� T (X) = G+ .99(X −G) ?
��§ùp G ´­%§£�� 2.24-4¤"

P1b,P1b3d ©ã�5ëY�k��	\¥�£bubble¤ £2 �§3 �¤

2������///:
P1bh =

{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P1 ⊕ Span{λK0 λK1 λK2 }
}

(6.4)

3������///:

P1bh =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P1 ⊕ Span{λK0 λK1 λK2 λK3 }
}

(6.5)

ùpλKi , i = 0, .., d ´�K£n�/½öo¡N¤� d+ 1­%�I¼ê"

P2,P23d ©ã P2 ëY�k�� £2�§3�¤§

P2h =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P2

}
(6.6)

ùp P2 gê�u�u2� R2 ¥�õ�ª"

P2b ©ã P2 ëY�k��	\¥�£bubble¤§

P2h =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P2 ⊕ Span{λK0 λK1 λK2 }
}

(6.7)

P2dc ©ã P2 ØëY�k��§

P2dch =
{
v ∈ L2(Ω)

∣∣ ∀K ∈ Th v|K ∈ P2

}
(6.8)

´w�du���¯K§gdÝØ´8� P2 !:
´8�!:�S£Ä� T (X) =
G+ .99(X −G)��§ùp G ´­% £�� 2.24-4¤"

P3 ©ã P3 ëY�k��£2�¤ £I� load "Element_P3"¤,

P2h =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P3

}
(6.9)

ùp P3 ´ R2¥gê�u�u3�õ�ª"
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P3dc ©ã P3 ØëY�k�� £2�¤ £I� load "Element_P3dc"¤,

P2h =
{
v ∈ L2(Ω)

∣∣ ∀K ∈ Th v|K ∈ P3

}
(6.10)

ùp P3 ´ R2¥gê�u�u3�õ�ª"

P4 ©ã P4 ëY�k�� £2�¤ £I� load "Element_P4"¤,

P2h =
{
v ∈ H1(Ω)

∣∣ ∀K ∈ Th v|K ∈ P4

}
(6.11)

ùp P4 ´ R2¥gê�u�u4�õ�ª"

P4dc ©ã P4ØëY�k�� £2�¤ £I� load "Element_P4dc"¤,

P2h =
{
v ∈ L2(Ω)

∣∣ ∀K ∈ Th v|K ∈ P4

}
(6.12)

ùp P4 ´ R2¥gê�u�u4�õ�ª"

P0Edge ©ã P0ØëY�k�� £2�¤ §3���z^>þ�~ê"

P1Edge ©ã P1ØëY�k�� £2�¤ £I� load "Element_P1Edge"¤§3���z^
>þP1"

P2Edge ©ã P2ØëY�k�� £2�¤ £I� load "Element_P2Edge"¤§3���z^
>þP2"

P3Edge ©ã P3ØëY�k�� £2�¤ £I� load "Element_P3Edge"¤§3���z^
>þP3"

P4Edge ©ã P4ØëY�k�� £2�¤ £I� load "Element_P4Edge"¤§3���z^
>þP4"

P5Edge ©ã P5ØëY�k�� £2�¤ £I� load "Element_P5Edge"¤§3���z^
>þP5"

Morley ©ã P2 ���k�� £2�¤ £I� load "Morley"¤

P2h =

{
v ∈ L2(Ω)

∣∣∣∣ ∀K ∈ Th v|K ∈ P3,

{
v 3º:?ëY§

∂nv 3>�¥mëY§

}
(6.13)

ùp P2 ´ R2¥gê�u�u2�õ�ª"

5¿3édk���ï��¼ê u £Iþ¤�§·�I�¼ê�Ú2 � �ê(u, ux, uy)§
Ïdd�þ�k��k3�©þ(u, ux, uy)"

�examples++-load¥)ûBiLaplacien¯K�~f bilapMorley.edpµ

load "Morley"
fespace Vh(Th,P2Morley); // Morley k���m
macro bilaplacien(u,v) ( dxx(u)*dxx(v)+dyy(u)*dyy(v)+2.*dxy(u)*dxy(v))

// fin ÷
real f=1;
Vh [u,ux,uy],[v,vx,vy];

solve bilap([u,ux,uy],[v,vx,vy]) =
int2d(Th)( bilaplacien(u,v) )

- int2d(Th)(f*v)
+ on(1,2,3,4,u=0,ux=0,uy=0)
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P2BR £I� load "BernadiRaugel"¤ Bernadi Raugel Finite Eleme k�����kü�©
þ��þ £2 �¤§ �Bernardi, C., Raugel, G.: Analysis of some finite elements for the
Stokes problem. Math. Comp. 44, 71-79 (1985). §´��2��Vk��§kõ�ª�m
P12 + 3 �IO�¥�>.¼ê (P2)§¿�§�gdÝ�)3�º:�2�©þ�6��!3^
>�6þ�3��§Ïd�9"

RT0,RT03d 0�Raviart-Thomas k��"

2��/µ

RT0h =
{
v ∈ H(div)

∣∣∣ ∀K ∈ Th v|K(x, y) =
∣∣∣ α1

K

α2
K

+ βK | xy
}

(6.14)

3��/µ

RT0h =

{
v ∈ H(div)

∣∣∣∣∣ ∀K ∈ Th v|K(x, y, z) =

∣∣∣∣∣ α
1
K

α2
K

α3
K

+ βK

∣∣∣ xy
z

}
(6.15)

ùpr div w =
∑d

i=1 ∂wi/∂xi �� w = (wi)
d
i=1§

H(div) =
{
w ∈ L2(Ω)d

∣∣div w ∈ L2(Ω)
}

Ù¥ α1
K , α

2
K , α

3
K , βK ´¢ê"

RT0Ortho 2 � 0 � Raviart-Thomas ��z½ö Nedelec 1 I ak��"

RT0Orthoh =
{
v ∈ H(curl)

∣∣∣ ∀K ∈ Th v|K(x, y) =
∣∣∣ α1

K

α2
K

+ βK |−yx
}

(6.16)

Edge03d 0 � Nedelec k��½ö>.�"

3��/µ

Edge0h =

{
v ∈ H(Curl)

∣∣∣∣∣ ∀K ∈ Th v|K(x, y, z) =

∣∣∣∣∣ α
1
K

α2
K

α3
K

+

∣∣∣∣∣ β
1
K

β2
K

β3
K

×
∣∣∣ xy
z

}
(6.17)

ùpr curlw =

∣∣∣∣ ∂w2/∂x3−∂w3/∂x2

∂w3/∂x1−∂w1/∂x3

∂w1/∂x2−∂w2/∂x1

�� w = (wi)
d
i=1,

H(curl) =
{
w ∈ L2(Ω)d

∣∣∣curl w ∈ L2(Ω)d
}

¿� α1
K , α

2
K , α

3
K , β

1
K , β

2
K , β

3
K ´¢ê"

P1nc ©ã�5¿�3>.�¥mëY§�^32��/"

RT1 £I� load "Element_Mixte", �� 3.13¤

RT1h =
{
v ∈ H(div)

∣∣∣ ∀K ∈ Th (α2
K , α

2
K , βK) ∈ P 3

1 ,v|K(x, y) =
∣∣∣ α1

K

α2
K

+ βK | xy
}

(6.18)

RT1Ortho £I� load "Element_Mixte", �� 3.13, 2�¤

RT1h =
{
v ∈ H(curl)

∣∣∣ ∀K ∈ Th (α2
K , α

2
K , βK) ∈ P 3

1 ,v|K(x, y) =
∣∣∣ α1

K

α2
K

+ βK |−yx
}

(6.19)
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BDM1 £I� load "Element_Mixte", �� 3.13, 2�¤ Brezzi-Douglas-Marini k��

BDM1h =
{
v ∈ H(div)

∣∣ ∀K ∈ Th v|K ∈ P 2
1

}
(6.20)

BDM1Ortho £I� load "Element_Mixte", �� 3.13, 2�¤ Brezzi-Douglas-Marini��z
½ö�� Nedelec 1IIak��

BDM1Orthoh =
{
v ∈ H(curl)

∣∣ ∀K ∈ Th v|K ∈ P 2
1

}
(6.21)

TDNNS1 £I� load "Element_Mixte", �� 3.13, 2�¤ ��#���k��§3�
mH(divdiv) ¥^é¡2x2�Ý
%Cn�/£= σnn3>þëY¤"

TDNNS1h =
{
σ ∈ (L2)2,2

∣∣ ∀K ∈ Th σ|K ∈ P 2
1 , σ12 = σ21, σnnëY

}
(6.22)

ùpσnn = ntσn, � n´>�{� £�[`²�[41, section 4.2.2.3]¤"

6.1 ///fespace000 333������¥¥¥���^̂̂{{{

éu����k���m

Xh = {v ∈ H1([0, 1]2)| ∀K ∈ Th v|K ∈ P1}

Xph = {v ∈ Xh| v(| 0. ) = v(| 1. ), v(| .0 ) = v(| .1 )}

Mh = {v ∈ H1([0, 1]2)| ∀K ∈ Th v|K ∈ P2}

Rh = {v ∈ H1([0, 1]2)2| ∀K ∈ Th v|K(x, y) =
∣∣ αK
βK + γK | xy }

Ù¥Th´��ü ��/]0, 1[2¥�10× 10���§·��I3FreeFem++ ¥�µ

mesh Th=square(10,10);
fespace Xh(Th,P1); // Iþk��
fespace Xph(Th,P1,

periodic=[[2,y],[4,y],[1,x],[3,x]]); // V±Ïk��
fespace Mh(Th,P2); // Iþk��
fespace Rh(Th,RT0); // �þk��

Ù¥Xh,Mh,Rh©OL«k���m(FE�m) Xh, Mh, Rh"�
¦^k��¼ê uh, vh ∈ Xh,
ph, qh ∈Mh�Uh, Vh ∈ Rh §·��µ

Xh uh,vh;
Xph uph,vph;
Mh ph,qh;
Rh [Uxh,Uyh],[Vxh,Vyh];
Xh[int] Uh(10); // Xh¥10�¼ê�ê|
Rh[int] [Wxh,Wyh](10); // Rh¥10�¼ê�ê|
Wxh[5](0.5,0.5) // 3:(0.5, 0.5)?�16�¼ê
Wxh[5][] // 16�¼ê�gdÝ|¤�ê|

¼êUh, Vhkü�©þ§Ïd·�k

Uh =
∣∣ Uxh
Uyh � Vh =

∣∣ V xh
V yh
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6.2 ///fespace000 333nnn���¥¥¥���^̂̂{{{

éun�k���m
Xh = {v ∈ H1([0, 1]3)| ∀K ∈ Th v|K ∈ P1}

Xph = {v ∈ Xh| v(| 0. ) = v(| 1. ), v(| .0 ) = v(| .1 )}

Mh = {v ∈ H1([0, 1]2)| ∀K ∈ Th v|K ∈ P2}

Rh = {v ∈ H1([0, 1]2)2| ∀K ∈ Th v|K(x, y) =
∣∣ αK
βK + γK | xy }

Ù¥Th´ü á�N]0, 1[2¥10× 10× 10���" ·�3FreeFem++ ¥�µ

mesh3 Th=buildlayers(square(10,10),10, zbound=[0,1]);
// I\: 0 þ, 1 e; 2 c, 3 �, 4 �, 5: m

fespace Xh(Th,P1); // Iþk��
fespace Xph(Th,P1,

periodic=[[0,x,y],[1,x,y],
[2,x,z],[4,x,z],
[3,y,z],[5,y,z]]); // n±Ïk�� (�5º 6.1)

fespace Mh(Th,P2); // Iþk��
fespace Rh(Th,RT03d); // �þk��

Ù¥Xh,Mh,Rh©OL«k���m(FE�m) Xh, Mh, Rh" �
½ÂÚ¦^FE-¼êuh, vh ∈
Xh�ph, qh ∈Mh�Uh, Vh ∈ Rh §·��µ

Xh uh,vh;
Xph uph,vph;
Mh ph,qh;
Rh [Uxh,Uyh,Uyzh],[Vxh,Vyh, Vyzh];
Xh[int] Uh(10); // Xh¥10�¼ê|¤�ê|
Rh[int] [Wxh,Wyh,Wzh](10); // Rh¥10�¼ê|¤�ê|.
Wxh[5](0.5,0.5,0.5) // 3:(0.5, 0.5, 0.5)?�16�¼ê
Wxh[5][] // 16�¼ê�gdÝ|¤�ê|

¼êUh, Vhäkn�©þ§Ïd·�k

Uh =
∣∣∣ UxhUyh
Uzh

� Vh =
∣∣∣ V xhV yh
V zh

Note 6.1 ��'u±Ï5>.^��é(J�¯K´��3�d¡þAT��§���)
ìBuildLayer¬^BL���º:�é��©�z��o>/§Ïd�
(�z�±ÏéA�
����§3éA>���?Ò�½�´�oN�£'X����¤"%@�¹e§��/º:
�?Ò´�(�"
·��±¦^change¼ê5UC��?Ò§Xµ

{ // ÞØPÁ..
int[int] old2new(0:Th.nv-1); // 0, 1, .., nv-1þ�ê|8
fespace Vh2(Th,P1);
Vh2 sorder=x+y; // À���ü�, 34��/>.þ�Xx½yO\
sort(sorder[],old2new); // ïá�ü�
int[int] new2old=old2newˆ-1; // �=ü�
Th= change(Th,renumv=new2old);change}
}

��~f3examples++-3d/periodic-3d.edp¥



6.3. .�KFk�� 149

6.3 ...���KKKFFFkkk������

6.3.1 P0-���

éuz�n�/£d=2¤½öo¡N£d=3¤ Tk§Vh(Th,P0)¥�Ä¼êφk�

φk(x) = 1 if (x) ∈ Tk, φk(x) = 0 if (x) 6∈ Tk

éueã�{µ

Vh(Th,P0); Vh fh=f(x, y);

@oéuã6.1(a)¥�º:qki , i = 1, 2, ..d+ 1§�Efhµ

fh = fh(x, y) =
∑
k

f(

∑
i q
ki

d+ 1
)φk

����ã6.2¤«�[−1, 1]2¥4 × 4���§f(x, y) = sin(πx) cos(πy)3 Vh(Th,P0)þ�ÝKX
ã6.3¤«"

6.3.2 P1-���

1
k

q

2
k

q 3
k

q

k
T
p

1
k

q

2
k

q
3
k

q

4
k

q
5
k

q

6
k

q

k
T

( a ) ( b )

ã 6.1: P1�P23n�/Tkþ�gdÝ

éuz�º:qi§Vh(Th,P1)¥�Ä¼êφi�µ

φi(x, y) = aki + bki x+ cki y for (x, y) ∈ Tk,
φi(q

i) = 1, φi(q
j) = 0 if i 6= j

ã6.1(a)¥§3:p = (x, y)?§'uº:qk1�Ä¼êφk1(x, y)=�u­%�Iλk1£¡È�I¤µ

φk1(x, y) = λk1(x, y) =
n�/�¡È(p, qk2 , qk3)

n�/�¡È(qk1 , qk2 , qk3)

éueã�{µ

Vh(Th,P1); Vh fh=g(x.y);

@o

fh = fh(x, y) =

nv∑
i=1

f(qi)φi(x, y)

ã6.4=�f(x, y) = sin(πx) cos(πy)3 Vh(Th,P1)¥�ÝK"
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ã 6.2: ÝK¤I�ÿÁ��Th ã 6.3: 3Vh(Th,P0)þ�ÝK

6.3.3 P2-���

éuz��º:½ö¥:qi§Vh(Th,P2)¥�Ä¼êφi�

φi(x, y) = aki + bki x+ cki y + dki x
2 + eki xy + ffj y

2 for (x, y) ∈ Tk,
φi(q

i) = 1, φi(q
j) = 0 if i 6= j

ã6.1(b)¥'uº:qk1�Ä¼êφk1(x, y)d­%�I½Â�µ

φk1(x, y) = λk1(x, y)(2λk1(x, y)− 1)

�éu¥:qk2

φk2(x, y) = 4λk1(x, y)λk4(x, y)

éueã�{µ

Vh(Th,P2); Vh fh=f(x.y);

@o

fh = fh(x, y) =
M∑
i=1

f(qi)φi(x, y) (éu¤kº:Ú¥:¦Ú)

ã6.5=�f(x, y) = sin(πx) cos(πy)3 Vh(Th,P2)¥�ÝK"

6.4 P1 ������������

�ë�[23]±¼��õ[!"{ü5`§·�y3�Ä�ëY�O§Ïd·�¬��±e5�

wh ∈ Vh ⊂ H1(Ω)

éueã�{µ

Vh(Th,P1nc); Vh fh=f(x.y);

@o

fh = fh(x, y) =

nv∑
i=1

f(mi)φi(x, y) (éu¤k¥:¦Ú)
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ã 6.4: 3Vh(Th,P1)þ�ÝK ã 6.5: 3Vh(Th,P2)þ�

ùpφi´'u¥:m
i = (qki + qki+1)/2�Ä¼ê§Ù¥qki´Tk¥1i �:§¿�·�b�j =

3�j + 1 = 0§Kkµ

φi(x, y) = aki + bki x+ cki y for (x, y) ∈ Tk,
φi(m

i) = 1, φi(m
j) = 0 if i 6= j

î�5`∂φi/∂x, ∂φi/∂y�¹Dirac©Ùρδ∂Tk" 3ê�O�¥¬gÄ�À¦�" 3[23]¥§k'u
ù��O�y²µ (

nv∑
k=1

∫
Tk

|∇w −∇wh|2dxdy

)1/2

= O(h)

Ä¼êφkäk±eA�µ

1. éu(2.6)¥½Â�V�5/ªa§÷v

a(φi, φi) > 0, a(φi, φj) ≤ 0 if i 6= j
nv∑
k=1

a(φi, φk) ≥ 0

2. f ≥ 0⇒ uh ≥ 0

3. e i 6= j§Ä¼êφi�φj´L
2-���µ∫

Ω
φiφj dxdy = 0 if i 6= j

ù�éuP1-�´Ø¤á�"

ã6.6=�f(x, y) = sin(πx) cos(πy)3 Vh(Th,P1nc)¥�ÝK"

6.5 ÙÙÙ¦¦¦���FE-���mmm

éun�/Tk ∈ Th§ �λk1(x, y), λk2(x, y), λk3(x, y)n�/�«��I£�ã6.1¤§�ò

βk(x, y) = 27λk1(x, y)λk2(x, y)λk3(x, y) (6.23)

¡�Tkþ�bubble¼ê" bubble¼êäk±e5�µ
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ã 6.6: 3Vh(Th,P1nc)þ�ÝK ã 6.7: 3Vh(Th,P1b)þ�ÝK

1. βk(x, y) = 0 e (x, y) ∈ ∂Tk.

2. βk(q
kb) = 1 �qkb´­% qk1+qk2+qk3

3 .

éueã�{µ

Vh(Th,P1b); Vh fh=f(x.y);

@o

fh = fh(x, y) =

nv∑
i=1

f(qi)φi(x, y) +

nt∑
k=1

f(qkb)βk(x, y)

ã6.7=�f(x, y) = sin(πx) cos(πy)3 Vh(Th,P1b) ¥�ÝK"

6.6 ���þþþ...FE-¼¼¼êêê

lR2�RN�¼ê3N = 1��¡�Iþ¼ê§3 N > 1��¡��þ¼ê" �N = 2�

fespace Vh(Th,[P0,P1]) ;

�E�m
Vh = {w = (w1, w2)| w1 ∈ Vh(Th, P0), w2 ∈ Vh(Th, P1)}

6.6.1 Raviart-Thomas ���

3Raviart-Thomask�� RT0h¥§ gdÝ´ÏL��þ>e�Ïþ§Ù¥¼êf : R2 −→ R2�Ï
þ´

∫
e f .ne§ ne´>e�ü {�þ"

ùpÛ¹
��¥¤k>���§'X·�Ué>�à:?1�Û?Ò§,�l�������
��"
�
O�Ïþ§·�¦^��pd:=>�¥:5¦È"�Än�/Tk§§�n�º:�(a,b, c)"
·�-º:�?Ò�ia, ib, ic§�½Ân^>e1, e2, e3 �sgn(ib − ic)(b − c),sgn(ic − ia)(c − a),
sgn(ia − ib)(a− b)§
·���Ä¼êµ

φk1 =
sgn(ib − ic)

2|Tk|
(x− a), φk2 =

sgn(ic − ia)
2|Tk|

(x− b), φk3 =
sgn(ia − ib)

2|Tk|
(x− c), (6.24)
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Ù¥|Tk|´n�/Tk�¡È" XJ·��

Vh(Th,RT0); Vh [f1h,f2h]=[f1(x.y), f2(x, y)];

@o

fh = fh(x, y) =

nt∑
k=1

6∑
l=1

niljl |e
il |fjl(m

il)φiljl

Ù¥niljl´{�þnil�1jl�©þ§

{m1,m2,m3} =

{
b + c

2
,
a + c

2
,
b + a

2

}
�'ul�^S il = {1, 1, 2, 2, 3, 3}, jl = {1, 2, 1, 2, 1, 2}"

a

b

c

T

n
3

n
2

n
1

ã 6.8: z^>�{�þ

Example 6.1 mesh Th=square(2,2);
fespace Xh(Th,P1);
fespace Vh(Th,RT0);
Xh uh,vh;
Vh [Uxh,Uyh];
[Uxh,Uyh] = [sin(x),cos(y)]; // �þk��¼ê
vh= xˆ2+yˆ2; // vh
Th = square(5,5); // UC��

// Xh�UC
uh = xˆ2+yˆ2; // 3#�XhþO�
Uxh = x; // �Ø: Ø�U����þk��¼ê���©þ
vh = Uxh; // ok

// y3 uh ½Â3 5x5 ��þ
// �vh�k���m��3 2x2 ��þ

plot(uh,ps="onoldmesh.eps"); // ã 6.9
uh = uh; // 3 5x5 ��þé�5� vh ���

// 3 10x10 ��þ��#�vh.
plot(uh,ps="onnewmesh.eps"); // ã 6.10
vh([x-1/2,y])= xˆ2 + yˆ2; // �� vh = ((x− 1/2)2 + y2)

�
��FE¼êuh3:x = 1, y = 2?��§=[Uxh,Uyh]§�æ^Xe�{µ

real value;
value = uh(2,4); // �� value= uh(2,4)
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ã 6.9: vh Iso 32× 2���þ ã 6.10: vh Iso 35× 5���þ

value = Uxh(2,4); // �� value= Uxh(2,4)
// ------ or ------

x=1;y=2;
value = uh; // �� value= uh(1,2)
value = Uxh; // �� value= Uxh(1,2)
value = Uyh; // �� value= Uyh(1,2).

�
��FE¼ê�A���þuh§�æ^Xe�{µ

real value = uh[][0] ; // ��0gdÝ��
real maxdf = uh[].max; // gdÝ����
int size = uh.n; // gdÝ�ê
real[int] array(uh.n)= uh[]; // E�¼ê uh �ê|

Note 6.2 éu���Iþ¼ê[Uxh,Uyh]§ü���þUxh[]�Uyh[]´���§Ï�gdÝU
�9��±þ�©þ"

6.7 ¯̄̄���kkk������������

3¢S¥§·�I�^k���{5lÑC©�§"eéu�Ω1k����§éu�Ω2 ´
,����"O�½Â3ØÓ��þ�¼ê¦È�È©´(J�§ù�3¦È:I�^�l
�����,�����¦ÈúªÚ��"e¡·�Ð«8c�¦^��#���f" �

T 0
h = ∪kT 0

k , T 1
h = ∪kT 1

k ´«� Ω�ü�n�/y¿©" 2�

V (T ih) = {C0(Ωi
h) : f |T i

k
∈ P0}, i = 0, 1

´z�n�/þëY©ã��¼ê|¤��m"

-f ∈ V (T 0
h )"¯K3ué�g ∈ V (T 1

h )¦�

g(q) = f(q) ∀q vertex of T 1
h
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¦+ù�¯Kwå5é{ü§�¢Sþ%éJé���k���{" ·�JÑ��E,Ý
´N1 logN0��{§Ù¥N i´T ihº:��ê§ù��{3�õê¢S2DA^�Ñé¯�"

���{{{
ù��{©�5Ú" �m©�E��o�ä§�)�� T 0

h�¤kº:§¦�3z��ª��f
¥T 0

h�º:Ñ��k��§�õko�"
éuz��q1§T 1

h�º:�Xeö�µ

111���ÚÚÚ éÑ�¹q1�o�ä�ª��"

111���ÚÚÚ éÑT�¥lq1�C�q0
j"

111nnnÚÚÚ éÑ��±q0
j�º:�n�/"

111oooÚÚÚ éÑ­%�I {λj}j=1,2,3 of q1 in T 0
k"

� − XJ¤k�­%�IÑ´��§a�1ÊÚ"

� − e�3��K�­%�Iλi§^éAq0
i��Cn�/O�§,�a�1oÚ"

� − e�3ü�K�­%�I§�Å�Ù¥��§Úþ¡��O�KT 0
k"

111ÊÊÊÚÚÚ ÏLf��5��O�3T 0
kþ�g(q1)µ

g(q1) =
∑

j=1,2,3

λjf(q0
j )

End

ã 6.11: �
3q0:��§I��¹q0�n�/�&E"ù��{�Ulq1 ∈ T 0
km©§

�Ê¢3>.£o�¤§Ï�� q0q1Ø3Ω�¥"�´XJ��´n�/�£:�¤§@
où�¯KÒØ¬Ñy"

kü�¯KI�)ûµ

� XJq1Ø3Ω0
h¥º @o1ÊÚ¬Ê�3>.n�/þ"¤±·�\�Ú§ÿÁq

1�ü��
C>.�ål¿ÀJ�C���§±daí��ålO�"
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� XJΩ0
h�à�1oÚ£½3
>.þº ÏL�ïDelaunay-Voronöı��[�Uò«�º:

|¤�à�n�/z"¤±·�(�ù�&EØ¬3�ïT 0
h , T 1

h�¿�§¿�·�ò«�	
�n�/�±3AÏ�Lp"Ïd31ÊÚ¥§XkI�·��±ëì�LaL�"

Note 6.3 k�3AÏ�¹e§��L§¬�L,
:§�±ÏL�ÛCþ searchMethod5UC
|¢�{"

searchMethod=0; // ¯�|¢�{�%@�
searchMethod=1; // S�|¢�{, 3�L:��¹e, ¦^r�Ãã

// £´w: �:3«�	�, ù«�{éÑ¤$�þ¤
searchMethod=2; // o´¦^r�Ãã, �~Ñ¤$�þ

Note 6.4 1nÚI�����§¦�z��º:��y©¥���n�/"

Note 6.5 $�Î= ´ FreeFem++ ¥���ÎÒ§ëYk�¼êÏLëY5�òÿ��«�±
	"
w�e¡�~f"

mesh Ths= square(10,10);
mesh Thg= square(30,30,[x*3-1,y*3-1]);
plot(Ths,Thg,ps="overlapTh.eps",wait=1);
fespace Ch(Ths,P2); fespace Dh(Ths,P2dc);
fespace Fh(Thg,P2dc);
Ch us= (x-0.5)*(y-0.5);
Dh vs= (x-0.5)*(y-0.5);
Fh ug=us,vg=vs;
plot(us,ug,wait=1,ps="us-ug.eps"); // Xã 6.12
plot(vs,vg,wait=1,ps="vs-vg.eps"); // Xã 6.13

ã 6.12: ëY�FE¼ê�òÿ

ã 6.13: ØëY�FE¼ê�òÿ, ëì´w
6
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6.8 '''���cccµµµProblem ��� Solve

3FreeFem++ ¥§¯KdC©/ª�Ñ§
Ïd§·�I���V�5N�a(u, v) §���5N� `(f, v)§
�U��\þ��>.^�"

problem P(u,v) =
a(u,v) - `(f,v)
+ (>.^�);

Note 6.6 �\�ÏLúªLã¯K�Ó��¦)§@�±^�'�csolve"

6.8.1 fff///ªªª���>>>...^̂̂���

�
ÐyC©úª£½½ �©�§�f/ª¤��n§·�Þ��~��¯K5`²µäk
Dirichlet � Robin >.^��Poisson �§"
.
¯Kµé��½Â3Rd (d = 2, 3)«�Ω þ�¼êu§¦�±e�§¤áµ

−∇.(κ∇u) = f, in Ω, au+ κ
∂u

∂n
= b on Γr, u = g on Γd (6.25)

Ù¥

� e d = 2 §@o ∇.(κ∇u) = ∂x(κ∂xu) + ∂y(κ∂yu) ¿� ∂xu = ∂u
∂x ∂yu = ∂u

∂y

� e d = 3 @o ∇.(κ∇u) = ∂x(κ∂xu) + ∂y(κ∂yu) + ∂z(κ∂zu) ¿� ∂xu = ∂u
∂x , ∂yu = ∂u

∂y §

∂zu = ∂u
∂z

� >. Γ = ∂Ω �©�¤Ø���üÜ©µ Γd � Γn =µ Γd ∩ Γn = ∅ ¿� Γd ∪ Γn = ∂Ω,

� κ ´���½���¼ê, ¦� ∃κ0 ∈ R, 0 < κ0 ≤ κ

� a ´���½��K¼ê

� b ´���½�¼ê

Note 6.7 e a = 0§�Γd��8§K±þ=�~��Neumann>.^�" 3d^�e§�k¼ê
��ê�3¯K¥Ñy
§¤±�§�)����~ê�"£=§eu���)§Ku + c �´�
�)"¤

Pv´��3Γdþ���0 ��KÿÁ¼ê"d©ÜÈ©§·�kµ

−
∫

Ω
∇.(κ∇u) v dω =

∫
Ω
κ∇v.∇u dω −

∫
Γ
vκ
∂u

∂n
dγ,=

∫
Ω
fv dω (6.26)

Ù¥§e d = 2 Kk ∇v.∇u = (∂u∂x
∂v
∂x + ∂u

∂y
∂v
∂y ) , e d = 3 Kk ∇v.∇u = (∂u∂x

∂v
∂x + ∂u

∂y
∂v
∂y + ∂u

∂z
∂v
∂z ) ,

n �∂Ω�ü 	{�þ" y3§·�kµ3 Γr þ§κ
∂u
∂n = −au + g ¶3 Γd þ§ v = 0§Ù¥

∂Ω = Γd ∪ Γn =

−
∫
∂Ω
vκ
∂u

∂n
=

∫
Γr

auv −
∫

Γr

bv
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@o§¯K=z�µ é u ∈ Vg = {v ∈ H1(Ω)/v = g on Γd} ¦�∫
Ω
κ∇v.∇u dω +

∫
Γr

auv dγ =

∫
Ω
fv dω +

∫
Γr

bv dγ, ∀v ∈ V0 (6.27)

Ù¥ V0 = {v ∈ H1(Ω)/v = 0 on Γd}
Ø
3Neumann^�e§�κ ≥ κ0 > 0�§¯K (6.27¤´·½�"

Note 6.8 e·��kNeumann>.^�§d�5�ê��£�±��§�k3�ªm>Ü©��
f�Ø���§�§�)�3"ù��N5^���«Lã�ª�µ∫

Ω
f dω +

∫
Γ
b dγ = 0


¦ÑTð�ª��«�ªÒ´¦) u ∈ H1(Ω) ¦�:∫
Ω
εuv dω + κ∇v.∇u dω =

∫
Ω
fv dω +

∫
Γr

bv dγ, ∀v ∈ H1(Ω) (6.28)

Ù¥ ε ´��é��ëê £ ∼ 10−10 ¤"
5¿�§e)´1

ε��§@o�N5^�´Ø÷v�",	§·��)k
∫

Ω u = 0§@oÖö��
±ÏLV\Lagrange¦f�¦)y¢�êÆ¯K"
£~µ examples++-tutorial/Laplace-lagrange-mult.edp ¤

3 FreeFem++¥§ ��¯K (6.27) C�

problem Pw(u,v) =
int2d(Th)( kappa*( dx(u)*dx(u) + dy(u)*dy(u)) ) //

∫
Ω
κ∇v.∇u dω

+ int1d(Th,gn)( a * u*v ) //
∫

Γr
auv dγ

- int2d(Th)(f*v) //
∫

Ω
fv dω

- int1d(Th,gn)( b * v ) //
∫

Γr
bv dγ

+ on(gd)(u= g) ; // u = g on Γd

Ù¥ Th ´��«�Ω¥�����§ gd Úgn©O�L>.Γd Ú Γn"
n�¯K £6.27¤=��

macro Grad(u) [dx(u),dy(u),dz(u) ] // ½Â÷µn��FÝ¼ê£Grad¤
%EOM : definition of the 3d Grad macro
problem Pw(u,v) =

int3d(Th)( kappa*( Grad(u)’*Grad(v) ) ) //
∫

Ω
κ∇v.∇u dω

+ int2d(Th,gn)( a * u*v ) //
∫

Γr
auv dγ

- int3d(Th)(f*v) //
∫

Ω
fv dω

- int2d(Th,gn)( b * v ) //
∫

Γr
bv dγ

+ on(gd)(u= g) ; // u = g on Γd

Ù¥Ù¥ Th ´n�«�Ω¥�����§ gd Úgn©O�L>.Γd Ú Γn"

6.9 ëëëêêêééé solve 999 problem ���KKK���

ëê�)µFE¼ê´¢¼ê½E¼ê§ëê��ê n´óê(n = 2∗k)§ck �¼ê�ëê��§
�k�¼ê�ÿÁ¼ê"

Note 6.9 eù
¼ê´�þ�FE§@o·�7L�4¤k�¼êÑäk��þFE�Ó��"
£~XµlaplaceMixte¯K¤
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Note 6.10 Ø�· ¢�ÚE�FE¼ê"

Bug: 1 äkØÓ±Ï>.^�� fespace´Ø�· "¤±3��¯K¥�¤kÿÁ¼êÚ�
�¼êÑ7Läk�Óa.�±Ï>.^�½äk�±Ï>.^�"£§S6�ØUéù�¯K
�Ñ²(��Ø�«&E§�¬w«/���Ø0§�k"¤

ù
ëê�:

solver= LU, CG, Crout,Cholesky,GMRES,sparsesolver, UMFPACK ...

XÚ%@� solver´ sparsesolver£3vkÙ§sparse solver�½Âe�Óu UMFPACK¤
½��½� LU £evkÜ·�sparse solver�^"¤ d3�5XÚ�Ý
��;�ª�6
usolver/ª�À�"éuLU§Ý
´sky-line �é¡�¶éuCrout§Ý
´sky-lineé¡
�¶éu Cholesky§Ý
´sky-line!é¡��½�¶CG§Ý
´DÕ!é¡��½�¶

éu GMRES, sparsesolver ½ UMFPACK§Ý
==�´DÕ�"

eps= ¢L�ª" ε �S��{£~µCG¤�Ê�^�"5¿�§eε´K�§@oÊ�^�C
�µ

||Ax− b|| < |ε|

e§��§@oÊ�^��µ

||Ax− b|| < |ε|
||Ax0 − b||

init= Boolean L�ª§e�0§KÝ
­�"5¿�§e��Cz
§@oÝ
��­�"

precon= ý?nóä�¼ê�¶¡"£XµP¤ P¼ê��.�µ

func real[int] P(real[int] & xx) ;

tgv= ¿©��ê (1030) ^±¢y Dirichlet>.^�"`²� 161 �"

tolpivot= �½UMFPACK (10−1)�¥%Ø�§±9 LU! Crout!Cholesky ©) (10−20)�Ø
�"

tolpivotsym= �½UMFPACKXÚ�¥%Ø�"

strategy= ��UMFPACK��NüÑ £0 �%@�¤"

6.10 ¯̄̄KKK£££ããã

3�!¥§v���¼ê§w�ÿÁ¼ê"
3 ”=”��ý§´±eëê�Úµ

� I£Î¶cãCþ/ª£a.µ(type varf )¤�Ú¡§±��EA^" 5¿�§/varf0
e§ ���ÿÁ¼ê�¶¡®�¢#§·��ÐÏLëê�L¥�ù�·-§�C++ ¥�
@�§�£Áå¼ê¶"�note 6.15

� V�5.���µeK´���½�¼ê"

� éun�Th�V�5Ü©µ
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- int3d(Th)( K*v*w) =
∑
T∈Th

∫
T
K vw

- int3d(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
T
K vw

- int2d(Th)( K*v*w) =
∑
T∈Th

∫
T
K vw

- int2d(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
T
K vw

- int2d(Th,2,5)( K*v*w) =
∑
T∈Th

∫
(∂T∪Γ)∩(Γ2∪Γ5)

K vw

- int2d(Th,levelset=phi)( K*v*w) =
∑
T∈Th

∫
T,φ=0

K vw

- int2d(Th,1,levelset=phi)( K*v*w) =
∑

T∈Th,T⊂Ωl

∫
T,φ=0

K vw

- intalledges(Th)( K*v*w) =
∑

T∈Th,T⊂Ωl

∫
∂T
K vw

- intalledges(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
∂T
K vw

- §�édFreeFem++ �E�matrixa.�DÕÝ
k�^§ÃØù
Ý
´Ä²(
(²´dFreeFem++ �E�"

� éu��Th�V�5Ü©µ

- int2d(Th)( K*v*w) =
∑
T∈Th

∫
T
K vw

- int2d(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
T
K vw

- int1d(Th)( K*v*w) =
∑
T∈Th

∫
T
K vw

- int1d(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
T
K vw

- int1d(Th,2,5)( K*v*w) =
∑
T∈Th

∫
(∂T∪Γ)∩(Γ2∪Γ5)

K vw

- int1d(Th,levelset=phi)( K*v*w) =
∑
T∈Th

∫
T,φ=0

K vw

- int1d(Th,1,levelset=phi)( K*v*w) =
∑

T∈Th,T⊂Ωl

∫
T,φ=0

K vw

- intalledges(Th)( K*v*w) =
∑

T∈Th,T⊂Ωl

∫
∂T
K vw
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- intalledges(Th,1)( K*v*w) =
∑

T∈Th,T⊂Ω1

∫
∂T
K vw

- §�édFreeFem++ �E�matrixa.�DÕÝ
k�^§ÃØù
Ý
´Ä²(
(²´dFreeFem++ �E�"

� 3�PDE�mà§�5/ª�µéu�½� K, fµ

- int3d(Th)( K*w) =
∑
T∈Th

∫
T
K w

- int3d(Th)( K*w) =
∑
T∈Th

∫
T
K w

- int2d(Th,2,5)( K*w) =
∑
T∈Th

∫
(∂T∪Γ)∩(Γ2∪Γ5)

K w

- intalledges(Th)( f*w) =
∑
T∈Th

∫
∂T
f w

- real[int] a.��þ

� 2�PDE�mà§�5/ª�µéu�½� K, fµ

- int2d(Th)( K*w) =
∑
T∈Th

∫
T
K w

- int2d(Th)( K*w) =
∑
T∈Th

∫
T
K w

- int1d(Th,2,5)( K*w) =
∑
T∈Th

∫
(∂T∪Γ)∩(Γ2∪Γ5)

K w

- intalledges(Th)( f*w) =
∑
T∈Th

∫
∂T
f w

- real[int] a.��þ

� >.^�� :

– ��/on0Iþ/ª£Dirichlet^�¤ on(1, u = g )

=§éuI�”1”�>.þ�¤kgdÝ i§Ý
�é��aii = tgv£ terrible geant val-
ue tgv (=1030§ XÚ%@�)¤ §mà�b[i] = ”(Πhg)[i]”× tgv,Ù¥§”(Πhg)g[i]”�
�\¼ê g�>.�\!:�" 5¿�§etgv < 0§·�rÝ
1 i1þØ
é��
�¤k�C� 0§ aii = 1§ b[i] = ”(Πhg)[i]” £3.10�±þ¤

– ��/on0�þ/ª£Dirichlet^�¤ : on(1,u1=g1,u2=g2) éu�þk�
�§XRT0§�þ�ü�©þ´ÍÜ�§@okµ b[i] = ”(Πh(g1, g2))[i]” × tgv, Ù¥
Πh ��þk����"

– Γþ��5�£2��Neumann^�¤ -int1d(Th))( f*w) ½ -int1d(Th,3))(
f*w)

– Γ½ Γ2þ�V�5.(2��Robin^�) int1d(Th))( K*v*w) or int1d(Th,2))(
K*v*w)

– Γþ��5�£3��Neumann^�¤ -int2d(Th))( f*w) ½ -int2d(Th,3))(
f*w)
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– Γ½ Γ2þ�V�5.(3��Robin^�) int2d(Th))( K*v*w) ½ int2d(Th,2))(
K*v*w)

Note 6.11

� eI�§ØÓ«a��3Üª¥�±Ñy�L�g"

� k�5/ªe§È©���±Ú�ÿÁ¼ê½��¼ê'é���ØÓ

� N.x, N.y Ú N.z Ñ´{�©þ"

­­­:::: �5Ü©ÚV�5Ü©Ø�±�3Ó��È©e§X int1d(Th)( K*v*w - f*w) "

6.11 êêê���ÈÈÈ©©©

PD´N�k.«�"éu?¿�r�õ�ªf§eUé�AÏ�£��¤�þ ξj , j = 1, · · · , J
3D¥§±9£¦È¤~êωj§¦�∫

D
f(x) =

L∑
`=1

c`f(ξ`) (6.29)

dd§�±ÚÑØ��Oª£ë�Crouzeix-Mignot (1984)¤§@o�3��~êC > 0¦�§∣∣∣∣∣
∫
D
f(x)−

L∑
`=1

ω`f(ξ`)

∣∣∣∣∣ ≤ C|D|hr+1 (6.30)

éuDþ?¿r + 1�ëY¼êf ,P D��»�h§|D|�§���" £�ã[qiqj ] þ��:½Â�

{(x, y)| x = (1− t)qix + tqjx, y = (1− t)qiy + tqjy, 0 ≤ t ≤ 1}”

éu«� Ωh =
∑nt

k=1 Tk, Th = {Tk}, �±ÏLXe�ªO�3Γh = ∂Ωhþ�È©∫
Γh

f(x)ds = int1d(Th)(f)

= int1d(Th,qfe=*)(f)

= int1d(Th,qforder=*)(f)

Ù¥ * �¦Èúª�¶¡½Gauss¦Èúª��"

>.þ�¦Èúª

L (qfe=) qforder= point in [qiqj ](= t) ω` exact on Pk, k =

1 qf1pE 2 1/2 |qiqj | 1

2 qf2pE 3 (1±
√

1/3)/2 |qiqj |/2 3

3 qf3pE 6 (1±
√

3/5)/2 (5/18)|qiqj | 5
1/2 (8/18)|qiqj |

4 qf4pE 8 (1±
√

525+70
√

30
35 )/2. 18−

√
30

72 |qiqj | 7

(1±
√

525−70
√

30
35 )/2. 18+

√
30

72 |qiqj |

5 qf5pE 10 (1±
√

245+14
√

70
21 )/2 322−13

√
70

1800 |qiqj | 9
1/2 64

225 |q
iqj |

(1±
√

245−14
√

70
21 )/2 322+13

√
70

1800 |qiqj |
2 qf1pElump 2 0 |qiqj |/2 1

+1 |qiqj |/2
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Ù¥ |qiqj | ��ã qiqj��Ý" �âL�/10§éu Γh¥��Ü©Γ1§�±ÏLXe�ªO�
3Γ1þ�È©

∫
Γ1

f(x, y)ds = int1d(Th,1)(f)

= int1d(Th,1,qfe=qf2pE)(f)

Γ1, Γ3þ�È©�µ

∫
Γ1∪Γ3

f(x, y)ds = int1d(Th,1,3)(f)

éuz�n�«� Tk = [qk1qk2qk3 ]§ Tk¥�:P (x, y)§d¡È�I£area coordinate¤C�L«
¤P (ξ, η)µ

|Tk| =
1

2

∣∣∣∣∣∣
1 qk1

x qk1
y

1 qk2
x qk2

y

1 qk3
x qk3

y

∣∣∣∣∣∣ D1 =

∣∣∣∣∣∣
1 x y
1 qk2

x qk2
y

1 qk3
x qk3

y

∣∣∣∣∣∣ D2 =

∣∣∣∣∣∣
1 qk1

x qk1
y

1 x y
1 qk3

x qk3
y

∣∣∣∣∣∣ D3 =

∣∣∣∣∣∣
1 qk1

x qk1
y

1 qk2
x qk2

y

1 x y

∣∣∣∣∣∣
ξ =

1

2
D1/|Tk| η =

1

2
D2/|Tk| then 1− ξ − η =

1

2
D3/|Tk|

éu��«�½ön��m�>.«� Ωh =
∑nt

k=1 Tk, Th = {Tk}, �±ÏLXe�ªO�3Ωhþ
�È©

∫
Ωh

f(x, y) = int2d(Th)(f)

= int2d(Th,qft=*)(f)

= int2d(Th,qforder=*)(f)

Ù¥ * �¦Èúª�¶¡½Gauss¦Èúª��"
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n�«�þ�¦Èúª

L qft= qforder= point in Tk ω` exact on Pk, k =

1 qf1pT 2
(

1
3 ,

1
3

)
|Tk| 1

3 qf2pT 3
(

1
2 ,

1
2

)
|Tk|/3 2(

1
2 , 0
)

|Tk|/3(
0, 1

2

)
|Tk|/3

7 qf5pT 6
(

1
3 ,

1
3

)
0.225|Tk| 5(

6−
√

15
21 , 6−

√
15

21

)
(155−

√
15)|Tk|

1200(
6−
√

15
21 , 9+2

√
15

21

)
(155−

√
15)|Tk|

1200(
9+2
√

15
21 , 6−

√
15

21

)
(155−

√
15)|Tk|

1200(
6+
√

15
21 , 6+

√
15

21

)
(155+

√
15)|Tk|

1200(
6+
√

15
21 , 9−2

√
15

21

)
(155+

√
15)|Tk|

1200(
9−2
√

15
21 , 6+

√
15

21

)
(155+

√
15)|Tk|

1200

3 qf1pTlump (0, 0) |Tk|/3 1
(1, 0) |Tk|/3
(0, 1) |Tk|/3

9 qf2pT4P1
(

1
4 ,

3
4

)
|Tk|/12 1(

3
4 ,

1
4

)
|Tk|/12(

0, 1
4

)
|Tk|/12(

0, 3
4

)
|Tk|/12(

1
4 , 0
)

|Tk|/12(
3
4 , 0
)

|Tk|/12(
1
4 ,

1
4

)
|Tk|/6(

1
4 ,

1
2

)
|Tk|/6(

1
2 ,

1
4

)
|Tk|/6

15 qf7pT 8 [!ëw [38] 7

21 qf9pT 10 [!ëw[38] 9

éun�«� Ωh =
∑nt

k=1 Tk, Th = {Tk}, �±ÏLXe�ªO�3Ωhþ�È©∫
Ωh

f(x, y) = int3d(Th)(f)

= int3d(Th,qfV=*)(f)

= int3d(Th,qforder=*)(f)

Ù¥ * �¦Èúª�¶¡½Gauss¦Èúª��"

o¡Nþ�¦Èúª

L qfV= qforder= point in Tk ∈ R3 ω` exact on Pk, k =

1 qfV1 2
(

1
4 ,

1
4 ,

1
4

)
|Tk| 1

4 qfV2 3 G4(0.58 . . . , 0.13 . . . , 0.13 . . .) |Tk|/4 2

14 qfV5 6 G4(0.72 . . . , 0.092 . . . , 0.092 . . .) 0.073 . . . |Tk| 5
G4(0.067 . . . , 0.31 . . . , 0.31 . . .) 0.11 . . . |Tk|
G6(0.45 . . . , 0.045 . . . , 0.45 . . .) 0.042 . . . |Tk|

4 qfV1lump G4(1, 0, 0) |Tk|/4 1
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Ù¥§3 a+ 3b = 1e§ G4(a, b, b)´3­%�Ie�±eo�:�8Üµ

{(a, b, b, b), (b, a, b, b), (b, b, a, b), (b, b, b, a)}

32a+ 2b = 1 e§ G6(a, b, b)´3­%�Ie�±e8�:�8Üµ

{(a, a, b, b), (a, b, a, b), (a, b, b, a), (b, b, a, a), (b, a, b, a), (b, a, a, b)}.

Note 6.12 o¡N¦Èúªëìu http://www.cs.kuleuven.be/˜nines/research/ecf/
mtables.html

Note 6.13 %@�¹e§·�3n�«�½>.£þãn�L�¥�çNi¤þ^¦^5�õ�
ª"

ÏL$^��"qf11to25"§¦�3�ã!n�«�½o¡Nþ�EAk�¦Èúª¤�
�
U"3D��m�¦Èúª´��3Nq × (D + 1)þ����þ§÷v3i = 0, ..., Np − 1�þ

�D + 1���wi, x̂i1, ..., x̂
i
D§Ú 1−

∑D
k=1 x̂

i
k§Ù¥w

i´���þ��­§x̂i1, ..., x̂
i
D´���þ�

­%�I"

// ÿÁ^ ... £�� 3.19-1¤
load "qf11to25" // 1\��

// �ãþ¦È
real[int,int] qq1=[

[0.5,0],
[0.5,1]];

QF1 qf1(1,qq1); // ½Â3�ãþ�¦Èúªqf1
// 5¿:

// 3õ�ª�Ý�u1�§1´¦È��
%% 1 is the order of the quadrature exactºº for polynome of degree < 1)
%% except for?

// n�«�þ¦È
real[int,int] qq2=[

[1./3,0,0],
[1./3.,1,0],
[1./3.,0,1]];

QF2 qf2(1,qq2); // ½Â3n�«�þ�¦Èúªqf2
// remark:

// 3õ�ª�Ý�u1�§1´¦È��
// ¤±7Lk =⇒

∑
wi = 1

// o¡Nþ¦È
real[int,int] qq3=[

[1./4,0,0,0],
[1./4.,1,0,0],
[1./4.,0,1,0],
[1./4.,0,0,1]];

QF3 qf3(1,qq3); // ½Â3o¡Nþ�¦Èúªqf3
// remark:

http://www.cs.kuleuven.be/~nines/research/ecf/mtables.html
http://www.cs.kuleuven.be/~nines/research/ecf/mtables.html
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// 3õ�ª�Ý�u1�§1´¦È��

// 31dÚ2d��y..
real I1 = int1d(Th,qfe=qf1)(xˆ2) ;
real I1l = int1d(Th,qfe=qf1pElump)(xˆ2) ;

real I2 = int2d(Th,qft=qf2)(xˆ2) ;
real I2l = int2d(Th,qft=qf1pTlump)(xˆ2) ;

cout << I1 << " == " << I1l << endl;
cout << I2 << " == " << I2l << endl;
assert( abs(I1-I1l) < 1e-10);
assert( abs(I2-I2l) < 1e-10);

ÑÑ�

1.67 == 1.67
0.335 == 0.335

6.12 CCC©©©///ªªª§§§DDDÕÕÕÝÝÝ


§§§PDEêêêâââ���þþþ

3 FreeFem++ ¥§�±½ÂC©/ª§¿dd�EÝ
Ú�þ±9�;§�5\���$1
£ù�U¯4�¤" ±¦)Ù!3.4¥�9D��~µ C©/ª½Â3L2(0, T ;H1(Ω))�mþ¶5
¿� un ÷v

∀w ∈ V0;

∫
Ω

un − un−1

δt
w + κ∇un∇w) +

∫
Γ
α(un − uue)w = 0

Ù¥ V0 = {w ∈ H1(Ω)/w|Γ24
= 0}.

A^Ý
A = (Aij), M = (Mij)Ú�þu
n, bn, b′, b”, bclò¯K§ªzµ £5µe w��þ§@o

wi��þ�©þ¤

un = A−1bn, b′ = b0 +Mun−1, b” =
1

ε
bcl, bni =

{
b”i if i ∈ Γ24

b′i else if 6∈ Γ24
(6.31)


éu 1
ε = tgv = 1030 :

Aij =


1
ε if i ∈ Γ24, andj = i∫

Ω
wjwi/dt+ k(∇wj .∇wi) +

∫
Γ13

αwjwi else if i 6∈ Γ24, orj 6= i
(6.32)

Mij =


1
ε if i ∈ Γ24, andj = i∫

Ω
wjwi/dt else if i 6∈ Γ24, orj 6= i

(6.33)

b0,i =

∫
Γ13

αuuewi (6.34)

bcl = u0 the initial data (6.35)

// ©� thermal-fast.edp 3©�Y examples++-tutorial¥

func fu0 =10+90*x/6;
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func k = 1.8*(y<0.5)+0.2;

real ue = 25. , alpha=0.25, T=5, dt=0.1 ;

mesh Th=square(30,5,[6*x,y]);
fespace Vh(Th,P1);

Vh u0=fu0,u=u0;

ïán�C©¼ê§Ó��EÝ
 A,M .

varf vthermic (u,v)= int2d(Th)(u*v/dt + k*(dx(u) * dx(v) + dy(u) * dy(v)))

+ int1d(Th,1,3)(alpha*u*v) + on(2,4,u=1);

varf vthermic0(u,v) = int1d(Th,1,3)(alpha*ue*v);

varf vMass (u,v)= int2d(Th)( u*v/dt) + on(2,4,u=1);

real tgv = 1e30;

matrix A= vthermic(Vh,Vh,tgv=tgv,solver=CG);

matrix M= vMass(Vh,Vh);

y3§�
�ï�ª�m>§·�I�4��þ"

real[int] b0 = vthermic0(0,Vh); // RHS�~êÜ©

real[int] bcn = vthermic(0,Vh); // �Dirichlet>.þ!:��tgv�§( !=0 )

// =§éu!: i : i ∈ Γ24 ⇔ bcn[i] 6= 0

real[int] bcl=tgv*u0[]; // Dirichlet>.^�

Note 6.14 >.^� ´d¨v�{¢y�§ ��þ bcn �¹
>.^� u=1 �&E§ Ïd§
e�UC>.^�§ ·��I�r#>.þ�c�f�Å�/^$�Î.*.¦±bc[]Ò1
" 9.6.2
Examples++-tutorial/StokesUzawa.edp �Ñ
$^ù
A����¢~"

�#���{Xe:

ofstream ff("thermic.dat");

for(real t=0;t<T;t+=dt){

real[int] b = b0 ; // é RHS 
ó

b += M*u[]; // \þ�mÕá�Ü©

// £½>.Ü©:

b = bcn ? bcl : b ; // �1 ∀i: b[i] = bcn[i] ? bcl[i] : b[i] ;

u[] = Aˆ-1*b;

ff << t <<" "<<u(3,0.5)<<endl;

plot(u);

}

for(int i=0;i<20;i++)

cout<<dy(u)(6.0*i/20.0,0.9)<<endl;
plot(u,fill=true,wait=1,ps="thermic.eps");



168 16Ù k��

Note 6.15 ^ varf ½Â�C©/ª¥�¼ê´/ª�!ÛÜ�§��­��¯KÒ´ëê�^
S§X

varf vb1([u1,u2],q) = int2d(Th)( (dy(u1)+dy(u2)) *q) + int2d(Th)(1*q);

varf vb2([v1,v2],p) = int2d(Th)( (dy(v1)+dy(v2)) *p) + int2d(Th)(1*p);

e�ÏL^ varf a½Â�C©/ª a ¥�V�5Ü©5ïáÝ
 A §�I��e±e��èµ

A = a(Vh,Wh [, ...] );

// ùp

// Vh ´ "fespace" a ���§�L¹kT�êþ©¬���«�

// Wh ´ "fespace" a ���§�L¹kT�êþ©¬�ÿÁ«�

3 " [, ... ] " ¥�U�·¶ëêk

solver= LU, CG, Crout, Cholesky, GMRES, sparsesolver, UMFPACK ...

"��� GMRES.

þã�5XÚ�Ý
^Û«�ª�;�ûu¦)��{"é LU �{§Ý
´1÷�!�é
¡�§é Crout �{§Ý
´1÷�!é¡�§é Cholesky �{§Ý
´1÷�!é¡
�½�§é CG �{§Ý
´DÕ!é¡�½�§éGMRES§ sparsesolver ½ UMFPACK
�{§Ý
=´DÕ�"

factorize = true§KéLU, Cholesky ½ Crout§�Ý
©)§"��� false"

eps= ��¢êL«. ε �X CG �a�S��{(½
ª�^�"e ε �Kê§Kª�^��µ

||Ax− b|| < |ε|

e��êK�µ

||Ax− b|| < |ε|
||Ax0 − b||

precon= ��ý^��¼ê¶£XP¤" IO�¼ê P �·¶7L´

func real[int] P(real[int] & xx) ;

tgv= ��1Dirichlet>.^�
�����(1030) "

tolpivot= ��Ý
Ì��NN�§©O�µUMFPACK (10−1) ±9 LU§ Crout§ Cholesky ©
) (10−20)"

tolpivotsym= �� UMFPACK �{¥é¡Ì��NN�"

strategy= ���ê UMFPACK �{ £"���0¤"

Note 6.16 Ý
�1� Wh�mk'§Ý
��� Vh�mk'"
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e�ÏLC©/ª a ��5Ü©�ïéó�þ b £a.�real[int]¤§�IXe½Â

real b(Vh.ndof);
b = a(0,Vh);

O��� Th¥�n�¡ K �¡È§1��~f�µ

fespace Nh(Th,P0); // �m¥�¼êµ~�/n�
Nh areaK;
varf varea(unused,chiK) = int2d(Th)(chiK);
etaK[]= varea(0,Ph);

ù�´ék��§Ï��m Nh¥�Ä¼ê§�´�� Th����A�¼ê§¿�eIÒ´��
�?Ò§¤±k±e�ªµ

etaK[i] =

∫
1|Ki

=

∫
Ki

1;

y3§·��±^d5O�Ø���§�X~ AdaptResidualErrorIndicator.edp§
Xexamples++-tutorial ©�¤«"
ÄkO�¼ê h ���ëY%C§ù´�� Th �/�Ý����0"

fespace Vh(Th,P1);
Vh h ;
real[int] count(Th.nv);
varf vmeshsizen(u,v)=intalledges(Th,qfnbpE=1)(v);
varf vedgecount(u,v)=intalledges(Th,qfnbpE=1)(v/lenEdge);

// O�����
// -----------------------------

count=vedgecount(0,Vh); // >./º:�êþ
h[]=vmeshsizen(0,Vh); // >./º:�o�Ý
h[]=h[]./count; // >./º:�²þ�Ý

O�Poisson�§�Ø���µ

ηK =

∫
K
h2
K |(f + ∆uh)|2 +

∫
∂K

he|[
∂uh
∂n

]|2

ùp§hK ´��>.��Ý ( hTriangle), he ´�c>.��Ý ( lenEdge), n ´~ê"

fespace Nh(Th,P0); // �m¥�¼êµ~�/n�
Nh etak;

varf vetaK(unused,chiK) =
intalledges(Th)(chiK*lenEdge*square(jump(N.x*dx(u)+N.y*dy(u))))

+int2d(Th)(chiK*square(hTriangle*(f+dxx(u)+dyy(u))) );

etak[]= vetaK(0,Ph);

3"��¹e§·�kgÄ�`zL�ªexpression optimization §eù«`z�{�)
¯K§
�±^'�c optimize5'4§§Xe~µ

varf a(u1,u2)= int2d(Th,optimize=false)( dx(u1)*dx(u2) + dy(u1)*dy(u2) )
+ on(1,2,4,u1=0) + on(3,u1=1) ;

5¿§·��±ïá��Ý
§ Xe~µ

mesh TH = square(3,4);
mesh th = square(2,3);
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mesh Th = square(4,4);

fespace VH(TH,P1);
fespace Vh(th,P1);
fespace Wh(Th,P1);

matrix B= interpolate(VH,Vh); // ïá��Ý
 Vh->VH
matrix BB= interpolate(Wh,Vh); // ïá��Ý
 Vh->Wh

¿�§²L�
O�§�±�ïDÕÝ
§~Xµ

int N=10;
real [int,int] A(N,N); // ��÷�Ý

real [int] a(N),b(N);
A =0;
for (int i=0;i<N;i++)

{
A(i,i)=1+i;
if(i+1 < N) A(i,i+1)=-i;
a[i]=i;

}
b=A*b;
cout << "xxxx\n";
matrix sparseA=A;
cout << sparseA << endl;
sparseA = 2*sparseA+sparseA’;
sparseA = 4*sparseA+sparseA*5;
matrix sparseB=sparseA+sparseA+sparseA; ;
cout << "sparseB = " << sparseB(0,0) << endl;

6.13 ������ÝÝÝ




·��±�;d�5���f)¤�Ý
§ù��flk���m Vh �,���m Wh §�{´
ÏL¼ê interpolate(Wh,Vh,...) " 5¿§ëYk�¼ê´d�	�ëY5òÿ
5�"
¼ê interpolate �·¶ëêXeµ

inside= �� true§Mï"òÿ"

t= �� true§��=�Ý
"

op= ��Xe��ê

0 "��§¼ê���

1 ∂x���

2 ∂y���

3 ∂z���

U2Vc= ��Wh���§3��L§¥§l Vh �Wh ��ê�þ��ÝÒ´ Wh���êþ"e
��−1 §K����0§Xe~¤«µ£"��¹e��êþØC¤"

fespace V4h(Th4,[P1,P1,P1,P1]);
fespace V3h(Th,[P1,P1,P1]);
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int[int] u2vc=[1,3,-1]; // -1 => ò����"

matrix IV34= interpolate(V3h,V4h,inside=0,U2Vc=u2vc); // V3h <- V4h

V4h [a1,a2,a3,a4]=[1,2,3,4];

V3h [b1,b2,b3]=[10,20,30];

b1[]=IV34*a1[];

Ïd§ùp·���µ b1 == 2, b2 == 4, b3 == 0 . .

Example 6.2 (mat interpol.edp)

mesh Th=square(4,4);
mesh Th4=square(2,2,[x*0.5,y*0.5]);
plot(Th,Th4,ps="ThTh4.eps",wait=1);
fespace Vh(Th,P1); fespace Vh4(Th4,P1);

fespace Wh(Th,P0); fespace Wh4(Th4,P0);

matrix IV= interpolate(Vh,Vh4); // ùp§¼ê

// òÿ�ëY¼ê

cout << " IV Vh<-Vh4 " << IV << endl;

Vh v, vv; Vh4 v4=x*y;

v=v4; vv[]= IV*v4[]; // ùp v == vv =>

real[int] diff= vv[] - v[];

cout << " || v - vv || = " << diff.linfty << endl;

assert( diff.linfty<= 1e-6);

matrix IV0= interpolate(Vh,Vh4,inside=1); // ùp§¼ê

// òÿ�"¼ê

cout << " IV Vh<-Vh4 (inside=1) " << IV0 << endl;

matrix IVt0= interpolate(Vh,Vh4,inside=1,t=1);

cout << " IV Vh<-Vh4ˆt (inside=1) " << IVt0 << endl;

matrix IV4t0= interpolate(Vh4,Vh);

cout << " IV Vh4<-Vhˆt " << IV4t0 << endl;

matrix IW4= interpolate(Wh4,Wh);

cout << " IV Wh4<-Wh " << IW4 << endl;

matrix IW4V= interpolate(Wh4,Vh);

cout << " IV Wh4<-Vh " << IW4 << endl;

3��:(xx[j], yy[j]), i = 0, 2 ?ïá��Ý
A

aij = dop(wic(xx[j], yy[j]))

ùp§ wi ´Ä�k���§§ c ´���ê§ dop ´Xop ½Â¥����©�f�a."

real[int] xx=[.3,.4],yy=[.1,.4];

int c=0,dop=0;

matrix Ixx= interpolate(Vh,xx,yy,op=dop,composante=c);

cout << Ixx << endl;

Vh ww;

real[int] dd=[1,2];

ww[]= Ixx*dd;
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6.14 kkk������ëëë���

ùp§·�ò`²XÛl��k���mWh(Tn, ∗)¥���'�&E"Ù¥§“*”�U´ P1, P2,
P1nc, ��"

� Wh.nt �Ñ
 Wh ����ê

� Wh.ndof �Ñ 
gdÝ½����ê

� Wh.ndofK �Ñ
ü����gdÝ

� Wh(k,i) �Ñ
�� k �1 i �gdÝ

ëweã~fµ

Example 6.3 (FE.edp) mesh Th=square(5,5);
fespace Wh(Th,P2);
cout << " nb of degree of freedom : " << Wh.ndof << endl;
cout << " nb of degree of freedom / ELEMENT : " << Wh.ndofK << endl;
int k= 2, kdf= Wh.ndofK ;; // �� 2
cout << " df of element " << k << ":" ;
for (int i=0;i<kdf;i++) cout << Wh(k,i) << " ";
cout << endl;

ÑÑ�µ

Nb Of Nodes = 121
Nb of DF = 121
FESpace:Gibbs: old skyline = 5841 new skyline = 1377
nb of degree of freedom : 121
nb of degree of freedom / ELEMENT : 6
df of element 2:78 95 83 87 79 92
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���ÀÀÀzzz

k��{�(J�U¬�)
��êâ§Ïd§XÛ4ù
êâC�´un)c�­�"
3FreeFem++ ¥kü«�Àz��{µ1�«´XÚ%@�ª§|±±���!¢k��¼ê
����±9�þ|"ù
Ñd·- plot5¢y£�e� 7.1¤"�
�BÑ�§ FreeFem++
�±òù
ã�;�©��ª"
,�«�ª´|^	Üóä§X§gnuplot£�1 7.2!¤! medit £�1 7.3!¤§�^·-
system \1§�§¿rêâ�;3©�©�¥"

7.1 xxxããã

^·- plot§�±¥y��!Iþ¼ê����Ú�þ|"plot ·-�ëê�±´µ��!¢k
��¼ê! 2 �¢k��¼ê�ê|!ü�V°Ýê|�|Ü§©OU
±���!¼ê!�þ
|½ödü�V°Ýê|½Â�­�"

Note 7.1 �þ��ÝI�3¶4º�� [5�, 5%] «mS§â´�ß�E�£ÄKÒ¬wþ��
�ææ¤

ëêXeµ

wait= ´Ä���Ù�Cþ£"���no wait¤"XJÀJ true§ò¬����½àI�Ñ\§
é±eU��Ñ�Nµ

enter w«ã/

p c�Üã£��U�;10Üã¤

? w«�Ï

+,- 31I�«?��/ � 3/2 �

= ­�Àã©�

r �#ã/

up, down, left, right ²£�U�

3 =� 3d/2d �ã/§�'U�µ

z,Z) �:��/��

H,h .�/ áã/�Z¶

àààIIIööö���

173
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- ������ ^=

- mmm���  � £3macþ^ctrl+button¤

- mmm��� +alt ²£ £3macþ^alt+ctrl+button ¤

a,A O\/~��þ��Ý

B w«���>.

i,I �â¼ê���/��>.�#I�

n,N ~�/O\����êþ

b 3çxÚçÚm��

g 3�ÚÚçÚm��

f 3W¿ÚØW¿����m��

l N��Ý

v w«ôÚ�L�ê�

m 3´Äw«��m��s

w òI��u©� ffglutXXXX.ppm ¥

* �e�Üã�3Àã

k E,êâ / UCÀãa.

ESC '4ã/§S§33.22�c���§vk�{'4"

otherwise Ã?Ûö�"

ps= I����ã/�©�¶¡�iÎGL« £Ã{�� 3d ã/¤

coef= �þ��Ý3ü �þÚ�����m"

fill= ����W¿ôÚ£%@�P0k��¤"

cmm= Ö\ã/.¡�iÎG

value= xÑ�����±9�þ��"

aspectratio= ´Ä�3ã/pî'�Ù�Cþ"

bb= 2 �ê|�|Ü X [[0.1,0.2],[0.5,0.6]])§����ÝG«�§Ó�2�âü�º
:[0.1,0.2]Ú[0.5,0.6]½Â�«�¥�:��ÛÜÀã"

nbiso= (int) �����ú?êþ £%@�20�¤

nbarrow= (int) ���þ��ôÚ�ê(%@�20�)

viso= �������þ £�� real[int] a.��þ§���O\���¤

varrow= ��çÚ�þ���þ£a.� real[int]¤

bw= (bool) ��´Ä^çxÚ±ã"

grey= (bool) ��´Ä^�Ú±ã"
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hsv= £floata.��þ¤�� 3*n�3 HSV ôÚ�ªe�ôÚ§~X±e�(²µ

real[int] colors = [h1,s1,v1,... , hn,vn,vn];

ùp hi,si,vi ´ôÚL¥�1i�ôÚ"

boundary= (bool) ��´Ä±Ñ«�>.£"���true¤"

dim= (int)��2d ½ 3d ��Ý £%@�2¤"

add= <b> �¦^

prev= <b> òc�«G���%@G�

ech= <d> �¦^

ZScale= <d> �¦^

WhiteBackground= <b> �¦^

OpaqueBorders= <b> �¦^

BorderAsMesh= <b> �¦^

ShowMeshes= <b> �¦^

ColorScheme= <l> �¦^

ArrowShape= <l> �¦^

ArrowSize= <d> �¦^

ComplexDisplay= <l> �¦^

LabelColors= <b> �¦^

ShowAxes= <b> �¦^

CutPlane= <b> �¦^

CameraPosition= �¦^

CameraFocalPoint= �¦^

CameraViewUp= �¦^

CameraViewAngle= <d> �¦^

CameraClippingRange= �¦^

CutPlaneOrigin= �¦^

CutPlaneNormal= �¦^

WindowIndex= ��õI�5¥yõ�ã/.¡"
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~X:

real[int] xx(10),yy(10);
mesh Th=square(5,5);
fespace Vh(Th,P1);
Vh uh=x*x+y*y,vh=-yˆ2+xˆ2;
int i;

// O���©ã
for (i=0;i<10;i++)
{

x=i/10.; y=i/10.;
xx[i]=i;
yy[i]=uh; // uh 3 (i/10. , i/10.)��

}
plot(Th,uh,[uh,vh],value=true,ps="three.eps",wait=true); // ã 7.1

// �âº:[0.1,0.2] Ú [0.5,0.6]5 �«�
plot(uh,[uh,vh],bb=[[0.1,0.2],[0.5,0.6]],

wait=true,grey=1,fill=1,value=1,ps="threeg.eps"); // ã 7.2
plot([xx,yy],ps="likegnu.eps",wait=true); // ã 7.3

IsoValue

0.05

0.15

0.25

0.35

0.45

0.55

0.65

0.75

0.85

0.95

1.05

1.15

1.25

1.35

1.45

1.55

1.65

1.75

1.85

1.95

Vec Value

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

ã 7.1: mesh, isovalue, and vector

IsoValue

-0.105263

0.0526316

0.157895

0.263158

0.368421

0.473684

0.578947

0.684211

0.789474

0.894737

1

1.10526

1.21053

1.31579

1.42105

1.52632

1.63158

1.73684

1.84211

2.10526

Vec Value

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

ã 7.2: enlargement in grey of isovalue, and
vector

e�UCNÚ�±9ÀJ�����§�±UXeö�µ

// �¯µ http://en.wikipedia.org/wiki/HSV_color_space
// HSV (Hue, Saturation, Value) �.
// ^n«|¤¤©½ÂôÚ�m
//
// HSVôÚ�m��ôÚÓ 7.4
// Hue´ÚN§=ôÚa.£~XùÚ§7Ú½�Ú¤
// ���0-360£�´IO��´0-100¤
// Saturation´ôÚ��ÚÝ§��´0-100
// ôÚ��ÚÝ�$§¥yÑ5�ã�V
// ôÚ�¬��
// Value L«ôÚ��Ý
// ��´0-100

http://en.wikipedia.org/wiki/HSV_color_space
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ã 7.3: Plots a cut of uh. Note that a refinement of the same can be obtained in combination
with gnuplot

//
real[int] colorhsv=[ // ôÚhsv�.

4./6., 1 , 0.5, // �7Ú
4./6., 1 , 1, // 7Ú
5./6., 1 , 1, // bùÚ
1, 1. , 1, // ùÚ
1, 0.5 , 1 // fùÚ
];

real[int] viso(31);

for (int i=0;i<viso.n;i++)
viso[i]=i*0.1;

plot(uh,viso=viso(0:viso.n-1),value=1,fill=1,wait=1,hsv=colorhsv);

ã 7.4: hsvôÚh

IsoValue
-0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3

ã 7.5: ,�«ôÚe����
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7.2 '''ééégnuplot¼¼¼êêê

~3.2`²
N�lFreeFem + +©�¥¼�gnu− plot ¼ê"ùp·�Jø,�«E|§§äk3
�ö��`³§�Ò´`·�ØI�òÑFreeFem + +Ò�±¼���gnu− plot ¼ê"�´ù�
ó�I�SCgnuplot1 ^�§
��·^uunixXÚ"
òþã�{$^ukc�~fµ

{ // gnuplot©�
ofstream gnu("plot.gp");
for (int i=0;i<=n;i++)
{

gnu << xx[i] << " " << yy[i] << endl;
}

} // plot.gp©�'4§Ï�gnuCþ®íØ

// �1gnuplot·-¿��5¦£�Ãuunix·-¤
// �1postscript plot

exec("echo ’plot \"plot.gp\" w l \
pause 5 \
set term postscript \
set output \"gnuplot.eps\" \
replot \
quit’ | gnuplot");

 0

 0.5

 1

 1.5

 2

 0  5  10  15  20

"plot.gp"

ã 7.6: ^gnuplotxÑuh��¡

7.3 '''ééémedit¼¼¼êêê

�Xþ¡¤`§medit2 ´���¤�^�§§´dPascal Frey^OpenGL©��"\�±$1e
¡�~f"

�5: y3 medit^��¹3
 FreeFem++ ��¡� ffmedit "
y3k
��3.2§½ö�p���"

load "medit"
mesh Th=square(10,10,[2*x-1,2*y-1]);
fespace Vh(Th,P1);
Vh u=2-x*x-y*y;

1http://www.gunplot.info/
2http://www-rocq.inria.fr/gamma/medit/medit.html

http://www.gunplot.info/
http://www-rocq.inria.fr/gamma/medit/medit.html
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ã 7.7: ^meditxã

medit("mm",Th,u);

3d�c:

mesh Th=square(10,10,[2*x-1,2*y-1]);
fespace Vh(Th,P1);
Vh u=2-x*x-y*y;

savemesh(Th,"mm",[x,y,u*.5]); // �� mm.pointsÚmm.faces©�
// N^ medit

// ïá��mm.bb©�
{
ofstream file("mm.bb");
file << "2 1 1 "<< u[].n << " 2 \n";
for (int j=0;j<u[].n ; j++)

file << u[][j] << endl;
}

// �1medit·-
exec("ffmedit mm");

// 3unix OSþ�Ø©�
exec("rm mm.bb mm.faces mm.points");
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3algo.edp©�¥k���~f"

8.1 ���ÝÝÝFFFÝÝÝ{{{/222ÂÂÂ������ííí������{{{

b½·��¦)î.¯K£ùp�x� FreeFem++¥��;CþéA�1���Ivk'X¤µ
¦x ∈ Rn¦�µ

∇J(x) =

(
∂J

∂xi
(x)

)
= 0 (8.1)

ùp�J´dRnN��R�¼ê£~Xù´·��4�z�¼ê¤"
XJ¼ê´à�§·��±^�ÝFÝ{5)ûù�¯K§
�·��I����±O�∇J �¼
ê('X�±�� dJ)Ïdëê´e¡ù�¼ê
func real[int] dJ(real[int] & xx);
�¼ê¶"ù�¼êÏLO�∇JÚäk/ª
real[int] x(20);
��þ x£�,�ê20´�±UC�¤5Ð©z§S§?
��(J"

�½���þ�Ð©�x(0)§��S�gêimaxÚØ�.0 < ε < 1§-x = x(0)¿�1§S

NLCG(∇J, x, precon= M, nbiter= imax, eps= ε);

B��∇J(x) = 0�)x"·��±�Ñëê precon, nbiter, eps" ùpM´ý^�§²~
%@�´ü 
"S�ª�^�´µ

‖∇J(x)‖P ≤ ε‖∇J(x(0))‖P

XJ eps=¥´Kê§~Xµ

NLCG(∇J, x, precon= M, nbiter= imax, eps= −ε);

·�K�±^e¡�S�ª�^�µ
‖∇J(x)‖2P ≤ ε

ùn�¼ê�ëê©O´µ

nbiter= �½��S�gê£%@�´100¤

precon= �½ý^�¼ê£~X´ P¤%@�´ü Ý
§IP¼ê�.�µ

func real[int] P(real[int] &x).

181
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eps= �½S�ª�^�ε(%@�´= 10−6)XJÊÅOK´�ê§K�éÊÅOK�

||∇J(x)||P ≤ ε||∇J(x0)||P§ÄK^ýé�S�ª�^�||∇J(x)||2P ≤ |ε|"

veps= �½¿�£S�ª�^���§XJS�ª�^�´�ê§K�éS�ª�^��
||∇J(x)||P ≤ ε||∇J(x0)||P§ÄK^ýé�S�ª�^�||∇J(x)||2P ≤ |ε|" d��£�´S
�ª�^��K�"£�5µù3Ì�¥´�~k^�¤"

stop= stopfunc rS�ª�^��3stop¼ê�c£33.31����âk¤"ù�¼ê��.
´µ

func bool stopfunc(int inter, real[int] u, real[int] g).

ùp�uÚg©O´�²Lý?n��c)Ú�cFÝ"

Example 8.1 (algo.edp) éu�½�¼êb§¦¼ê����u"

J(u) =
1

2

∫
Ω
f(|∇u|2)−

∫
Ω
ub

f(x) = ax+ x− ln(1 + x), f ′(x) = a+
x

1 + x
, f ′′(x) =

1

(1 + x)2

�½>.^�3∂Ωþu = 0"

func real J(real[int] & u)
{

Vh w;w[]=u; // ^k��¼êw)¤�þu
real r=int2d(Th)(0.5*f( dx(w)*dx(w) + dy(w)*dy(w) ) - b*w) ;
cout << "J(u) =" << r << " " << u.min << " " << u.max << endl;
return r;

}
// -----------------------

Vh u=0; // )��c�
Ph alpha; // �;�df(|∇u|2)��
int iter=0;
alpha=df( dx(u)*dx(u) + dy(u)*dy(u) ); // `z

func real[int] dJ(real[int] & u)
{

int verb=verbosity; verbosity=0;
Vh w;w[]=u; // ^k��¼êw)¤�þu
alpha=df( dx(w)*dx(w) + dy(w)*dy(w) ); // `z
varf au(uh,vh) = int2d(Th)( alpha*( dx(w)*dx(vh) + dy(w)*dy(vh) ) - b*vh)

+ on(1,2,3,4,uh=0);
u= au(0,Vh);
verbosity=verb;
return u; // 5¿éÛÜê�Ã�£�

}

/*·���E��ý^�C5¦)ù�¯KµÏéuh ∈ V0h¦�

∀vh ∈ V0h,

∫
Ω
α∇uh.∇vh =

∫
Ω
bvh
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ùpα = f ′(|∇u|2)" */

varf alap(uh,vh)= int2d(Th)( alpha *( dx(uh)*dx(vh) + dy(uh)*dy(vh) ))
+ on(1,2,3,4,uh=0);

varf amass(uh)= int2d(Th)( uh*vh) + on(1,2,3,4,uh=0);

matrix Amass = alap(Vh,Vh,solver=CG); //
matrix Alap= alap(Vh,Vh,solver=Cholesky,factorize=1); //

// ý^�¼ê
func real[int] C(real[int] & u)
{

real[int] w = Amass*u;
u = Alapˆ-1*w;
return u; // ÛÜCþØ�£

}

/* �
)ûù�¯K§·�?110Ú�ÝFÝS�"z�ÚÑ�­#O�ý^�§¿­#m©�
ÝFÝS�" */

verbosity=5;
int conv=0;
real eps=1e-6;
for(int i=0;i<20;i++)
{

conv=NLCG(dJ,u[],nbiter=10,precon=C,veps=eps); //
if (conv) break; // eÂñKª�Ì�
alpha=df( dx(u)*dx(u) + dy(u)*dy(u) ); // ­#O�alpha¿m©`z
Alap = alap(Vh,Vh,solver=Cholesky,factorize=1);
cout << " restart with new preconditionner " << conv

<< " eps =" << eps << endl;
}

plot (u,wait=1,cmm="solution with NLCG");

éu���½�é¡�½Ý
A§�Ä�g�/

J(x) =
1

2
xTAx− bTx

d�J(x)�dAx = b�)x4�z"3ù«�¹e§·��±N^¼ê LinearCG

LinearCG(A, x, precon= M, nbiter= imax, eps= ±ε);

XJAØ´é¡�§·��±¦^GMRES£Generalized Minimum Residual2Â��í�¤�
{µ

LinearGMRES(A, x, precon= M, nbiter= imax, eps= ±ε);


�·���±^��52Â��í��{£�¦¼êJ´à�¤

LinearGMRES(∇J, x, precon= M, nbiter= imax, eps= ±ε);

ù��{��[£ã� [14][Chapter IV, 1.3]"
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8.2 ÃÃÃ���ååå`̀̀zzz���{{{

COOOL [27]^��¥kü�O�Ã�å`z��{§§�´Úî·.ÅÖ£¡�Úî¤�{Ú
BFGS�{"ùü«�{3FreeFem¥�±��N^£ØI�Ä�ó�¤"3^ù
�{��
�	�%§Ï�§��¢y¦^÷Ý
"·��Jø
�
Ù¦�`z�{§ù
�{�5
gNLopt ©¥ [42]¿��±��Hansen¢y�CMAES £§�MPI/ª�´�±^¤���"�
¡�ü��{�±lÄ�ó� example++-load©�Y¥� ff-NLoptÚ CMA ES £ �±3
example++-mpi©�Yeé� mpi /ª� CMA ES MPI¤©�¥¼�"

8.2.1 |||^̂̂BFGS½½½öööCMAES���~~~fff

real[int] b(10),u(10);
func real J(real[int] & u)

{
real s=0;
for (int i=0;i<u.n;i++)

s +=(i+1)*u[i]*u[i]*0.5 - b[i]*u[i];
cout << "J ="<< s << " u =" << u[0] << " " << u[1] << "...\n" ;
return s;

}

// J�FÝ(ù´RHS¤3���/ª)
func real[int] DJ(real[int] &u)

{
for (int i=0;i<u.n;i++)

u[i]=(i+1)*u[i]-b[i];
return u; // �£�ÛCþ

};

b=1; u=2; // 3�Òm>�½Ð©Cþ

BFGS(J,dJ,u,eps=1.e-6,nbiter=20,nbiterline=20);
cout << "BFGS: J(u) = " << J(u) << endl;

CMAüz�{�¦^���q§¤ØÓ�´§§´ØI��ê��«`z�{§ dJ���Ñ§�

���´�
Ù¦ëê5���{"e¡´|^d�{5`zþã�Ó�8I¼ê�~f£3
cmaes-VarIneq.edp¥k�[�£ã¤µ

load "ff-cmaes"
... // define J, u and all here
real min = cmaes(J,u,stopTolFun=1e-6,stopMaxIter=3000);
cout << "minimal value is " << min << " for u = " << u << endl;

T�{·^u¦)ëê�m���õ�©Ù¼ê¿}Á¦^ëY¼ê�Jø�&E5%C���
Ý
£�õ�[!ë� [43]¤"�±ÏL�
A½�ëê5��Ð©©Ù!�������"ù�
�{�·¶ëêk±eA«µ

seed= �Åêu)ì £val ´���ê¤"eØ�½�Ùê�ò�)��Äu�¨��Åê"

initialStdDev= Ð©���Ý
�IO �� (val´��¢ê)"XJ§��σ´�D4�§
���Ý
�Ð�ò��½�σI"Ð©�XÚargmin�m�ål�Ð©Ï"�A���
uinitialStdDev"Ù%@�´0.3"
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initialStdDevs= Óþ§¤ØÓ�´ëê´��ê|§#N��z�ëê�IO ��Ð�"
AT;�ê|���êþ?ØÓ(XJØU;�ù�¯K§}Á­# �)"

stopTolFun= XJdÚ¼ê�Úþ�Ú¼ê���é�§%@�´10−12§KÊ�S�"

stopTolFunHist= XJdÚ¼ê�Ú°(���'þÚüö���§%@�´0£Ï~Ø¬^
�¤§KÊ�S�"

stopTolX= XJ3ëê�m¥Ú�'�½�¢ê�£%@�´0¤�§KÊª�S�^�)�"

stopTolXFactor= �IO ���'ù��O\éõ�§ª�S�^�)�"%@�´103"

stopMaxFunEval= �stopMaxFunEval¼ê�®O��§ª�S�"%@�´900(n+ 3)2§ù
pn´ëê�m��ê"

stopMaxIter= �stopMaxIter���Ú^�§Ê��ê|¢"�¦^%@�"

popsize= ù´��ê§^5UC�����"Ù%@�´4 + b3 ln(n)c§ �[&E� [43]" �
âpopsize§O\+N5�Ï~¬Jp�Û|¢Uå§�´Ù�d´Âñ�Ý¬ü$��
�5Âñ"

paramFile= ù�iÎGa.ëê#N^rÏL¤kÙ¦�ëê¦^��	Ü©�¥�è'X
ÇÜ��è©�"CMAES�{¥�éõëê�±ÏLù�©�UC "§���~f�±
3examples++-load/ffCMAES/¥é�§þã©�3initials.par 8¹e"5¿�§
XJ�½
��Ñ\ëê�©�§D4�CMAES¼ê�ëêò¬3FreeFem��¥��
Ñ"

8.3 IPOPT

ff-Ipopt§S�´IPOPT [44]`z���" IPOPT´¦)�5�!��5!Ã�å`z�^�
¥"'u§��[&E� [44] Ú https://projects.coin-or.org/Ipopt" §Äu�|¢
¢y
�óS:�{£primal-dual interior point method¤ÚÈÅ�{£filter method¤"IPOPTI
�����DÕé¡�5¦)ì"XJ\�FreeFem���´^--enable-downlad�M?È
�§§¬gÄ����Y���MUMPSó�"XJØ^MUMPS§\�kÙ¦ÀJ§�±e
1HSLf§S¿3?Ècr§��3FreeFem++�downloads©�e� /ipopt/Ipopt-3.10.2/
ThirdParty/HSL´»¥"
(§Së� http://www.coin-or.org/Ipopt/documentation/node16.html)

8.3.1 ���{{{���{{{ááá£££ããã

3ù�!§·��ÑIPOPT�Ä�êÆ�£�{á£ã"¦)��51w¼ê`z¯K�S:{
���0��±ë�©z [45]½ö [44]§©z¥0�
éõIPOPT�²(��n"IPOPT�±^
5)û�ª�åÚØ�ª�å�`z¯K§�,�
ò��5Ø�ª��å¡��3��ª�Ó
��¡§��5Ø�ª3`z?§m©�cÒ|­#ü�
"ÏLÚ\¤I��tµCþ§òz
����5Ø�ª�=z��é{ük.Ø�ªÚ��5�ª�åµci(x) ≤ 0 C� ci(x) + si = 0
� si ≤ 0§ùpsi�\�¯K�Ð©Cþxiþ"Ïd§��Bå�§·�òb½3��z¯K¥Ø
�¹?Û��5Ø�ª�å"ù¿�X§�½��¼êf : Rn 7→ R§·���Ïé

x0 = argmin
x∈V

f(x)

÷v�å^� V = {x ∈ Rn | c(x) = 0 � xl ≤ x ≤ xu}
(8.2)

https://projects.coin-or.org/Ipopt
http://www.coin-or.org/Ipopt/documentation/node16.html
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ùpc : Rn → Rm�xl, xu ∈ Rn �éuz�©þØ�ªþ¤á"¼êfÚ�å^�cAT´�gëY
���" ����¶æ{§S:�{ÁãÏL¦)�X�¯K5Ïé(8.2)���¥�-©�:§ù

¯K��å^�Ñ��ª§Ïd·�ÀÙ�Ø�ª�å¯K"ù
¯KäkXe/ªµ

éu�½�µ > 0, Ïé xµ = argmin
x∈Rn | c(x)=0

B(x, µ) (8.3)

ùpµ´���¢ê§B(x, µ) = f(x)− µ
n∑
i=1

ln(xu,i − xi)− µ
m∑
i=1

ln(xi − xl,i)"

�{��ª�å^Ï~�Lagrange¦f{?n"XJæNëêS�µÂñ�0§�úþ( 8.3)���
�S�Âñ�( 8.2)���ÛÜ�å���:"éu�½�µ, ( 8.3)´ÏLÏé(xµ, λµ) ∈ Rn × Rm
¦�

∇B(xµ, µ) +
m∑
i=1

λµ,i∇ci(xµ) = ∇B(xµ, µ) + Jc(xµ)Tλµ = 0 and c(xµ) = 0 (8.4)

¤á5¦)�"∇B�¦)�I�Cþx÷vµ

∇B(x, µ) = ∇f(x) +

µ/(xu,1 − x1)
...

µ/(xu,n − xn)

−
µ/(x1 − xl,1)

...
µ/(xn − xl,n)


3þãªf¥§·�©O^zu(x, µ) = (µ/(xu,1 − x1), . . . , µ/(xu,n − xn)) and zl(x, µ) 5L«1�
Ú1���þ§K�·Ü�(xµ, λµ) ÷vµ

∇f(xµ) + Jc(xµ)Tλµ + zu(xµ, µ)− zl(xµ, µ) = 0 � c(xµ) = 0 (8.5)

3ù�¯K¥§�þzlÚzuwå5�´��{ük.Ø�ª�Lagrange¦f�§
�¢Sþ§��
�
Eâ^�÷v§�µ→ 0§§�Âñ��
Ü·�Lagrange ¦f�KKT^�£� [45]¤"

�§ª 8.5´ÏLù���{5¦)�µéz�eü�µ�1Úî{5Ïé(8.4)�)"�
;�Â
ñ�ÛÜ���§�
2�^��I��Ä§'u§���[£ãë� [45]"3�²;�IP�{
¥§Úî{���$^u(8.4)" ù3�õê�¹e´$�Ç�§Ï�I�ª�O��þ�Ø�1
:"ù�(J�±ÏL¦^Primal-DualS:�{5�Ñ§3ù��{¥(8.4)�=z¤��.��
�§|§Ù¥zuÚzl �w���þ
�æN¯K�)û´Ïé(x, λ, zu, zl) ∈ Rn × Rm × Rn × Rn
¦� 

∇f(x) + Jc(x)Tλ+ zu − zl = 0
c(x) = 0

(Xu −X)zu − µe = 0
(X −Xl)zl − µe = 0

(8.6)

�� a ´ Rn ¥����þ, A ÒL«é�
 A = (aiδij)1≤i,j≤n � e ∈ Rn = (1, 1, . . . , 1) "^Úî
{¦)ù���5XÚÒ´ �éó S:�{" ùp, �õ�[!�� [45]" �k^�¢��{0
�
A�l
5¦Âñ�Ûz, AO´3Úî�{p\\�
�|¢Ú½, ½öÏL¦^&6�"
�u IPOPT �8�, ù�±ÏL�� LÈ�|¢ �{5¢y, Ù[!�� [?]"

�õ IPOPT äN�A�½¢�[!�� [44]"·��IP4 IPOPT ´��¦)�å`z¯K�
h²�Úî�{, Ï��\r��|¢�{
U�ÛÂñ £¿�X�{Âñ�Ð�Ã'¤"du
d3�Úî�{, `z§SI�·AÝ¼ê±9�å��êp����¤k�ê�L�ª" du
¯K�°ÜÝ
éJO�½¬��p�È�Ý
, ±�$�ÂñÇ5¦^ù
é�� BFGS Cq´
�1�"
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8.3.2 FreeFem++ ¥¥¥��� IPOPT

3 FreeFem++ ��¥N^ IPOPT `z§S´ÏLff-IpoptÄ�ó�¥p�IPOPT§S5�¤
�" IPOPT ´^5)ûXe/ª�k�å��z¯K�:

find x0 = argmin
x∈Rn

f(x)

s.t.

{
∀i ≤ n, xlb

i ≤ xi ≤ xub
i (simple bounds{ü>.)

∀i ≤ m, clb
i ≤ ci(x) ≤ cub

i (constraints functions�å¼ê)

(8.7)

Ù¥ubÚlb©O´�/þ.0Ú/e.0" XJéu,
i, 1 ≤ i ≤ mkclb
i = cub

i , ù¿�Xci´�
��ª�å, 
�clb

i < cub
i �K´��Ø�ª�å"

kÃõ£ã·A¼ê��å��{" '�~���«´^'�ifunc5½Â¼ê"?Û�£�Ý

Ñ7L´DÕ�£�\ matrix, 
Ø´real[int,int]¤ :

func real J(real[int] &X) {...} // ·AÝ¼ê, �£��Iþ
func real[int] gradJ(real[int] &X) {...} // FÝ´���þ

func real[int] C(real[int] &X) {...} // �å
func matrix jacC(real[int] &X) {...} // �åä�'

´́́www 1 : 3�e� FreeFem++ ��¥, ��¼ê¬¤�£�Ý
é�¬�)Ñ���½Â�(
J" z½Â���£DÕÝ
�¼ê, Ñ7L�²��	Ü�Ý
é�, zgN^��'�¼ê¬
éTÝ
?1U�¿�£" ±e´�� jacC �~f:

matrix jacCBuffer; // �´�², �v7�½Â
func matrix jacC(real[int] &X)
{

... // W¿ jacCBuffer
return jacCBuffer;

}

´́́www 2 : IPOPT3é�{Ð©z��ÿI�(½z�Ý
�(�" �Ý
Ø´~�¿�´d
matrix A = [I,J,C] ù��{)¤�½´��¥m�÷�Ý
�¬Ñy�
�Ø, Ï�3Xê
Ý
��ïL§¥?Û��XêÑ¬�¿ï"ù«�¹3éÝ
?1�5|Ü��ÿ�¬u), d
�?Û"Xê¬��é|Ü�Ý
�³�"éù«¯K�±æ�·����"�±}Á�½�ë
êa. £checkindex, structhess Ú structjac ¬k¤�Ï¤"·�r�ïÆ3�EÝ

�¦�U¦^ varf "

°Ü�£¼ê3,«§Ýþk:ØÓ, Ï�§7L´.�KF¼ê�°ÜÝ
: (x, σf , λ) 7→

σf∇2f(x) +

m∑
i=1

λi∇2ci(x) Ù¥ λ ∈ Rm ¿� σ ∈ R" \�°Ü¼êÒA�kXe�/ª:

matrix hessianLBuffer; // �´�P4§
func matrix hessianL(real[int] &X,real sigma,real[int] &lambda) {...}

XJ¤k�å¼ê�Ñ���', ½ö�k{ü�>.�å½��vk�å, .�KF°ÜÝ
Ú
·AÝ¼ê°ÜÝ
��, d�K�±�Ñëê sigma Ú lambda :

matrix hessianJBuffer;
func matrix hessianJ(real[int] &X) {...} // �¤k�åÑ���'��°ÜÖ/

�ù
¼ê�½Â��, IPOPT UXe�ªN^:

real[int] Xi = ... ; // å©:
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IPOPT(J,gradJ,hessianL,C,jacC,Xi, /*some named parameters*/ );

XJ°ÜÝ
"�, .¡¬w� IPOPT �¦^ (L)BFGS Cq{ £ù��±d��·¶ëê5�
¤, ��¬k0�¤"{ü>.¯K½Ã�å¯K¿ØI��åÜ©, Ï
e¡��é´k��:

IPOPT(J,gradJ,C,jacC,Xi, ... ); // � BFGS � IPOPT
IPOPT(J,gradJ,hessianJ,Xi, ... ); // Ã�å�Úî IPOPT
IPOPT(J,gradJ,Xi, ... ); // BFGS, Ã�å

{ü>.´^�·¶�ëê lb Ú ub 5D4�, 
�å>.K´d clb Ú cub 5D4�" 3,

��þ�Ã.5�d 1e19 Ú −1e195�¤, IPOPT @�ùüö©O´ +∞ Ú −∞ :

real[int] xlb(n),xub(n),clb(m),cub(m);
... // W¿ê|...
IPOPT(J,gradJ,hessianL,C,jacC,Xi,lb=xlb,ub=xub,clb=clb,cub=cub, /*some other

named parameters*/ );

P2 ···AAAÝÝÝ¼¼¼êêêÚÚÚ���������ååå¼¼¼êêê: XJ·AÝ¼ê½�å¼êU=z�Xe/ª :

∀x ∈ Rn, f(x) = 1
2 〈Ax, x〉+ 〈b, x〉 (A, b) ∈Mn,n(R)× Rn

or, C(x) = Ax+ b (A, b) ∈Mn,m(R)× Rm

� A Ú b ´~ê�, Òk�U^��é (A, b) 5��én�£½ü�¤¼ê�½Â"ù�V«
IPOPT k
é�´ð½�Ï
�IO��g, ±d5;��E���Ó�Ý
" �{Xe :

// �/IO0·AÝ¼ê����å
matrix A= ... ; // �å��5Ü©
real[int] b = ... ; // �å�ð½Ü©
IPOPT(J,gradJ,hessianJ, [A,b] ,Xi, /*bounds and named params*/);

// [b,A] ��±...�±��o%...

5¿�XJ\ù�½Â�å, ùé°ÜÝ
´vk�^�, Ï
°ÜÝ
�I��� real[int]
"

// ���åÚ P2 ·AÝ¼ê:
matrix A= ... ; // V�5/ªÝ

real[int] b = ... ; // f��5Ü©
matrix Ac= ... ; // �å��5Ü©
real[int] bc= ... ; // �å�ð½Ü©
IPOPT([A,b], [Ac,bc] ,Xi, /*bounds and named params*/);

XJ8I¼êÚ�å¼êÑ^ù«�ª�Ñ, ù¬gÄ-¹ IPOPT À� mehrotra algorithm
£�âë�©z�Ð´^5?n�5½´�g�§S¤" ÄK, ù�À��UÏLÀ�©�5�
½£��·¶�ëê@!¤"
3é�å¦^IO¼ê�±ù«�ª½Â f ´���Ø�Y~:

matrix A= ... ; // V�5/ªÝ

real[int] b = ... ; // f��5�z
func real[int] C(real[int] &X) {...} // �å
func matrix jacC(real[int] &X) {...} // �åä�'
IPOPT([A,b],C,jacC,Xi, /*bounds and named params*/);

(¢, 3D4 [A,b] l
½Â f ��ÿ, .�KF°ÜÝ
¬gÄ�)��~� x 7→ A �§, v
{O\�U��å�z, ��
Ø�(����ê" Ïd, �ù��¯KI�©¤==ü«�U5
?Ø: 1¤ �å´��5��\�^ BFGS �ª£,�r bfgs=1 \\�·¶�ëê¤, 2¤�å
´���'�, �3ù��¹e, ��oØ^Ó���{D4¦�Q?
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ùpk,	�
é¯K�Ã�½Â£'X� f ´��X�g½�5/ª, ½ö C ´��X�5¼
ê, ��...¤ :

// X�g�f - A ´��Ý
 :
IPOPT(A, /*constraints args*/, Xi, /*bounds and named params*/);

// X�5�f - b ´�� real[int] :
IPOPT(b, /*constraints args*/, Xi, /*bounds and named params*/);

// �5�å - Ac ´��Ý

IPOPT(/*fitness func args*/, Ac, Xi, /*bounds and named params*/);

���£££��� : IPOPT ¼ê�£�� int.��Ø�è" ��{¤õ$1�¬����"�, 
�ê�
�A
 IPOPT ��
�ê¯K" K�K�³
�õk¯K��¹" éÜ� IPOPT �£I\3
eL¥�Ñ" ù�IPOPT pdf ë�]�Jø
�õ'uù
�£�/�O(£ã :

Success Failures

0 Solve Succeeded -1 Maximum Iterations Exceeded
1 Solved To Acceptable Level -2 Restoration Failed
2 Infeasible Problem Detected -3 Error In Step Computation
3 Search Direction Becomes Too Small -4 Maximum CpuTime Exceeded
4 Diverging Iterates
5 User Requested Stop
6 Feasible Point Found

Problem definition issues Critical errors

-10 Not Enough Degrees Of Freedom -100 Unrecoverable Exception
-11 Invalid Problem Definition -101 NonIpopt Exception Thrown
-12 Invalid Option -102 Insufficient Memory
-13 Invalid Number Detected -199 Internal Error

���···¶¶¶���ëëëêêê : 3ù�.¡¥�^��·¶ëê´@
·�@�´�Él���`z�,�
��Cz¤K��, 2\þ�
.¡�A5"�X·�3http://www.coin-or.org/Ipopt/
documentation/node59.html¥w����, kéõëê�±3 IPOPT pUC, l
K��
{�$=G�" ù
ëêE,�±ÏL3�18¹¥����ÀJ©�5��" 5¿, IPOPT’s
pdf ë�]��U¬'�cJ9��þ��Jø�õ'uA½ëê�&E. 3��¥�^�ëê´
:

lb, ub : |¢Cþ�{üe.Úþ.�real[int]���7L´ n £|¢�m�ê¤" XJ
ù
ê|¥Ó���I�ü�¤©��, @oéA�|¢CþÒ�½
" ÏLXÚ%
@ IPOPT ¬r�½�Cþl`zL§¥£Ø, ¿�~~3N^¼ê�¦^�½��" §�
±ÏL¦^ëê fixedvar 5UC"

clb, cub : �åe.Ú�åþ.�real[int]��� m £�å�ê¤" clb Ú cub ¥�Ó�
I i �ü�¤©�m��ªéA
���ª�å"

structjacc : 3 I Ú J ´ü��êê|�/ª [I,J] eD4�åä�'Ý
����U(�
£�"Xê��I¤"XJvk�½Â, �åä�'Ý
�(�3 Xi ¥�O��¬�¦^
£XJä�'Ý
´ð½�½o´^�Ó�varf ½Â�{Ø¬k¯K, 
�§k���n
���½ö�¹��÷�Ý
K¬'��x¤"

structhess : Óþ, Ø
éu°Ü¼ê£XJ f ´ P2 ½ö��¿��åÑ���'�Ø�¦
^¤" Ó�, P4ù´.�KF¼ê�°ÜÝ
£ù�k3�åÑ���'�âÚ f �
°ÜÝ
��¤" XJù�ëêvk�Ñ(�, .�KF°ÜÝ
¬3å©:�O�, d�
σ = 1 � λ = (1, 1, . . . , 1) £XJ¤k�åÚ·AÝ¼ê°ÜÝ
Ñ´ð½�½öd varf¤
ï, ù¬éS�, ¿�XJd���n���½÷Ý
¤ï�{¬Ø@o��¤"

https://projects.coin-or.org/Ipopt/browser/stable/3.10/Ipopt/doc/documentation.pdf?format=raw
http://www.coin-or.org/Ipopt/documentation/node59.html
http://www.coin-or.org/Ipopt/documentation/node59.html
https://projects.coin-or.org/Ipopt/browser/stable/3.10/Ipopt/doc/documentation.pdf?format=raw
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checkindex : ´�� bool, �Ý
l FreeFem ¼ê��� IPOPT ê|¥�¬pu�I©�|
¢" ù´��
"Xê� FreeFem lÝ
p£Ø�^5;��Ø��I��" ùØ¬)û
Ï�{Ð©z��ÑL��(�
���¯K" d%@-¹ £Ø�¤kÝ
Ñw,´ð½
�¤"

warmstart : XJ�½� true , �åéóCþ λ, Ú{ü>.éóCþ¬dD4��·¶�Cþ
lm, lz Ú uz �ê|��5Ð©z £�e¤"

lm : ��� m � real[int] , ´^5¼��åéóCþ λ ��ª�Ú/½3’warm start’ ��¹
eò§�Ð©z £�D4�ê|�¬3�{����#��ª�éóCþ�¤"

lz, uz : ��� n � real[int] 5¼��ª�Ú/½(3’warm start’ ��¹e)ò�{ü>.�
'é�éóCþÐ©z"

tol : real, �{�ÂñOK, %@�´ 10−8 "

maxiter : int, S�gêþ�, %@�� 3000 "

maxcputime : real value, $1��" %@�´ 106 £�� 11 U�¤"

bfgs : bool, �±¢y½Ø¢y.�KF°ÜÝ
�£$;�¤BFGS Cq" §�%@����
Ø, Ø�v{^D4� IPOPT �¼ê5O�°ÜÝ
"

derivativetest : �^5�1éu^k��©O�5� IPOPT��ê�'�. �U� string
�´: "none"£%@¤, "first-order", "second-order" and "only-second-order""
�'é�êØ�N=Ý�dÀ�©�UC. 3}Á�c�ÐØ�3¿d§�Ñ�?Û�Ø, X
J�}
, �11�g`z"

dth : édk��©O���êÿÁ¤^��Äëê" %@�� 10−8"

dttol : �êÿÁ�Øu��N=�£%@�ÿØ(½, �U� 10−5¤"

optfile : ëê string ^5�½ IPOPT À�©�¶. IPOPT¬é�� ipopt.opt©���
%@" 3©�¥�½�À�¬CX3 FreeFem ��¥½Â�À�.

printlevel : ^5�� IPOPT ÑÑ�<?O��� int , %@�� 5, �U�� 0 � 12"ÑÑ
&E�£ã� IPOPT � pdf ë�]�"

fixedvar : string , ^5½Â{ü>.�ª�å?n : ^ "make parameter" £%@
�¤ 5{ü/r§�l`zL§¥£Ø£¼êo¬d�½�5O�@
Cþ¤, ^
"make constraint" 5r§���Ù¦�å½"relax bounds" ±d5�°�½>.
�å"

mustrategy : ^5éæNëê µÀJ�#üÑ��� string . ü«�U�I\´ "monotone",^
5¦^üN(Fiacco-McCormick) üÑ, ½ "adaptive" £%@�½¤"

muinit : real �ê�^5�æNëêÐ©z" �k� mustrategy ���¤ monotone �â
å�^"

pivtol : real , ^5��5¦)§S�½¥%:N=Ý��. DÕ�{���
¥%:, ­½�
{I�õ�
¥%:. �7L3«m [0, 1] p, %@�� 10−6 "

brf : >.tµÏf : 3m©`z�c, ¦^ö�Ñ�>.´�tµz�" ù�À��tµ��

Ïf"XJ��½�", @o>.tµÒ��
"ù� real 7L´�ê�§�%@�´
10−8"

https://projects.coin-or.org/Ipopt/browser/stable/3.10/Ipopt/doc/documentation.pdf?format=raw
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objvalue : �� real .Cþ�I«Î, �
¼�8I¼ê��ª� £¤õ�¹e�Ð��¤"

mumin : æNëê µ ����, %@��10−11��� real "

linesearch : ����½� false�¬¦�|¢���Ù�.Cþ" �|¢¬%@-¹" �
�|¢���, ¬C¤��IOÚî�{
Ø´�©éó�{"d��ÛÂñÒØU�y
,
¿�XéõÐ©�¬¦S�uÑ"�,��¡, §�¬3}ÁÏé��°(ÛÜ�����
\k�, �U;��
Ã{���§S¦�S��Ù¦�
�C�` ��:ÓP�"

8.4 ¦¦¦^̂̂ IPOPT ������


{{{~~~

Example 8.2 (IpoptVI.edp) �Ä���~{ü�~f, �½ü�¼ê f Ú g (½Â3Ω ⊂ R2þ),

��z J(u) =
1

2

∫
Ω
|∇u|2 −

∫
Ω
fu , Ù¥ u ≤ g A�??¤á :

load "ff-Ipopt"; // \1.¡
int nn=20; // ���þ
mesh Th=square(nn,nn); // ����/��
fespace Vh(Th,P1); // k���m

func f = 1.; // ¼ê
real r=0.03,s=0.1; // g ��
ëê
func g = r - r/2*exp(-0.5*(square(x-0.5)+square(y-0.5))/ square(s));

// g ´~ê~���pd£©Ù¤

macro Grad(u) [dx(u),dy(u)] // FÝ�f
varf vP(u,v) = int2d(Th)(Grad(u)’*Grad(v)) - int2d(Th)(f*v);

ùp·��E�¼ê�'�Ý
Ú1��¤
5��g54�z"·AÝ¼ê�é{ [A,b] d�
Ò^5ò§D4� IPOPT "

matrix A = vP(Vh,Vh,solver=CG);
real[int] b = vP(0,Vh);

·�=¦^{ü>.^�§=3 ∂Ω þ u = 0 , Ó�k u ≤ g "

Vh lb=-1.e19; // SÜÃe.
Vh ub=g; // SÜþ.� g
varf vGamma(u,v) = on(1,2,3,4,u=1);
real[int] onGamma=vGamma(0,Vh);
ub[] = onGamma ? 0. : ub[]; // �1>.^�
lb[] = onGamma ? 0. : lb[];

Vh u=0; // å©:
IPOPT([A,b],u[],lb=lb[],ub=ub[]); // ¦)T¯K
plot(u,wait=1);

Example 8.3 (IpoptVI2.edp) - Ω � R2 ���«�, f1, f2 ∈ L2(Ω) � g1, g2 ∈ L2(∂Ω) ¿�
g1 ≤ g2 A�??¤á" ·�½Â�m :

V =
{

(v1, v2) ∈ H1(Ω)2; v1|∂Ω = g1, v2|∂Ω = g2, v1 ≤ v2 a.e.
}
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±9¼ê J : H1(Ω)2 −→ R:

J(v1, v2) =
1

2

∫
Ω
|∇v1|2 −

∫
Ω
f1v1 +

1

2

∫
Ω
|∇v2|2 −

∫
Ω
f2v2

¯K=z�Ïé£ê�þ¤ü�¼ê (u1, u2) = argmin
(v1,v2)∈V

J(v1, v2).

load "ff-IpOpt";

mesh Th=square(10,10);
fespace Vh(Th,[P1,P1] );

fespace Wh(Th,[P1] );

int iter=0;

func f1 = 10; // m>

func f2 = -15;

func g1 = -0.1; // >.^�¼ê

func g2 = 0.1;

while(++iter) // ��·A5Ì�

{

macro Grad(u) [dx(u),dy(u)] // FÝ÷

varf vP([u1,u2],[v1,v2]) = int2d(Th)(Grad(u1)’*Grad(v1)+ Grad(u2)’*Grad(v2))

- int2d(Th)(f1*v1+f2*v2);

matrix A = vP(Vh,Vh); // ·AÝ¼êÝ
...

real[int] b = vP(0,Vh); // Ú�5/ª

int[int] II1=[0],II2=[1]; // �åÝ


matrix C1 = interpolate (Wh,Vh, U2Vc=II1);
matrix C2 = interpolate (Wh,Vh, U2Vc=II2);
matrix CC = -1*C1 + C2; // u2 - u1 >0

Wh cl=0; // �åe.£Ãþ.¤

// >.^�

varf vGamma([u1,u2],[v1,v2]) = on(1,2,3,4,u1=1,u2=1);
real[int] onGamma=vGamma(0,Vh);

Vh [ub1,ub2]=[g1,g2];

Vh [lb1,lb2]=[g1,g2];

ub1[] = onGamma ? ub1[] : 1e19 ; // SÜÃ>.

lb1[] = onGamma ? lb1[] : -1e19 ;

Vh [u1,u2]=[0,0]; // å©:

IPOPT([b,A],CC,u1[],lb=lb1[],ub=ub1[],clb=cl[]);

plot(u1,u2,wait=1,nbiso=60,dim=3);
if(iter > 1) break;
Th= adaptmesh(Th,[u1,u2],err=0.004,nbvx=100000);
}
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ã 8.1: C©Ø�ª�ê�%C

8.5 3D���ååå444���­­­¡¡¡��� IPOPT

8.5.1 ¡¡¡ÈÈÈÚÚÚNNNÈÈÈLLL«««

ù�~f�3|^ IPOPT �{ê�¦)�
�å��L¡¯K"·�òÙ��3 Ck (k ≥ 1), 4
�, ¥¡ëêz�L¡, ~XL¡ S ÷v :

∃ρ ∈ Ck([0, 2π]× [0, π])|S =

X =

 ρ(θ, φ)
0
0

 , (θ, φ) ∈ [0, 2π]× [0, π]


Ù¥���´3¥¡�IX¥L��"·�¡ Ω ´ [0, 2π]× [0, π] ��ëê8"�
üØg�±9
m�/G, ±eé ρ �b�� :

ρ ≥ 0 and ∀φ, ρ(0, φ) = ρ(2π, φ)

l
½Â�­¡�1�Ä�/ª(Ýþ)ÒkXe�Ý
L� :

G =

(
ρ2 sin2(φ) + (∂θρ)2 ∂θρ∂φρ

∂θρ∂φρ ρ2 + (∂φρ)2

)
(8.8)

ù�Ýþ´^5L«­¡�¡È" - g = det(G), K·�k :

A(ρ) =

∫
Ω
‖∂θX ∧ ∂φX‖ =

∫
Ω

√
g =

∫
Ω

√
ρ2(∂θρ)2 + ρ4 sin2(φ) + ρ2(∂φρ)2 sin2(φ)dθdφ (8.9)

�mSÜ�NÈ�\N´L« :

V(ρ) =

∫
Ω

∫ ρ(θ,φ)

0
r2 sin(φ)drdθdφ =

1

3

∫
Ω
ρ3 sin(φ)dθdφ (8.10)

8.5.2 ���êêê

�
¦^ÄuÚî�S:�`�{, 7LO� A Ú V 'u rho ��ê"�Ä�¡È·�kXe(
J :

∀v ∈ C1(Ω) , 〈dA(ρ), v〉 =

∫
Ω

1

2

dḡ(ρ)(v)
√
g

dθdφ
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Ù¥ ḡ ´ò (θ, φ) 7→ g(θ, φ) C�'u ρ �Iþ|"ù��
Xe�L«, ¦^ÙU�N´=C¤
freefem �� :

∀v ∈ C1(Ω) , 〈dA(ρ), v〉 =

∫
Ω

(
2ρ3 sin2(φ) + ρ(∂θρ)2 + ρ(∂φρ)2 sin2(φ)

)
v

+

∫
Ω
ρ2∂θρ∂θv + ρ2∂φρ sin2(φ)∂φv

(8.11)

aq/, �±�Ñ���êL«" ¦+vkLyÑäN�(J, �[�O�'�y�, (J´ù

�ê�±^�� 3× 3 �Ý
 B 5L«, ù�Ý
�Xê�d ρ L��§��ê�L«¤ θ Ú φ ,
¦� :

∀(w, v) ∈ C1(Ω) , d2A(ρ)(w, v) =

∫
Ω

(
w ∂θw ∂φw

)
B

 v
∂θv
∂φv

 dθdφ (8.12)

í�NÈ¼ê��êK�\{ü" ·��á=��XeL« :

∀v , 〈dV(ρ), v〉 =

∫
Ω
ρ2 sin(φ)v dθdφ

∀w, v , d2V(ρ)(w, v) =

∫
Ω

2ρ sin(φ)wv dθdφ
(8.13)

8.5.3 ¯̄̄KKKÚÚÚÙÙÙ������ :

����è�3 IpoptMinSurfVol.edp ¥é�"·���¦)Xe¯K :

Example 8.4 �½����©ãëY¼ê ρobject , Ú��Iþ Vmax > V(ρobject), ¦) ρ0 ¦� :

ρ0 = argmin
ρ∈C1(Ω)

A(ρ) , s.t. ρ0 ≥ ρobject and V(ρ0) ≤ Vmax

XJ ρobject ´��n�é�£«�¤�L¡ O �¥¡ëê, §�±=ã��½NÈ���é�é
����¡È�L¡"
XJ Vmax é�C V(ρobject), @o ρ0 Ú ρobject �¬é�C. e Vmax �����, ρ ¬��CÃ�
å��­¡±�� O , ù¬3 Vmax ≥ 4

3π‖ρobject‖3∞ ��� £¿©�7�¤"

Ó�ék��´, )û�Ó�¯K
k�å V(ρ0) ≥ Vmin , Ù� Vmin ≥ 1
6πdiam(O)3 �¬�Ñ��

¥, ��X Vmin �~�
�Ã�å¯K�)£Ä"

·�m©�«� [0, 2π]× [0, π] x��, ��½Â
��±Ï� P1 k���m"

load "msh3";
load "medit";
load "ff-Ipopt";

int np=40; // Ð©���þëê
mesh Th = square(2*np,np,[2*pi*x,pi*y]);

fespace Vh(Th,P1,periodic=[[2,y],[4,y]]);
Vh startshape=5; // Ð©/G

·��E
�
k��¼ê, Ùd3�ê|¬�^5;��¤k�å�'�éóCþ��, l
�
·�^��·A��ÿU^§5é�{­#Ð©z"d�, �{¬A�±3��·A�c���°
Ý5­é, Ïd!�
NõS�"
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Vh uz=1.,lz=1.; // {ü>.éóCþ
real[int] lm=[1]; // NÈ�å�éóCþ

,�, ;�X��·AÌ�, Ú��D4¼ê, Plot3D, ¦^ 3D ��5Ðyd medit D4�/G
£§S movemesh23 3��]àØ²�/G�~~¬�$¤"

int nadapt=1;
for(int kkk=0;kkk<nadapt;++kkk) // ��·A5Ì�
{

int iter=0; // Ì�Oê
func sin2 = square(sin(y)); // ²~�^���¼ê

func int Plot3D(real[int] &rho,string cmm,bool ffplot) {...} // � .edp ©�

ùp´�
Ú¡ÈO��§/G�ê�'�¼ê, �â�§ 8.9 Ú 8.11 :

func real Area(real[int] &X)
{

Vh rho;
rho[] = X;
Vh rho2 = square(rho);
Vh rho4 = square(rho2);
real res = int2d(Th)( sqrt( rho4*sin2

+ rho2*square(dx(rho))
+ rho2*sin2*square(dy(rho)) )

);
++iter;
plot(rho, ... /*ëê*/ ... );
return res;

}

func real[int] GradArea(real[int] &X) // FÝ¼ê
{

Vh rho,rho2;
rho[] = X;
rho2[] = square(X);
Vh sqrtPsi,alpha; // Psi´G�1�ª
{ // `z

Vh dxrho2 = dx(rho)*dx(rho), dyrho2 = dy(rho)*dy(rho);
sqrtPsi = sqrt( rho2*rho2*sin2 + rho2*dxrho2 + rho2*dyrho2*sin2 );
alpha = 2.*rho2*rho*sin2 + rho*dxrho2 + rho*dyrho2*sin2;

}
varf dSurface(u,v) =

int2d(Th)(1./sqrtPsi*(alpha*v+rho2*dx(rho)*dx(v)+rho2*dy(rho)*sin2*dy(v)));
real[int] grad = dSurface(0,Vh);
return grad;

}

é�½/G�«�, ¼ê�£�°ÜÝ
w�k
�
§Ïd·�Ø¬3d)º�§8.12¥¤kX
ê�½Â"Öö�±3edp ©�¥�w§�"

matrix hessianA; // �ÛÝ
�À«�

func matrix HessianArea(real[int] &X)
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{
Vh rho,rho2;
rho[] = X;
rho2 = square(rho);
Vh sqrtPsi,sqrtPsi3,C00,C01,C02,C11,C12,C22,A;
{

... // ±þ¼ê�½Â
}
varf d2Area(w,v) =

int2d(Th)(
1./sqrtPsi * (A*w*v + 2*rho*dx(rho)*dx(w)*v + 2*rho*dx(rho)*w*dx(v)

+ 2*rho*dy(rho)*sin2*dy(w)*v + 2*rho*dy(rho)*sin2*w*dy(v)
+ rho2*dx(w)*dx(v) + rho2*sin2*dy(w)*dy(v))

+ 1./sqrtPsi3 * (C00*w*v + C01*dx(w)*v + C01*w*dx(v) + C02*dy(w)*v
+ C02*w*dy(v) + C11*dx(w)*dx(v)
+ C12*dx(w)*dy(v) + C12*dy(w)*dx(v) + C22*dy(w)*dy(v))

); // (åint2d±9varf
hessianA = d2Area(Vh,Vh);
return hessianA;

}

±9�NÈk'�¼ê :

func real Volume(real[int] &X)
{

Vh rho;
rho[]=X;
Vh rho3=rho*rho*rho;
real res = 1./3.*int2d(Th)(rho3*sin(y));
return res;

}

func real[int] GradVolume(real[int] &X)
{

Vh rho;
rho[]=X;
varf dVolume(u,v) = int2d(Th)(rho*rho*sin(y)*v);
real[int] grad = dVolume(0,Vh);
return grad;

}

matrix hessianV; // �À«�
func matrix HessianVolume(real[int] &X)
{

Vh rho;
rho[]=X;
varf d2Volume(w,v) = int2d(Th)(2*rho*sin(y)*v*w);
hessianV = d2Volume(Vh,Vh);
return hessianV;

}

XJ·��¦NÈ¤����å¼ê§@o·�7Lò§±9§��¼êµC?FreeFem++¼ê
¥§¿�¦§��£Ü·�a."3þã�¼ê¥§XJk<�ò§^�·A¼ê§@o�£Ü
·�a.)) ù�:¿vk�¤"duNÈ'uρ¿Ø´�5�§=§k������ê§¤±
.�KF°ÜÝ
Ó�I��µC"



8.5. 3D�å4�­¡� IPOPT 197

func real[int] ipVolume(real[int] &X) {real[int] vol = [Volume(X)]; return vol;}

matrix mdV; // �À«�
func matrix ipGradVolume(real[int] &X)
{ // ò�þ=�¤DÕÝ


real[int,int] dvol(1,Vh.ndof);
dvol(0,:)=GradVolume(X);
mdV=dvol;
return mdV;

}

matrix HLagrangian; // �À«�
func matrix ipHessianLag(real[int] &X,real objfact,real[int] &lambda)
{

HLagrangian = objfact*HessianArea(X) + lambda[0]*HessianVolume(X);
return HLagrangian;

}

duFÝ�þ¬�=�¤DÕÝ
§Ïd�
�Xê¬��ï§ù¦�3`z�ipGradVolume
¼ê¬�)�
¯K"3d§·�¬�ÑS:{±9¦^checkindex ·¶ëê�;�����
��ê�¹"FÝÝ
¯¢þ´È��§Ïd4Ù¥�
Ü©ð�"´ØÜn�µ

// È��þ�DÕ(�
int[int] gvi(Vh.ndof),gvj=0:Vh.ndof-1;
gvi=0; // �k�1

ùü�ê�3S:{¥�±ÏL?È§(��²�structjacc=[gvi,gvj]"���e��
�¯Ò´½Â>."{ü�e.�ρobject�P1���"·�ò�α ∈ [0, 1]§¿-Vmax�(1 −
α)V(ρobject) + α4

3π‖ρobject‖3∞ :

real e=0.1,r0=0.25,rr=2-r0;
real E=1./(e*e),RR=1./(rr*rr);

// �¸��
func disc1 = sqrt(1./(RR+(E-RR)*cos(y)*cos(y)))*(1+0.1*cos(9*x));

// IO��
func disc2 = sqrt(1./(RR+(E-RR)*cos(x)*cos(x)*sin2)) ;
Vh lb = max(disc1, disc2); // ÊÜ8I«�
real Vobj = Volume(lb[]); // 8INÈ
real Vnvc = 4./3.*pi*pow(lb[].linfty,3); // VvkNÈ��
real alpha=0.1;
Plot3D(lb[],"object_inside",0);
real[int] clb=0.,cub=[(1-alpha)*Vobj + alpha*Vnvc];

N^IPOPT :

IPOPT(Area,GradArea,ipHessianLag,
ipVolume,ipGradVolume,rc[], // ¼ê±9å©:
ub=ub[],lb=lb[],clb=clb,cub=cub, // {ü>.±9NÈ>.
checkindex=1,structjacc=[gvi,gvj], // S��Ý
��
maxiter=kkk<nadapt-1 ? 40:150, // �k3���g���#S���Ñ°(`z
warmstart=kkk,lm=lm,uz=uz[],lz=lz[], // ý?n
tol=0.00001);

Plot3D(rc[],"Shape_at_"+kkk,0); // w«�c)

��§3(å��)¤Ì�c§·�7L�¢yc¡¤`��U"UC����X = (ρ, 0, 0)£3
¥¡�Iþ¤�þ|k'§¿Ø���ρk'§ÄK¬K�3Dã/�­Ç"
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if(kkk<nadapt-1)
{

Th = adaptmesh(Th,
rc*cos(x)*sin(y), // X
rc*sin(x)*sin(y), // Y
rc*cos(y), // Z
nbvx=50000,
periodic=[[2,y],[4,y]]); // �±��±Ï5

plot(Th);
startshape = rc; // 3#��e/G�UC
uz=uz; // éóCþ�U�
lz=lz;

} // (åif
} // (å���#Ì�

±e´�Xα�4~¤*ÿ���ã�£ã/'���üÜ1�Ñ�E,�
¤"·�Nþ

α = 0��ã�µ

8.6 nlOpt ���`̀̀zzz

ff-NLopt��FreeFemJø
�¤�/m
���5`z¥"Ïd§ù¦�¦^�«ØÓ�`z
å»¦)PDEC���{ü"¤k�{�±3[42]¥��§¤±3d·�¿Ø'5u§�êÆ�¡
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��[©Û§
´'5uFreeFem��¥ù
�{XÛ�N^�¯K"�ÖöI���ù
�{�
�[©Û�§ïÆÖö���'u§�¤Û�Ñ�Ú^©z£Ò�éõÖ8ó���¤"�Ü©
ÄuFÝ���5�{3¢y�¦^�´��°ÜÝ
�Cq"Ïd§XJ\O�¦)���5
�¯K§·��ïÆ´¦^S:{"S:{��Ç����·�fâ¤`�@
�{"��§·
�3VarIneq2.edp ¥Jø��¢~examples++-load/"
¤k���5¼ê�N^Xeµ

load "ff-NLopt"
... // ½ÂJ, u, J�FÝ���
real min = nloptXXXXXX(J,u, // Ã{;��Ü©

grad = <name of grad(J)> , // XJ7I�{
lb = // e.ê�
ub= // þ.ê�
... // �Àëêµ

// ��¼ê¶,
// ª�^�,

// �{A½�ëê,
// ��

);

XXXXXX��´�{I\(6�iÎ�¿Ø´7��)"u´å© �(��¢�/�ê�)§ù�3�
{¥ò�­�"3(å�§T��¤é������O"� ~��§J´��¼ê§�£�´�
�¢�/"grad§lb±9ub´��Àëê"3,«§Ýþ§§�éu,
5K·^§�¿Øé¤
k·^"

�U��Àëê·¶Xe"I�5¿�´Ø´¤k�{Ñ¦^¦�£k
¿Ø|±,
��§½
ö,�a.���§�
´ÄuFÝ�§k
´��¼êÃ'�§��¤"^r�±��ëê£
ã§(½·¶�ëê´Ä�A½��{|±"¦^��|±�ëê¬¦�O���)kÌ�§ù
ò�§S�Ñ"�Ò`§�\éw,Ø^
,�¢y§\ò¬3$1�Â�´w�E£~X§
\D\FÝ���Ø¦^�¼ê��{§½öé�¢D�{��«+§��¤"3eã�£ã
¥§nL«|¢�m��ê"

������ÀÀÀëëëêêê:

grad= T¼ê¶�O�¼ê�FÝ£�.´real[int] → real[int]§¤këêÚ(J
��ê´n¤"3ÄuFÝ��{¥ù´7L�§�´3Ø�)�¼ê��{¥ò¬�
�Ñ"

lb/ub = n�ê�£¢�.¤�þe."3½ÂCþ�|¢«��¦^"ùéu,
�{´
7L�§,
´�À�§Ù¦�¹KØ|±"

subOpt : �3éu.�KFëê{ÚMLSL�{�·^§ùü��{ÑÄuf¯K�¦
)"N^�§�ID4ÛÜ�{I\string Ò1"

kkk���������ëëëêêê£££���ÀÀÀ - XXXJJJØØØ´́́AAA½½½���KKKÃÃÃ{{{¦¦¦^̂̂¤¤¤:

IConst/EConst : #ND4¼ê¶¢y|¢«�þ�Ø�ª��"¼êa.7L´real[int]
→ real[int]§�£ê���������ê�Ó(�Ó�a. - �Ò´`¤k��
�´3���þ�¼ê¥ë�O�)"�
¦��ª��ÚØ�ª��U
3�Ó��
{¥¦)§ü��þ�¼êò�½Â�D4"'uXÛ?nù
��§��[�Ú½
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��~??"

gradIConst/gradEConst : Jø
Ø�ª���FÝ"ù
´¼ê´real[int] →
real[int,int]�"b�·�kp���¼ê§K�£Ý
����½´p × n(Ý

�1i1Ò´1i����FÝ)"ù3ÄuFÝ��{¥´7��"

tolIConst/tolEConst : éz����N=�"ù´�����Ø�ª���ê�Ó�
ê�"éuz����"��´10−12"

ªªª���^̂̂��� :

stopFuncValue : �8I¼ê��A½�¢��§�{(å"

stopRelXTol : 3|¢«�¥§�Ú���é£Ä3z����Ñ�uA½�¢�§�{
(å"

stopAbsXTol : 3|¢«�¥§�Ú��ýé£Ä3v����þÑ�uA½�¢�§�
{(å"

stopRelFTol : �8I¼ê��éCz��uA½�¢��§�{(å"

stopAbsFTol : �8I¼ê�ýéCz��uA½�¢��§�{(å"

stopMaxFEval : �¤k�·Aµ�¼êÑ÷v�§�{(å"

stopTime : �`z�m1�g�ÑA½���§�{(å"ù¿Ø´��î��þ.µ¢
S$1�m¬�ÑT��:§ù�ûu�{±9µ�¼ê�$1�Ý"

5¿�¦^AUGLAG½öMLSL�{�§Ì�{Ú§�g?�{�UkØÓ�ª�^�"Ï
d§�·�?nù«�{�§�±æ^±eëê·¶�ª£3g?�{c\cMSO¤±9
�g?�{��ª�^�µSOStopFuncValue§ SOStopRelXTol§��"XJ±þù

��¦^§Kg?�{ò¦^Ì�{�ª�^�"

ÙÙÙ¦¦¦···¶¶¶ëëëêêê :

popSize : ù´��.§^5UC�Å|¢�{�����""���éuA½��{ä
kéu¿Â��"

SOPopSize : �þã�Ó§«O´3��Å|¢D4�Ì�{�"

nGradStored : ¤k�FÝP¹þ�g�`z(Jµù¬O\S��I¦§�Ó��
¬O\Âñ�Ý"ù¬��¤��äkéu¿Â�"��"�·�¦^AUGLAG½
öMLSL�§ù��K��Ñ�g?�{"

±eL�o(
z���{�Ì�A�"ùJø�
·�'u�{�­�&E§¦·���|±
=
A���{|±§
Ø|±=
"�õ�¦�SN�±3[42]¥��"
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Id TagId Tag Full Name Bounds
Gradient
-Based

Stochastic
ConstraintsConstraints Sub-

OptFull Name Bounds
Gradient
-Based

Stochastic
Equality Inequality

Sub-
Opt

DIRECT

DIRECTL

DIRECTLRand

DIRECTNoScal

DIRECTLNoScal

DIRECTLRandNoScal

OrigDIRECT

OrigDIRECTL

StoGO

StoGORand

LBFGS

PRAXIS

Var1

Var2

TNewton

TNewtonRestart

TNewtonPrecond

TNewtonRestartPrecond

CRS2

MMA

COBYLA

NEWUOA

NEWUOABound

NelderMead

Sbplx

BOBYQA

ISRES

SLSQP

MLSL

MLSLLDS

AUGLAG

AUGLAGEQ

Dividing rectangles ●
Locally biased dividing 
rectangles ●
Randomized locally biased 
dividing rectangles ●
Dividing rectangles - no scaling ●
Locally biased dividing 
rectangles - no scaling ●
Randomized locally biased dividing 
rectangles - no scaling ●
Original Glabonsky’s dividing 
rectangles ● ✔

Original Glabonsky’s locally 
biased dividing rectangles ● ✔

Stochastic(?) Global 
Optimization ● ●
Randomized Stochastic(?) 
Global Optimization ● ●
Low-storage BFGS ●
Principal AXIS ✔

Rank-1 shifted limited-memory 
variable-metric ●
Rank-2 shifted limited-memory 
variable-metric ●
Truncated Newton ●
Steepest descent restarting 
truncated Newton ●
BFGS preconditionned 
truncated Newton ●
BFGS preconditionned truncated 
Newton with steepest descent restarting ●
Controled random search with 
local mutation ✔ ●
Method of moving asymptots ✔ ● ✔

Constrained optimization by 
linear approximations ✔ ✔ ✔

NEWUOA

NEWUOA for bounded 
optimization ✔

Nelder-Mead simplex ✔

Subplex ✔

BOBYQA ✔

Improved stochastic ranking 
evolution strategy ✔ ● ✔ ✔

Sequential least-square 
quadratic programming ✔ ● ✔ ✔

Multi-level single-linkage ✔ ● ● ●
Low discrepancy multi-level 
single-linkage ✔ ● ● ●
Constraints augmented 
lagrangian ✔ ● ✔ ✔ ●
Equality constraints augmented 
lagrangian ✔ ● ✔ ✔ ●

Legend : ✔ Supported and optionalSupported and optionalSupported and optionalSupported and optionalSupported and optional

✔
Should be supported and optional, may 
lead to weird behaviour though. 
Should be supported and optional, may 
lead to weird behaviour though. 
Should be supported and optional, may 
lead to weird behaviour though. 
Should be supported and optional, may 
lead to weird behaviour though. 
Should be supported and optional, may 
lead to weird behaviour though. 

●
Intrinsic characteristic of the algorithm 
which then need one or more unavoidable 
parameter to work (for stochastic 
algorithm, the population size always have 
a default value, they will then work if it is 
ommited)

Intrinsic characteristic of the algorithm 
which then need one or more unavoidable 
parameter to work (for stochastic 
algorithm, the population size always have 
a default value, they will then work if it is 
ommited)

Intrinsic characteristic of the algorithm 
which then need one or more unavoidable 
parameter to work (for stochastic 
algorithm, the population size always have 
a default value, they will then work if it is 
ommited)

Intrinsic characteristic of the algorithm 
which then need one or more unavoidable 
parameter to work (for stochastic 
algorithm, the population size always have 
a default value, they will then work if it is 
ommited)

Intrinsic characteristic of the algorithm 
which then need one or more unavoidable 
parameter to work (for stochastic 
algorithm, the population size always have 
a default value, they will then work if it is 
ommited)

●/✔●/✔
For routines with subsidiary algorithms 
only, indicates that the corresponding 
feature will depend on the chosen sub-
optimizer.

For routines with subsidiary algorithms 
only, indicates that the corresponding 
feature will depend on the chosen sub-
optimizer.

For routines with subsidiary algorithms 
only, indicates that the corresponding 
feature will depend on the chosen sub-
optimizer.

For routines with subsidiary algorithms 
only, indicates that the corresponding 
feature will depend on the chosen sub-
optimizer.

For routines with subsidiary algorithms 
only, indicates that the corresponding 
feature will depend on the chosen sub-
optimizer.



202 18Ù �{Ú`z

8.7 ���MPI������`̀̀zzz

3¿1NXþ¦^þã�{���¯$��ª´¿1¦^¤�¼ê(ù´éy¢���¯§´�
{¥�[B��Ü©)"3d§·�Jø
CMA-ES�{�¿1��"¿1$��Ø%´¡��?
z/¢D�{µ3z�gS�¥§¤�¼êò�O�Ng§�ùNgÑ´Õá�§ùN�(Jò�
Ó�/©��z�?§"N^MPI���CMA-ES�N^§�k^S���C���(���¢y
�±3©�cmaes-mpi-VarIneq.edp¥é�)µ

load "mpi-cmaes"
... // 3d½ÂJ, u�ëê
real min = cmaesMPI(J,u,stopTolFun=1e-6,stopMaxIter=3000);
cout << "minimal value is " << min << " for u = " << u << endl;

3¦^popsizeëê�§XJ«+��vkUC§@o��äkéu¿Â��ò�¦^"ù
��¬C��`��ì¤¦^�ÏÕì¥��C��¦ê���" 3FreeFem¥§"��
´mpicommworld"¦^ö�±¦^·¶ëê” comm=”�½A½�MPIÏÕì"'uÏÕì�
õ�¦�SN§Öö�±3FreeFem++¥�MPI Ü©?1��"
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êêêÆÆÆ���...

ÁÁÁ��� ù�Ùò�9 FreeFem++ ¤U)û����g�¯K"ù�Ù´13Ù�Ö¿§
1
nÙ==´�
0�"·�F"¦^ö�U
�z\��~f§¦�·��¯K¥UC��\´
L"

9.1 ···���¯̄̄KKK

9.1.1 ���FFF������

·�y3òl���F���êÆ�.m©"ù���ÊÜ3xy−²¡þ����þ"

C = {(x, y); x = cos t, y = sin t, 0 ≤ t ≤ 2π}.

·�b����/Gdã�(x, y, u(x, y))¤£ã§3ç���þ £�� u(x, y) (x2 + y2 < 1)§¿
«Éü ¡ÈØåp§±9å©ü �ÝÜåµ"

�Ä��/�²¡0ABCD§A:(x, y, u(x, y)), B:(x, y, u(x+ δx, y)), C:(x, y, u(x+ δx, y + δy)) and
D:(x, y, u(x, y + δy))"-n(x, y) = (nx(x, y), ny(x, y), nz(x, y))´¡z = u(x, y)�{�þ"·��
�ç���þ�å¬dÜåµ�^u>ADþ"ù�å´−µnx(x, y)δy§
ç���þ�å�^
3ADþ�

µnx(x+ δx, y)δy ' µ
(
nx(x, y) +

∂nx
∂x

δx

)
(x, y)δy.

Ó�§éu>ABÚDC·�k

u ( x , y )

u ( x , y + d y )

u ( x + d x , y )

u ( x + d x , y + d y )

( ¶ u / ¶ x ) d x

T

T
T

T

−µny(x, y)δx, µ (ny(x, y) + ∂ny/∂y) (x, y)δx.

203
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¡ABCD3ç���þ�ådÜåµ¤����´

µ (∂nx/∂x) δxδy + T (∂ny/∂y) δyδx.

b��ké�� £§·�k

νx = (∂u/∂x)/
√

1 + (∂u/∂x)2 + (∂u/∂y)2 ' ∂u/∂x,
νy = (∂u/∂y)/

√
1 + (∂u/∂x)2 + (∂u/∂y)2 ' ∂u/∂y.

4δx→ dx, δy → dy§·�d�F��3ABCDþç� £p�þï��

µdxdy∂2u/∂x2 + µdxdy∂2u/∂y2 + pdxdy = 0.

¦^Laplace�f∆ = ∂2/∂x2 + ∂2/∂y2§·��±uyJ £U
±±e/ª�Ñ

−∆u = f 3 Ωþ (9.1)

Ù¥f = p/µ, Ω = {(x, y); x2 + y2 < 1}"Ñt�§(2.1)�3·>Æ¥±f = ρ/ε�/ªÑy§ρ´
>Ö�Ý§ε´·>~ê±9u�¡��>Uå"�F��ÊÜ3�∂Ω = Cþ§K·�k>.^�

u = 0 3 ∂Ωþ (9.2)

XJTå´­å§�
{üå�§·�b�f = −1"

Example 9.1 (a tutorial.edp)

1 : border a(t=0,2*pi){ x = cos(t); y = sin(t);label=1;};
2 :
3 : mesh disk = buildmesh(a(50));
4 : plot(disk);
5 : fespace femp1(disk,P1);
6 : femp1 u,v;
7 : func f = -1;
8 : problem laplace(u,v) =
9 : int2d(disk)( dx(u)*dx(v) + dy(u)*dy(v) ) // V�5/ª

10 : - int2d(disk)( f*v ) // �5/ª
11 : + on(1,u=0) ; // >.^�
12 : func ue = (xˆ2+yˆ2-1)/4; // ue: °()
13 : laplace;
14 : femp1 err = u - ue;
15 :
16 : plot (u,ps="aTutorial.eps",value=true,wait=true);
17 : plot(err,value=true,wait=true);
18 :
19 : cout << "error L2=" << sqrt(int2d(disk)( errˆ2) )<< endl;
20 : cout << "error H10=" << sqrt( int2d(disk)((dx(u)-x/2)ˆ2)
21 : + int2d(disk)((dy(u)-y/2)ˆ2))<< endl;
22 :
23 : disk = adaptmesh(disk,u,err=0.01);
24 : plot(disk,wait=1);
25 :
26 : laplace;
27 :
28 : plot (u,value=true,wait=true);
29 : err = u - ue; // 3�#���þ¤�FE¼ê
30 : plot(err,value=true,wait=true);
31 : cout << "error L2=" << sqrt(int2d(disk)( errˆ2) )<< endl;
32 : cout << "error H10=" << sqrt(int2d(disk)((dx(u)-x/2)ˆ2)
33 : + int2d(disk)((dy(u)-y/2)ˆ2))<< endl;
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IsoValue

-0.243997

-0.231485

-0.218972

-0.206459
-0.193947

-0.181434

-0.168921

-0.156409

-0.143896
-0.131383

-0.11887

-0.106358

-0.0938451

-0.0813324
-0.0688198

-0.0563071

-0.0437944

-0.0312817

-0.018769
-0.00625634

ã 9.1: isovalue of u

ã 9.2: a side view of u

31191p, �°()ue�L
2-Ø��O�,

‖uh − ue‖0,Ω =

(∫
Ω
|uh − ue|2 dxdy

)1/2

l1201�1211, H1-Ø��O

|uh − ue|1,Ω =

(∫
Ω
|∇uh −∇ue|2 dxdy

)1/2

3Ð©���þ®²�¤. ù�(J´ ‖uh − ue‖0,Ω = 0.000384045, |uh − ue|1,Ω = 0.0375506.

3��g·A�, ·��� ‖uh − ue‖0,Ω = 0.000109043, |uh − ue|1,Ω = 0.0188411. ê�(J�±Ï
L���g·A��Uõ"

9.1.2 ···>>>|||

·�b�Ø�3�>6Ú�mÃ'�>Ö©Ù. @o>|E÷v

divE = ρ/ε, curlE = 0 (9.3)

Ù¥ ρ ´>Ö�Ý,ε �¡�gd�m�0>~ê.l1���ª (9.3)p, ·��±í�Ñ·>³§
'X E = −∇φ. ��·��±��Ñt�§ −∆φ = f , f = −ρ/ε. ·��±���³�§�Ò
´φ�Y²­�,3Ø
�N{Ci}1,··· ,K�	vk>Ö.4·�b�K��NC1, · · · , CK3�C0¥. z
��ÑPk��·>³ϕi. ·�b��C0�·>³0. �
��3«�Ωp?¿�:�ϕ(x), ·�7
L¦)

−∆ϕ = 0 in Ω, (9.4)

Ù¥ Ω ´C0�SÜ~��NCi, Γ´Ω�>., �Ò´
∑N

i=0Ci. 3ùpg ´x�¼ê�uϕi 3Ciþ
��¿3C0þª�u 0. >.þ��ª´Xeòz�/ª:

ϕ = ϕi on Ci, i = 1...N, ϕ = 0 on C0. (9.5)
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Example 9.2 Äk·��ÑAÛ�&E; C0 = {(x, y); x2 +y2 = 52}, C1 = {(x, y) : 1
0.32 (x−2)2 +

1
32 y

2 = 1}, C2 = {(x, y) : 1
0.32 (x+ 2)2 + 1

32 y
2 = 1}. -Ω ´�����C0��§¿�ký�.��

�C1 Ú C2��. 5¿� C0 ´�£ã¤_���, 
ý�.��´�£ã�^���, Ï�>.Ñ
´½��§ÏdO��«�Ò´¡�§��>.

// ���%�(0 ,0), �»�5��
border C0(t=0,2*pi) { x = 5 * cos(t); y = 5 * sin(t); }
border C1(t=0,2*pi) { x = 2+0.3 * cos(t); y = 3*sin(t); }
border C2(t=0,2*pi) { x = -2+0.3 * cos(t); y = 3*sin(t); }

mesh Th = buildmesh(C0(60)+C1(-50)+C2(-50));
plot(Th,ps="electroMesh"); // ã 9.3
fespace Vh(Th,P1); // P1 k���m
Vh uh,vh; // ��þÚÿÁ¼ê.
problem Electro(uh,vh) = // ¯K�½Â

int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) ) // V�5.
+ on(C0,uh=0) // C0 þ�>.^�
+ on(C1,uh=1) // C1 þ+1ÏA
+ on(C2,uh=-1) ; // C2 þ-1ÏA

Electro; // ¦)¯K, )�ã 9.4
plot(uh,ps="electro.eps",wait=true); // ã 9.4

ã 9.3: kü�ý����� ã 9.4: �³�, C1 3m>

9.1.3 ���íííÄÄÄåååÆÆÆ

4·��Ä3��IO6p���Ê.�¿¡. Ã¡�¬ÏL4��� Γ∞�¥y. Ò��c`�,
·�7L)û

∆ϕ = 0 in Ω, ϕ|S = c, ϕ|Γ∞ = u∞1x − u∞2x (9.6)

Ù¥Ω´�6N¤Óâ�«�, u∞´�í3Ã¡�?��Ý, c ´���½�~êÏd ∂nϕ3�Ü
�>.P of Sþ´ëY�(¡� Kutta-Joukowski ^�). FÝ´²1uc. �
��c, ·�^�«­
U��{. du¤k3 (9.6) p��ªÑ´�5�, ¤±���) ϕc �´c����5¼ê.

ϕc = ϕ0 + cϕ1, (9.7)
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Ù¥ ϕ0 ´ (9.6) � c = 0��), ϕ1 ´ c = 1 �Ã¡�?�Ý�0�). �ùü�|�O�, ·��
±ÏL�¦∂ϕ/∂n3�Ü>.þ�ëY55(½ c. éuNACA0012þL¡��ª (ù´3�íÄ
åÆp��²;�Ê.¿¡; Ê��Ü�¡��Ü�>�)´:

y = 0.17735
√
x− 0.075597x− 0.212836x2 + 0.17363x3 − 0.06254x4. (9.8)

À����Uu)��Ýα,'Xtanα = 0.1, ·�7L)û

−∆ϕ = 0 in Ω, ϕ|Γ1 = y − 0.1x, ϕ|Γ2 = c, (9.9)

Ù¥Γ2 ´Ê.�¿¡, Γ1 ´Ã¡��Cq. Ïé� c ÏL)û:

−∆ϕ0 = 0 in Ω, ϕ0|Γ1 = y − 0.1x, ϕ0|Γ2 = 0, (9.10)

−∆ϕ1 = 0 in Ω, ϕ1|Γ1 = 0, ϕ1|Γ2 = 1. (9.11)

§�)ϕ = ϕ0 + cϕ1#N·�ÏL ∂nϕ 3�Ü>�P = (1, 0) vka��é�c. ·��±��
∂nϕ− (ϕ(P+)−ϕ(P ))/δ Ù¥P+ ´3 P�þ��R�¿¡��þ!ålP��Ý�δ���:. ¤
± a� ∂nϕ ´ (ϕ0|P+ + c(ϕ1|P+ − 1)) + (ϕ0|P− + c(ϕ1|P− − 1)) Ø±δ Ï�{�3eL¡ÚþL
¡�m¬UCÎÒ. Ïd

c = − ϕ0|P+ + ϕ0|P−
(ϕ1|P+ + ϕ1|P− − 2)

, (9.12)

�±��¤§S�:

c = − ϕ0(0.99, 0.01) + ϕ0(0.99,−0.01)

(ϕ1(0.99, 0.01) + ϕ1(0.99,−0.01)− 2)
. (9.13)

Example 9.3 // NACA0012ÅÊ±�� ³6O�.
// ©)�{´�
$^Joukowski ^�

// Ïé/ª�psi0 + beta psi1 �), Ù¥, beta ��
// ¦Ør3ÅÊ��ëY�Ü·��

border a(t=0,2*pi) { x=5*cos(t); y=5*sin(t); }; // CqÃ¡

border upper(t=0,1) { x = t;
y = 0.17735*sqrt(t)-0.075597*t

- 0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4); }
border lower(t=1,0) { x = t;

y= -(0.17735*sqrt(t)-0.075597*t
-0.212836*(tˆ2)+0.17363*(tˆ3)-0.06254*(tˆ4)); }

border c(t=0,2*pi) { x=0.8*cos(t)+0.5; y=0.8*sin(t); }

wait = true;
mesh Zoom = buildmesh(c(30)+upper(35)+lower(35));
mesh Th = buildmesh(a(30)+upper(35)+lower(35));
fespace Vh(Th,P2); // P1 k���m
Vh psi0,psi1,vh; // ��þÚÿÁ¼ê.
fespace ZVh(Zoom,P2);

solve Joukowski0(psi0,vh) = // ¯K�½Â
int2d(Th)( dx(psi0)*dx(vh) + dy(psi0)*dy(vh) ) // V�5.

+ on(a,psi0=y-0.1*x) // >.^��/ª
+ on(upper,lower,psi0=0);

plot(psi0);

solve Joukowski1(psi1,vh) = // ¯K�½Â
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int2d(Th)( dx(psi1)*dx(vh) + dy(psi1)*dy(vh) ) // V�5.
+ on(a,psi1=0) // >.^��/ª
+ on(upper,lower,psi1=1);

plot(psi1);

// Ør3ÅÊ���ëY5
real beta = psi0(0.99,0.01)+psi0(0.99,-0.01);
beta = -beta / (psi1(0.99,0.01)+ psi1(0.99,-0.01)-2);

Vh psi = beta*psi1+psi0;
plot(psi);
ZVh Zpsi=psi;
plot(Zpsi,bw=true);
ZVh cp = -dx(psi)ˆ2 - dy(psi)ˆ2;
plot(cp);
ZVh Zcp=cp;
plot(Zcp,nbiso=40);

ã 9.5: cp = −(∂xψ)2 − (∂yψ)2���� ã 9.6: cp���

9.1.4 ØØØ������OOO

éu¯K2.1 Ú 2.25`§kÍ¶�ê�) uh Ú°()u�Ø��O: XJn�¿© {Th}h↓0 ´�
K� (� !5.4), @o·��±���O

|∇u−∇uh|0,Ω ≤ C1h (9.14)

‖u− uh‖0,Ω ≤ C2h
2 (9.15)

Ù¥~ê C1, C2 � hÃ', XJ u ´áuH2(Ω). XJΩ´à�, @oKku ∈ H2(Ω).
3ù�Ü©·�ò�	(9.14)Ú(9.15). XJ¦^ê��ê�{§·�ò-�ê�Ø�,éu(9.14)§
·�^�e5��ª5?n.∫

Ω
|∇u−∇uh|2 dxdy =

∫
Ω
∇u · ∇(u− 2uh) dxdy +

∫
Ω
∇uh · ∇uh dxdy

=

∫
Ω
f(u− 2uh) dxdy +

∫
Ω
fuh dxdy
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~ê C1, C2 ´�6u Th Ú f , ¤±·�ÏL FreeFem++ é�¦�. Ï~5`, ·�ØU���
§�) u ´��Ð�¼ê (� Section 4.8) =¦O\ spetical functions. �
O�°(), ùp·�
¦^Cq) u03 Vh(Th, P2), h ∼ 0.

Example 9.4

1 : mesh Th0 = square(100,100);
2 : fespace V0h(Th0,P2);
3 : V0h u0,v0;
4 : func f = x*y; // sin(pi*x)*cos(pi*y);
5 :
6 : solve Poisson0(u0,v0) =
7 : int2d(Th0)( dx(u0)*dx(v0) + dy(u0)*dy(v0) ) // V�5.
8 : - int2d(Th0)( f*v0 ) // �5.
9 : + on(1,2,3,4,u0=0) ; // >.^�
10 :
11 : plot(u0);
12 :
13 : real[int] errL2(10), errH1(10);
14 :
15 : for (int i=1; i<=10; i++) {
16 : mesh Th = square(5+i*3,5+i*3);
17 : fespace Vh(Th,P1);
18 : fespace Ph(Th,P0);
19 : Ph h = hTriangle; // ��¤kn�/�º�
20 : Vh u,v;
21 : solve Poisson(u,v) =
22 : int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v) ) // V�5.
23 : - int2d(Th)( f*v ) // �5.
24 : + on(1,2,3,4,u=0) ; // >.^�
25 : V0h uu = u;
26 : errL2[i-1] = sqrt( int2d(Th0)((uu - u0)ˆ2) )/h[].maxˆ2;
27 : errH1[i-1] = sqrt( int2d(Th0)( f*(u0-2*uu+uu) ) )/h[].max;
28 : }
29 : cout << "C1 = " << errL2.max <<"("<<errL2.min<<")"<< endl;
30 : cout << "C2 = " << errH1.max <<"("<<errH1.min<<")"<< endl;

·��±ß� C1 = 0.0179253(0.0173266)Ú C2 = 0.0729566(0.0707543),Ù¥)Òp�êi´O�
p����.

9.1.5 ±±±ÏÏÏ>>>...^̂̂���

·�y35¦)Ñt�§
−∆u = sin(x+ π/4.) ∗ cos(y + π/4.)

3��/[0, 2π]2þ ÷vV±Ï>.^�:éu¤ky,ku(0, y) = u(2π, y);éu¤kx,ku(x, 0) =
u(x, 2π). ù
>.^��±ÏL½Â±Ï5k���m5¢y.

Example 9.5 (periodic.edp)

mesh Th=square(10,10,[2*x*pi,2*y*pi]);
// ½Â�±Ï5>.^��k���m

// I\: 2 Ú 4 ©O��>Úm>, î�I� y
// 1 Ú 2 ©O��>Úm>, î�I� x
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fespace Vh(Th,P2,periodic=[[2,y],[4,y],[1,x],[3,x]]);
Vh uh,vh; // ��þÚÿÁ¼ê.
func f=sin(x+pi/4.)*cos(y+pi/4.); // mà¼ê

problem laplace(uh,vh) = // ¯K�½Â
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) ) // V�5.

+ int2d(Th)( -f*vh ) // �5.
;

laplace; // ¦)¯K plot(uh); // w(J
plot(uh,ps="period.eps",value=true);

IsoValue

-0.441699

-0.391928

-0.342157

-0.292387

-0.242616

-0.192845

-0.143075

-0.0933038

-0.0435331

0.00623761

0.0560083

0.105779

0.15555

0.20532

0.255091

0.304862

0.354633

0.404403

0.454174

0.503945

ã 9.7: äk±Ï5>.^��) u ����

±Ï5^�vk7��¦²1>.. ~ 9.6 �Ñ
ù��~f.

Example 9.6 (periodic4.edp)

real r=0.25;
// �k��É�!/

border a(t=0,1){x=-t+1; y=t;label=1;};
border b(t=0,1){ x=-t; y=1-t;label=2;};
border c(t=0,1){ x=t-1; y=-t;label=3;};
border d(t=0,1){ x=t; y=-1+t;label=4;};
border e(t=0,2*pi){ x=r*cos(t); y=-r*sin(t);label=0;};
int n = 10;
mesh Th= buildmesh(a(n)+b(n)+c(n)+d(n)+e(n));
plot(Th,wait=1);
real r2=1.732;
func abs=sqrt(xˆ2+yˆ2);
// ±Ï5^��´w:
// > a Ú c
// 3> a þ(I\ 1) x ∈ [0, 1] or x− y ∈ [−1, 1]
// 3> c þ(I\ 3) x ∈ [−1, 0] or x− y ∈ [−1, 1]

// ¤±�Ó�î�I©O� x Ú x+ 1
// ��±ÁÁ­�î�I x− y and x− y

// 1 1�«�{
// fespace Vh(Th,P2,periodic=[[2,1+x],[4,x],[1,x],[3,1+x]]);
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// 2 1�«�{
fespace Vh(Th,P2,periodic=[[2,x+y],[4,x+y],[1,x-y],[3,x-y]]);

Vh uh,vh;

func f=(y+x+1)*(y+x-1)*(y-x+1)*(y-x-1);
real intf = int2d(Th)(f);
real mTh = int2d(Th)(1);
real k = intf/mTh;
problem laplace(uh,vh) =

int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) ) + int2d(Th)( (k-f)*vh ) ;
laplace;
plot(uh,wait=1,ps="perio4.eps");

ã 9.8: 3 Ω ¥¦)�§ ∆u = ((y + x)2 + 1)((y− x)2 + 1)− k, 3Éþ ∂nu = 0, 3	>.
þäkü�±Ï5>.^�, ã�)����

,	��~f´Ø���>., �±ww�è´Äó�.

Example 9.7 (periodic4bis.edp)

// Ø5K>.^�.
// ïá> AB

macro LINEBORDER(A,B,lab) border A#B(t=0,1){real t1=1.-t;
x=A#x*t1+B#x*t;y=A#y*t1+B#y*t;label=lab;} // EOM

// O� ||AB|| a=(ax,ay) Ú B =(bx,by)
macro dist(ax,ay,bx,by) sqrt(square((ax)-(bx))+ square((ay)-(by))) // EOM
macro Grad(u) [dx(u),dy(u)] // EOM

real Ax=0.9,Ay=1; real Bx=2,By=1;
real Cx=2.5,Cy=2.5; real Dx=1,Dy=2;
real gx = (Ax+Bx+Cx+Dx)/4.; real gy = (Ay+By+Cy+Dy)/4.;

LINEBORDER(A,B,1)
LINEBORDER(B,C,2)
LINEBORDER(C,D,3)
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LINEBORDER(D,A,4)

int n=10;

real l1=dist(Ax,Ay,Bx,By);
real l2=dist(Bx,By,Cx,Cy);
real l3=dist(Cx,Cy,Dx,Dy);
real l4=dist(Dx,Dy,Ax,Ay);
func s1=dist(Ax,Ay,x,y)/l1; // AB = ||AX||/||AB|| þ�î�I
func s2=dist(Bx,By,x,y)/l2; // BC = ||BX||/||BC|| þ�î�I
func s3=dist(Cx,Cy,x,y)/l3; // CD = ||CX||/||CD|| þ�î�I
func s4=dist(Dx,Dy,x,y)/l4; // DA = ||DX||/||DA|| þ�î�I

mesh Th=buildmesh(AB(n)+BC(n)+CD(n)+DA(n),fixeborder=1); //

verbosity=6; // *	±Ï5>.^��î�I�.
fespace Vh(Th,P1,periodic=[[1,s1],[3,s3],[2,s2],[4,s4]]);
verbosity=1;
Vh u,v;
real cc=0;
cc= int2d(Th)((x-gx)*(y-gy)-cc)/Th.area;
cout << " compatibility =" << int2d(Th)((x-gx)*(y-gy)-cc) <<endl;

solve Poission(u,v)=int2d(Th)(Grad(u)’*Grad(v)+ 1e-10*u*v)
-int2d(Th)(10*v*((x-gx)*(y-gy)-cc));

plot(u,wait=1,value=1);

Example 9.8 (Period-Poisson-cube-ballon.edp)

verbosity=1;
load "msh3"
load "tetgen"
load "medit"

bool buildTh=0;
mesh3 Th;
try { // �«�gïá�����å», ¿�e©��3, Ö�T��.

Th=readmesh3("Th-hex-sph.mesh");
}

catch(...) { buildTh=1;}
if( buildTh ){

...
put the code example page // 5.11.1126
without the first line
}

fespace Ph(Th,P0);
verbosity=50;
fespace Vh(Th,P1,periodic=[[3,x,z],[4,x,z],[1,y,z],[2,y,z],[5,x,y],[6,x,y]]);//
�>Úc>
verbosity=1;
Ph reg=region;

cout << " centre = " << reg(0,0,0) << endl;
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cout << " exterieur = " << reg(0,0,0.7) << endl;

macro Grad(u) [dx(u),dy(u),dz(u)] // EOM

Vh uh,vh;
real x0=0.3,y0=0.4,z0=06;
func f= sin(x*2*pi+x0)*sin(y*2*pi+y0)*sin(z*2*pi+z0);
real gn = 1.;
real cf= 1;
problem P(uh,vh)=

int3d(Th,1)( Grad(uh)’*Grad(vh)*100)
+ int3d(Th,2)( Grad(uh)’*Grad(vh)*2)
+ int3d(Th) (vh*f)
;
P;

plot(uh,wait=1, nbiso=6);
medit(" uh ",Th, uh);

ã 9.9: ±Ï) uh �L¡���

ã 9.10:
^ ffmedit *	) uh ����¡

9.1.6 ···ÜÜÜ>>>...^̂̂������Poisson¯̄̄KKK

ùp·��Ä·Ü>.^��Ñt¯K: �½¼ê f Ú g, ¦) u ¦�

−∆u = f in Ω

u = g on ΓD, ∂u/∂n = 0 on ΓN (9.16)

Ù¥ ΓD >. Γ��Ü©,±9 ΓN = Γ \ ΓD. ¯K�)u 3ù
:þ {γ1, γ2} = ΓD ∩ ΓNPkÛ5.
� Ω = {(x, y); −1 < x < 1, 0 < y < 1}, ΓN = {(x, y); −1 ≤ x < 0, y = 0}, ΓD = ∂Ω \ ΓN�, Û
5¬Ñy3γ1 = (0, 0), γ2(−1, 0)þ, ¿� u kXeL�

u = KiuS + uR, uR ∈ H2(near γi), i = 1, 2
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Ù¥Ki�~ê. ùpuS = r
1/2
j sin(θj/2) ÏLÛÜ4�I (rj , θj at γj¦� (r1, θ1) = (r, θ). �
�

OÛÜ4�INX(r, θ), ·�¦^ r = sqrt( x2̂+y2̂ ) Úθ = atan2(y,x) 3 FreeFem++ p.

Example 9.9 b� f = −2×30(x2 +y2) � g = ue = 10(x2 +y2)1/4 sin
(
[tan−1(y/x)]/2

)
+30(x2y2),

ùp� ueS ´°()"

1 : border N(t=0,1) { x=-1+t; y=0; label=1; };
2 : border D1(t=0,1){ x=t; y=0; label=2;};
3 : border D2(t=0,1){ x=1; y=t; label=2; };
4 : border D3(t=0,2){ x=1-t; y=1; label=2;};
5 : border D4(t=0,1) { x=-1; y=1-t; label=2; };
6 :
7 : mesh T0h = buildmesh(N(10)+D1(10)+D2(10)+D3(20)+D4(10));
8 : plot(T0h,wait=true);
9 : fespace V0h(T0h,P1);
10 : V0h u0, v0;
11 :
12 : func f=-2*30*(xˆ2+yˆ2); // �½�§
13 : // A) K*us (Kµ ~ê)
14 : func us = sin(atan2(y,x)/2)*sqrt( sqrt(xˆ2+yˆ2) );
15 : real K=10.;
16 : func ue = K*us + 30*(xˆ2*yˆ2);
17 :
18 : solve Poisson0(u0,v0) =
19 : int2d(T0h)( dx(u0)*dx(v0) + dy(u0)*dy(v0) ) // V�5/ª
20 : - int2d(T0h)( f*v0 ) // �5/ª
21 : + on(2,u0=ue) ; // >.^�
22 :
23 : // dÛÉ/ªU?
24 : mesh Th = adaptmesh(T0h,us);
25 : for (int i=0;i< 5;i++)
26 : {
27 : mesh Th=adaptmesh(Th,us);
28 : } ;
29 :
30 : fespace Vh(Th, P1);
31 : Vh u, v;
32 : solve Poisson(u,v) =
33 : int2d(Th)( dx(u)*dx(v) + dy(u)*dy(v) ) // V�5/ª
34 : - int2d(Th)( f*v ) // �5/ª
35 : + on(2,u=ue) ; // >.^�
36 :
37 : /* xÑ) */
38 : plot(Th,ps="adaptDNmix.ps");
39 : plot(u,wait=true);
40 :
41 : Vh uue = ue;
42 : real H1e = sqrt( int2d(Th)( dx(uue)ˆ2 + dy(uue)ˆ2 + uueˆ2 ) );
43 :
44 : /* O� H1 Sobolev�ê */
45 : Vh err0 = u0 - ue;
46 : Vh err = u - ue;
47 : Vh H1err0 = int2d(Th)( dx(err0)ˆ2+dy(err0)ˆ2+err0ˆ2 );
48 : Vh H1err = int2d(Th)( dx(err)ˆ2+dy(err)ˆ2+errˆ2 );
49 : cout <<"Relative error in first mesh "<< int2d(Th)(H1err0)/H1e<<endl;
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50 : cout <<"Relative error in adaptive mesh "<< int2d(Th)(H1err)/H1e<<endl;

l1241�1281§é���U?´ÄuÛÉ���"31421§·�O� H1e=‖ue‖1,Ω" 3�
�ü1§·�3O��éØ�§�Ò´§

‖u0
h − ue‖1,Ω/H1e = 0.120421

‖uah − ue‖1,Ω/H1e = 0.0150581

3ùp§u0
h´3 T0hþ�ê�)§�3ù�§S¥§ uah ´ u"

9.1.7 ···ÜÜÜkkk���������ÑÑÑttt���§§§

ù�!·��Äk·Ü>.^��Ñt�§µéu�½�¼êf , gd, gn, éÑ p ¦�

−∆p = 1 in Ω

p = gd onΓD, ∂p/∂n = gn on ΓN (9.17)

ΓD ´>. Γ��Ü©§� ΓN = Γ \ ΓD"
·ÜúªXeµ é� p Ú u ¦�

∇p+ u = 0 in Ω

∇.u = f in Ω

p = gd on ΓD, ∂u.n = gn.n on ΓN (9.18)

d� gn ´��¦� gn.n = gn��þ"
C©úª´µ

∀v ∈ V0,
∫

Ω p∇.v + vv =

∫
Γd

gdv.n

∀q ∈ P
∫

Ω q∇.u =

∫
Ω
qf

∂u.n = gn.n on ΓN (9.19)

ù´�¼ê�m´µ

P = L2(Ω), V = H(div) = {v ∈ L2(Ω)2,∇.v ∈ L2(Ω)}

¿�·��±��µ
V0 = {v ∈ V; v.n = 0 on ΓN}.

�
�Ñ FreeFem++ ��è§·�I�ÀJk���m"3ùp§ V�m^Raviart-Thomask
��RT0lÑz§ P^~êk��P0lÑz"

Example 9.10 (LaplaceRT.edp)

mesh Th=square(10,10);
fespace Vh(Th,RT0);
fespace Ph(Th,P0);
func gd = 1.;
func g1n = 1.;
func g2n = 1.;
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Vh [u1,u2],[v1,v2];
Ph p,q;

problem laplaceMixte([u1,u2,p],[v1,v2,q],
solver=GMRES,eps=1.0e-10,
tgv=1e30,dimKrylov=150)

=
int2d(Th)( p*q*1e-15 // ù��3ùL« sur

// fÝ
Ñ´�_� (I�LU ©))
+ u1*v1 + u2*v2 + p*(dx(v1)+dy(v2)) + (dx(u1)+dy(u2))*q )

+ int2d(Th) ( q)
- int1d(Th,1,2,3)( gd*(v1*N.x +v2*N.y)) // on ΓD
+ on(4,u1=g1n,u2=g2n); // on ΓN

laplaceMixte;

plot([u1,u2],coef=0.1,wait=1,ps="lapRTuv.eps",value=true);
plot(p,fill=1,wait=1,ps="laRTp.eps",value=true);

9.1.8 ÝÝÝþþþUUU???ÚÚÚíííþþþ���OOOfff

3ù�!¥, ·�éPoisson¯K����g·A, ¿O�ü� T þ�²;íþØ��Of ηT .

Example 9.11 (adaptindicatorP2.edp) Äk§·�)û�c�~f¥Ñy�¯Kµ

1 : border ba(t=0,1.0){x=t; y=0; label=1;}; // �ã5.15
2 : border bb(t=0,0.5){x=1; y=t; label=2;};
3 : border bc(t=0,0.5){x=1-t; y=0.5;label=3;};
4 : border bd(t=0.5,1){x=0.5; y=t; label=4;};
5 : border be(t=0.5,1){x=1-t; y=1; label=5;};
6 : border bf(t=0.0,1){x=0; y=1-t;label=6;};
7 : mesh Th = buildmesh (ba(6) + bb(4) + bc(4) +bd(4) + be(4) + bf(6));
8 : savemesh(Th,"th.msh");
9 : fespace Vh(Th,P2);
10 : fespace Nh(Th,P0);
11 : Vh u,v;
12 : Nh rho;
13 : real[int] viso(21);
14 : for (int i=0;i<viso.n;i++)
15 : viso[i]=10.ˆ(+(i-16.)/2.);
16 : real error=0.01;
17 : func f=(x-y);
18 : problem Probem1(u,v,solver=CG,eps=1.0e-6) =
19 : int2d(Th,qforder=5)( u*v*1.0e-10+ dx(u)*dx(v) + dy(u)*dy(v))
20 : + int2d(Th,qforder=5)( -f*v);
21 : /*************

Ïd§ÛÜØ��Of ηT ´µ

ηT =

h2
T ||f + ∆uh||2L2(T ) +

∑
e∈EK

he || [
∂uh
∂nk

] ||2L2(e)

 1
2
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3ùp hT ´T���>§ ET Ø3Γ = ∂Ωþ� T >.�8Ü§ nT ´ K�ü 	{�þ§ he ´
> e ��§ [g] ´¼êg ÷X>.a����£^�>��~�m>¤"

·��,�±¦^C©/ª�O�η2
T§ d�ÿÁ¼ê3z�n�/þ´~ê"

29 : *************/
30 :
31 : varf indicator2(uu,chiK) =
32 : intalledges(Th)(chiK*lenEdge*square(jump(N.x*dx(u)+N.y*dy(u))))
33 : +int2d(Th)(chiK*square(hTriangle*(f+dxx(u)+dyy(u))) );
34 : for (int i=0;i< 4;i++)
35 : {
36 : Probem1;
37 : cout << u[].min << " " << u[].max << endl;
38 : plot(u,wait=1);
39 : cout << " indicator2 " << endl;
40 :
41 : rho[] = indicator2(0,Nh);
42 : rho=sqrt(rho);
43 : cout << "rho = min " << rho[].min << " max=" << rho[].max << endl;
44 : plot(rho,fill=1,wait=1,cmm="indicator density ",ps="rhoP2.eps",

value=1,viso=viso,nbiso=viso.n);
45 : plot(Th,wait=1,cmm="Mesh ",ps="ThrhoP2.eps");
46 : Th=adaptmesh(Th,[dx(u),dy(u)],err=error,anisomax=1);
47 : plot(Th,wait=1);
48 : u=u;
49 : rho=rho;
50 : error = error/2;
51 : } ;

XJù��{´é�§@oeã¥ÒUÐ«A�´~ê�¼ê η Fig. 9.11.

IsoValue

1e-08

3.16228e-08

1e-07

3.16228e-07

1e-06

3.16228e-06

1e-05

3.16228e-05

0.0001

0.000316228

0.001

0.00316228

0.01

0.0316228

0.1

0.316228

1

3.16228

10

31.6228

100

indicator density Mesh 

ã 9.11: Ø��«f��Ý §3��Ó5� P2 Ýþe
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9.1.9 ¦¦¦^̂̂íííþþþ���«««fffUUU???

3�c�~f¥§·�O�
Ø��«f§y3·�¦^§U?��"
#�����dXeúª�Ñµ

hn+1(x) =
hn(x)

fn(ηK(x))

d� ηn(x) ´dÛÜØ��«f�Ñ�3:x?�Ø�.§ hn ´�c�/��0§ fn ´^r¼
ê§½Â� fn = min(3,max(1/3, ηn/η

∗
n)) d� η∗n = mean(ηn)c, � c ´���C1�^r�½�

ëê"

Example 9.12 (AdaptResidualErrorIndicator.edp)
Äk§¦^÷·- MeshSizecomputation O�Ñ P1 ����§��>��²þ�"

// ¦^÷���c�����
// ëê
// Ñ\: Th ��
// Vh P1 k���m on Th
// ÑÑ :
// h: Vh k��§�c�����k�8Ü
macro MeshSizecomputation(Th,Vh,h)
{ /* �� Vh P1 k���m
h P1 ������ */
real[int] count(Th.nv);
/* ���� (lenEdge = integral(e) 1 ds) */
varf vmeshsizen(u,v)=intalledges(Th,qfnbpE=1)(v);
/* >ê / par vertex */
varf vedgecount(u,v)=intalledges(Th,qfnbpE=1)(v/lenEdge);

/*
O�����
----------------------------- */

count=vedgecount(0,Vh);
h[]=0.;
h[]=vmeshsizen(0,Vh);
cout << " count min = "<< count.min << " " << count.max << endl;
h[]=h[]./count;

cout << " -- bound meshsize = " <<h[].min << " " << h[].max << endl;
} // Ê�÷

1�^÷·-�â#�)�����­#���"

// �âíþ�«f?1÷§��­�
// Ñ\:
// Th the mesh
// Ph P0 fespace on Th
// Vh P1 fespace on Th
// vindicator the varf of to evaluate the indicator to 2

// coef on etamem..
// ------

macro ReMeshIndicator(Th,Ph,Vh,vindicator,coef)
{
Vh h=0;
/*O����� */
MeshSizecomputation(Th,Vh,h);
Ph etak;
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etak[]=vindicator(0,Ph);
etak[]=sqrt(etak[]);
real etastar= coef*(etak[].sum/etak[].n);
cout << " etastar = " << etastar << " sum=" << etak[].sum << " " << endl;

/* ùp etaK ´ØëY�¶
·�^��þ8¥{�P1�L2ÝK " */

Vh fn,sigma;
varf veta(unused,v)=int2d(Th)(etak*v);
varf vun(unused,v)=int2d(Th)(1*v);
fn[] = veta(0,Vh);
sigma[]= vun(0,Vh);
fn[]= fn[]./ sigma[];
fn = max(min(fn/etastar,3.),0.3333) ;

/* #����� */
h = h / fn ;
/* xã(h,wait=1); */
/* ïá#�� */
Th=adaptmesh(Th,IsMetric=1,h,splitpbedge=1,nbvx=10000);
}

3ùp·��Ñ���ï�Ú½§��c¡�~f"

// k���m½Â ---
fespace Vh(Th,P1); // ����Ú)
fespace Ph(Th,P0); // Ø��I

real hinit=0.2; // Ð©����
Vh h=hinit; // é��O�k���§

// Äu�½�����|ï��µ����
Th=adaptmesh(Th,h,IsMetric=1,splitpbedge=1,nbvx=10000);
plot(Th,wait=1,ps="RRI-Th-init.eps");
Vh u,v;

func f=(x-y);

problem Poisson(u,v) =
int2d(Th,qforder=5)( u*v*1.0e-10+ dx(u)*dx(v) + dy(u)*dy(v))

- int2d(Th,qforder=5)( f*v);

varf indicator2(unused,chiK) =
intalledges(Th)(chiK*lenEdge*square(jump(N.x*dx(u)+N.y*dy(u))))

+int2d(Th)(chiK*square(hTriangle*(f+dxx(u)+dyy(u))) );

for (int i=0;i< 10;i++)
{
u=u;
Poisson;
plot(Th,u,wait=1);
real cc=0.8;
if(i>5) cc=1;
ReMeshIndicator(Th,Ph,Vh,indicator2,cc);
plot(Th,wait=1);
}
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IsoValue

5.89664e-05

0.000111887

0.000147167

0.000182447

0.000217727

0.000253008

0.000288288

0.000323568

0.000358848

0.000394129

0.000429409

0.000464689

0.000499969

0.000535249

0.00057053

0.00060581

0.00064109

0.00067637

0.000711651

0.000799851

IsoValue

-123.488

-123.476

-123.464

-123.452

-123.44

-123.428

-123.416

-123.404

-123.392

-123.38

-123.368

-123.356

-123.344

-123.332

-123.32

-123.308

-123.296

-123.284

-123.272

-123.26

ã 9.12: ��Ó5P1§Ø��I¶)���Ú��¡

9.2 ���555¯̄̄KKK

�Ä��U/C��5� Ω × [−h, h] in R3, Ω ⊂ R2. du�f�)/C§·��Äl:
P (x1, x2, x3) �: P(ξ1, ξ2, ξ3)� £" �þu = (u1, u2, u3) = (ξ1 − x1, ξ2 − x2, ξ3 − x3) �¡
�  £�þ. du�)/C§ �ã x,x + τ∆x ��£Ä� x + u(x),x + τ∆x + u(x + τ∆x) §ù
p� τ´�é��ê§ ùp� x = (x1, x2, x3), ∆x = (∆x1,∆x2,∆x3)" ·��±O�Ñü^�
ã�'µ

η(τ) = τ−1|∆x|−1 (|u(x + τ∆x)− u(x) + τ∆x| − τ |∆x|)

l
·��±í�Ñ (�� X [16, p.32])

lim
τ→0

η(τ) = (1 + 2eijνiνj)
1/2 − 1, 2eij =

∂uk
∂xi

∂uk
∂xj

+

(
∂ui
∂xj

+
∂uj
∂xi

)
ùp νi = ∆xi|∆x|−1"XJ/Cé �, @o·��±@�

(∂uk/∂xi)(∂uk/∂xi) ≈ 0

@oXeúª�¡� � ØåACÜþ

εij(u) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
Üþ eij �¡� k�ØåACÜþ.

�Ä��±x�¥%�²¡ ∆Π(x)§Ùü {�þ n = (n1, n2, n3)§­¡ ∆Π(x) 3: x ?��
IL«µ

(σ1j(x)nj , σ2j(x)nj , σ3j(x)nj)

d� σij(x) ´:x ?�AåÜþ" $^��½Æ§�±3σijÚεij¥é��5'X

σij(x) = cijkl(x)εij(x)
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äké¡5 cijkl = cjikl, cijkl = cijlk, cijkl = cklij"
XJ��Üþ cijkl(x) Ø�6u�IX�À�§@oTÔ�3:x�¡���Ó5�"XJcijkl´
~ê§@oTÔ��¡� Ó��"3��Ó5�Ó���/e§�3Lamé~ê λ, µ £��§
X§[16, p.43]¤÷vµ

σij = λδijdivu+ 2µεij (9.20)

d� δij ´KroneckerÈ"·�b��5�´3«�ΓD × [−h, h], ΓD ⊂ ∂Ωþ"XJNÈå f =
(f1, f2, f3) 3«�Ω× [−h, h]þ�Ñ"L¡å g 3«� ΓN × [−h, h],ΓN = ∂Ω \ ΓDþ�Ñ§ @o
²ï�§�µ

−∂jσij = fi in Ω× [−h, h], i = 1, 2, 3 (9.21)

σijnj = gi on ΓN × [−h, h], ui = 0 on ΓD×]− h, h[, i = 1, 2, 3 (9.22)

·�y35)º²¡�5µ

²²²¡¡¡AAACCCµµµ 3²¡�.à§�>^�÷vu3 = 0, g3 ="3ù«�/e§·��±b½ f3 = g3 =
u3 = 0 � u(x1, x2, x3) = u(x1, x2) éu¤k� −h < x3 < h"

²²²¡¡¡AAAåååµµµ b��Î�~[§3üà x3 = ±hvkK1§=

σ3i = 0, x3 = ±h, i 1, 2, 3

ù�b��Ñ σ3i = 0 3 Ω× [−h, h] � u(x1, x2, x3) = u(x1, x2) éu¤k −h < x3 < h"

222ÂÂÂ²²²¡¡¡AAAåååµµµ �Î3üàx3 = ±hÃK1" Ú\ÄuþÝ�²þ�§

ui(x1, x2) =
1

2h

∫ h

−h
u(x1, x2, x3)dx3

·�- u3 ≡ 0"aq/§·�½ÂNÈåÚL¡å�²þ�f, g §�kAåÚAC©þ�²
þ� εij Ú σij"

�e5·��Ñu, f, g, εijÚ εij �þy�" ·�U
��d(9.21)�Ñ�²ï�§§ò Ω× [−h, h]
O�¤ Ω ¿�UC i = 1, 2" �Ä�²¡Aåµ σij = λ∗δijdivu+ 2µεij , λ

∗ = (2λµ)/(λ+ µ)"
�5�§�g,/�¤C©/ª§·�^ £¥þµ u(x) ∈ V∫

Ω
[2µεij(u)εij(v) + λεii(u)εjj(v)] =

∫
Ω
f · v +

∫
Γ
g · v,∀v ∈ V

V ´ H1(Ω)2��54f�m"

Example 9.13 (Beam.edp) �ÄkØCÝ/>.[0, 10]× [0, 2]��5�µ NÈå´Úå f and the
>.å g 3þ.Úe.Ñ´0" R��ü>´�½�"

// �k­þ�>§§�3Xe>.þµ

int bottombeam = 2;
border a(t=2,0) { x=0; y=t ;label=1;}; // �>
border b(t=0,10) { x=t; y=0 ;label=bottombeam;}; // .>
border c(t=0,2) { x=10; y=t ;label=1;}; // m>
border d(t=0,10) { x=10-t; y=2; label=3;}; // º>
real E = 21.5;
real sigma = 0.29;
real mu = E/(2*(1+sigma));
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real lambda = E*sigma/((1+sigma)*(1-2*sigma));
real gravity = -0.05;
mesh th = buildmesh( b(20)+c(5)+d(20)+a(5));
fespace Vh(th,[P1,P1]);
Vh [uu,vv], [w,s];
cout << "lambda,mu,gravity ="<<lambda<< " " << mu << " " << gravity << endl;

// du��­þ§>�)�C/
real sqrt2=sqrt(2.); // � lame.edp ��~f 3.8
macro epsilon(u1,u2) [dx(u1),dy(u2),(dy(u1)+dx(u2))/sqrt2] // EOM
macro div(u,v) ( dx(u)+dy(v) ) // EOM

solve bb([uu,vv],[w,s])=
int2d(th)(

lambda*div(w,s)*div(uu,vv)
+2.*mu*( epsilon(w,s)’*epsilon(uu,vv) )

)
+ int2d(th) (-gravity*s)
+ on(1,uu=0,vv=0)
;

plot([uu,vv],wait=1);
plot([uu,vv],wait=1,bb=[[-0.5,2.5],[2.5,-0.5]]);
mesh th1 = movemesh(th, [x+uu, y+vv]);
plot(th1,wait=1);

Example 9.14 (beam-3d.edp) �Ä�5N§k�½�>.§´²18¡N[0, 5] × [0, 1] × [0, 1]. N
Èå´Úå f >.å g Ø
3�>��½�R�¡±	Ñ´0"

include "cube.idp"
int[int] Nxyz=[20,5,5];
real [int,int] Bxyz=[[0.,5.],[0.,1.],[0.,1.]];
int [int,int] Lxyz=[[1,2],[2,2],[2,2]];
mesh3 Th=Cube(Nxyz,Bxyz,Lxyz);

real E = 21.5e4, sigma = 0.29;
real mu = E/(2*(1+sigma));
real lambda = E*sigma/((1+sigma)*(1-2*sigma));
real gravity = -0.05;

fespace Vh(Th,[P1,P1,P1]);
Vh [u1,u2,u3], [v1,v2,v3];
cout << "lambda,mu,gravity ="<<lambda<< " " << mu << " " << gravity << endl;

real sqrt2=sqrt(2.);
macro epsilon(u1,u2,u3) [dx(u1),dy(u2),dz(u3),(dz(u2)+dy(u3))/sqrt2,

(dz(u1)+dx(u3))/sqrt2,(dy(u1)+dx(u2))/sqrt2] // EOM
macro div(u1,u2,u3) ( dx(u1)+dy(u2)+dz(u3) ) // EOM

solve Lame([u1,u2,u3],[v1,v2,v3])=
int3d(Th)(

lambda*div(u1,u2,u3)*div(v1,v2,v3)
+2.*mu*( epsilon(u1,u2,u3)’*epsilon(v1,v2,v3) ) // ’)
)

- int3d(Th) (gravity*v3)
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+ on(1,u1=0,u2=0,u3=0)
;

real dmax= u1[].max;
cout << " max displacement = " << dmax << endl;
real coef= 0.1/dmax;
int[int] ref2=[1,0,2,0];
mesh3 Thm=movemesh3(Th,transfo=[x+u1*coef,y+u2*coef,z+u3*coef],label=ref2);
Thm=change(Thm,label=ref2);
plot(Th,Thm, wait=1,cmm="coef amplification = "+coef ); // � fig ??

9.2.1 äää���åååÆÆÆ

�Äkä��²¡§§�ØC/G´�^­�Σ§kü^> γ1, γ2" ·�b�AåÜþσij
´(x, y) ∈ ΩΣ = Ω \Σ�²¡Aå" 3ùpΩL«vkä���5���½>."XJ>.∂Ωþ�
�Ü©ΓN´�½�§�½K1L = (f , g) ∈ L2(Ω)2 × L2(ΓN )2 §@o £¥þ u ´³U¼ê��
��µ

E(v;L,ΩΣ) =

∫
ΩΣ

{w(x,v)− f · v} −
∫

ΓN

g · v

3¼ê�m V (ΩΣ)µ

V (ΩΣ) =
{
v ∈ H1(ΩΣ)2; v = 0 on ΓD = ∂Ω \ ΓN

}
,

d� w(x,v) = σij(v)εij(v)/2,

σij(v) = Cijkl(x)εkl(v), εij(v) = (∂vi/∂xj + ∂vj/∂xi)/2, (Cijkl : ��Üþ).

XJ�5�´Ó����Ó5�§@o £¥þ3γk ���m��Uk¥�±©)�£�� [17]¤

u(x) =

2∑
l=1

Kl(γk)r
1/2
k SCkl(θk) + uk,R(x) for x ∈ ΩΣ ∩ Uk, k = 1, 2 (9.23)

uk,R ∈ H2(ΩΣ ∩ Uk)2§ Uk, k = 1, 2 ´ γk �m��§¦� ∂L1 ∩ U1 = γ1, ∂Lm ∩ U2 = γ2, 
�

SCk1(θk) =
1

4µ

1

(2π)1/2

[
[2κ− 1] cos(θk/2)− cos(3θk/2)
−[2κ+ 1] sin(θk/2) + sin(3θk/2)

]
, (9.24)

SCk2(θk) =
1

4µ

1

(2π)1/2

[
−[2κ− 1] sin(θk/2) + 3 sin(3θk/2)
−[2κ+ 1] cos(θk/2) + cos(3θk/2)

]
.

µ ´�5p�}��þ§ éu²¡AC
ó§κ = 3 − 4ν (ν ´Ñt')§éu²¡Aå
ó§
κ = 3−ν

1+ν"

ëêK1(γi) Ú K2(γi), ´ä�åÆ¥é­��ëê" §�©O´Üm.£�. 1¤Úwm.£�
. 2¤�AårÝÏf"
�
é¯K{z§·��Ä{ü�ä�µ

Ω = {(x, y) : −1 < x < 1,−1 < y < 1}, Σ = {(x, y) : −1 ≤ x ≤ 0, y = 0}

�k���¿kà γ = (0, 0)" Ø3/´§ FreeFem++ ØU?nä�§¤±·�U?
�eU.
��«�£�§X§ 5.30¤§¦� d = 0.0001" ä� Σ d�e«�Cqµ

Σd = {(x, y) : −1 ≤ x ≤ −10 ∗ d,−d ≤ y ≤ d}
∪{(x, y) : −10 ∗ d ≤ x ≤ 0,−d+ 0.1 ∗ x ≤ y ≤ d− 0.1 ∗ x}

ΓD = R w«3 Fig. 5.30" 3ù�~f¥§·�I�¦^�3�Eâµ
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� ¦^¯�k��S�ì§ò�� Th�\�� Zoom§¿3γNC�'~��"

� 3)� £�þu = (u, v)�§|^±e�è§�±*	��¿�C/�¹"

mesh Plate = movemesh(Zoom,[x+u,y+v]);
plot(Plate);

� �X(9.23)¤«§3γ:Ñy
î­�ÛÉ5§Ïdg·A5Eâ3ù�~f¥�©­�"

1��~fü«
/C�ªI"§´d�^3>. BÚ Tþ§÷Σ�{����é�L¡å¤Úå
�/C§�/C £�½3>.Rþ"
3¢�¿¥§ïÄä��ó§��^1�5{¦�Aå|�Àz1§O�ÌAå����µ

σ1 − σ2 =
√

(σ11 − σ22)2 + 4σ2
12 (9.25)

Ù¥§σ1Úσ2´ÌAå"3Üm.�«¥§1�5{b��«kàÜm £'uγé¡"

Example 9.15 (���¿¿¿mmm���, K2(γ) = 0) {CrackOpen.edp}
real d = 0.0001;
int n = 5;
real cb=1, ca=1, tip=0.0;
border L1(t=0,ca-d) { x=-cb; y=-d-t; }
border L2(t=0,ca-d) { x=-cb; y=ca-t; }
border B(t=0,2) { x=cb*(t-1); y=-ca; }
border C1(t=0,1) { x=-ca*(1-t)+(tip-10*d)*t; y=d; }
border C21(t=0,1) { x=(tip-10*d)*(1-t)+tip*t; y=d*(1-t); }
border C22(t=0,1) { x=(tip-10*d)*t+tip*(1-t); y=-d*t; }
border C3(t=0,1) { x=(tip-10*d)*(1-t)-ca*t; y=-d; }
border C4(t=0,2*d) { x=-ca; y=-d+t; }
border R(t=0,2) { x=cb; y=cb*(t-1); }
border T(t=0,2) { x=cb*(1-t); y=ca; }
mesh Th = buildmesh (L1(n/2)+L2(n/2)+B(n)

+C1(n)+C21(3)+C22(3)+C3(n)+R(n)+T(n));
cb=0.1; ca=0.1;
plot(Th,wait=1);
mesh Zoom = buildmesh (L1(n/2)+L2(n/2)+B(n)+C1(n)

+C21(3)+C22(3)+C3(n)+R(n)+T(n));
plot(Zoom,wait=1);
real E = 21.5;
real sigma = 0.29;
real mu = E/(2*(1+sigma));
real lambda = E*sigma/((1+sigma)*(1-2*sigma));
fespace Vh(Th,[P2,P2]);
fespace zVh(Zoom,P2);
Vh [u,v], [w,s];
solve Problem([u,v],[w,s]) =

int2d(Th)(
2*mu*(dx(u)*dx(w)+ ((dx(v)+dy(u))*(dx(s)+dy(w)))/4 )
+ lambda*(dx(u)+dy(v))*(dx(w)+dy(s))/2
)

-int1d(Th,T)(0.1*(4-x)*s)+int1d(Th,B)(0.1*(4-x)*s)
+on(R,u=0)+on(R,v=0); // �½

;

11�5{´|^AåVò��A§��Z�1§,�ÏLÿ1§�5ÿ�Aå�§¤±`´�Àz�"
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zVh Sx, Sy, Sxy, N;
for (int i=1; i<=5; i++)
{

mesh Plate = movemesh(Zoom,[x+u,y+v]); // γ˜NC�/C
Sx = lambda*(dx(u)+dy(v)) + 2*mu*dx(u);
Sy = lambda*(dx(u)+dy(v)) + 2*mu*dy(v);
Sxy = mu*(dy(u) + dx(v));
N = 0.1*1*sqrt((Sx-Sy)ˆ2+4*Sxyˆ2); // ÌAå�
if (i==1) {

plot(Plate,ps="1stCOD.eps",bw=1); // ã 9.13
plot(N,ps="1stPhoto.eps",bw=1); // ã 9.13

} else if (i==5) {
plot(Plate,ps="LastCOD.eps",bw=1); // ã 9.14
plot(N,ps="LastPhoto.eps",bw=1); // ã 9.14
break;

}
Th=adaptmesh(Th,[u,v]);
Problem;

}

ã 9.13: 1�«��¥§�«Üm 
£(COD)ÚÌAå��"

ã 9.14: ��«�&��¥§�«Üm 
£(COD)ÚÌAå��"

¢�¿¥*ÿ��/C�ªII´�J�[�ï�§´d�^3 BÚ Tþ��é�}�å¤Úå�"
¤±·�¦^÷XΣ�N}�å§�=Nåf3x¶��þ�©åf1"

f1(x, y) = H(y − 0.001) ∗H(0.1− y)−H(−y − 0.001) ∗H(y + 0.1)

Ù¥§et > 0§H(t) = 1¶et < 0§H(t) = 0"

Example 9.16 (Crack Sliding, K2(γ) = 0) 2

// (¦^�Ó���)
real d = 0.0001; // *
int n = 5; // *
real cb=1, ca=1, tip=0.0; // *
border L1(t=0,ca-d) { x=-cb; y=-d-t; } // *
border L2(t=0,ca-d) { x=-cb; y=ca-t; } // *
border B(t=0,2) { x=cb*(t-1); y=-ca; } // *

2�©¥�§SÃ{$1§�?1
?U§?UÜ©±///*0I5"
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border C1(t=0,1) { x=-ca*(1-t)+(tip-10*d)*t; y=d; } // *
border C21(t=0,1) { x=(tip-10*d)*(1-t)+tip*t; y=d*(1-t); } // *
border C22(t=0,1) { x=(tip-10*d)*t+tip*(1-t); y=-d*t; } // *
border C3(t=0,1) { x=(tip-10*d)*(1-t)-ca*t; y=-d; } // *
border C4(t=0,2*d) { x=-ca; y=-d+t; } // *
border R(t=0,2) { x=cb; y=cb*(t-1); } // *
border T(t=0,2) { x=cb*(1-t); y=ca; } // *
mesh Th = buildmesh (L1(n/2)+L2(n/2)+B(n)

+C1(n)+C21(3)+C22(3)+C3(n)+R(n)+T(n)); // *
plot(Th,wait=1); // *

cb=0.01; ca=0.01;
mesh Zoom = buildmesh (L1(n/2)+L2(n/2)+B(n)+C1(n)

+C21(3)+C22(3)+C3(n)+R(n)+T(n));
// (¦^�Ó�k���m Vh Ú�5�)

fespace Vh1(Th,P1);
real E = 21.5; // *
real sigma = 0.29; // *
real mu = E/(2*(1+sigma)); // *
real lambda = E*sigma/((1+sigma)*(1-2*sigma)); // *
Vh1 fx = ((y>0.001)*(y<0.1))-((y<-0.001)*(y>-0.1)) ;
fespace Vh(Th,[P2,P2]); // *
fespace zVh(Zoom,P2); // *
Vh [u,v], [w,s]; // *
solve Problem([u,v],[w,s]) =

int2d(Th)(
2*mu*(dx(u)*dx(w)+ ((dx(v)+dy(u))*(dx(s)+dy(w)))/4 )
+ lambda*(dx(u)+dy(v))*(dx(w)+dy(s))/2
)

-int2d(Th)(fx*w)
+on(R,u=0)+on(R,v=0); // �½

;
zVh Sx, Sy, Sxy, N; // *
for (int i=1; i<=3; i++)
{

mesh Plate = movemesh(Zoom,[x+u,y+v]); // γ˜NC�/C
Sx = lambda*(dx(u)+dy(v)) + 2*mu*dx(u);
Sy = lambda*(dx(u)+dy(v)) + 2*mu*dy(v);
Sxy = mu*(dy(u) + dx(v));
N = 0.1*1*sqrt((Sx-Sy)ˆ2+4*Sxyˆ2); // ÌAå�

if (i==1) {
plot(Plate,ps="1stCOD2.eps",bw=1); // ã 9.16
plot(N,ps="1stPhoto2.eps",bw=1); // ã 9.15

} else if (i==3) {
plot(Plate,ps="LastCOD2.eps",bw=1); // ã 9.16
plot(N,ps="LastPhoto2.eps",bw=1); // ã 9.16
break;

}
Th=adaptmesh(Th,[u,v]);
Problem;

}
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ã 9.15: 1�«��¥§�«Üm 
£(COD)ÚÌAå��"

ã 9.16: ��«�&��¥§�«Üm 
£(COD)ÚÌAå��"

9.3 ������555···���¯̄̄KKK

y34·�5)û����5¯Kµ��zeã�¼µ

J(u) =

∫
Ω

1

2
f(|∇u|2)− u ∗ b

Ù¥§uáuH1
0 (Ω)§¼êf½ÂXeµ

f(x) = a ∗ x+ x− ln(1 + x), f ′(x) = a+
x

1 + x
, f ′′(x) =

1

(1 + x)2

9.3.1 ÚÚÚîîî-...ÅÅÅÖÖÖ���{{{

y3§^Úî-.ÅÖ�{)ûî.¯K∇J(u) = 0§�=

un+1 = un − (∇2J(un))−1 ∗ ∇J(un)

Äk§0�ü«©O^uO�∇JÚ∇2J�C//ªvdJÚvhJ"

// ¦) dJ(u)=0 �˜Newton-Raphson �{;
//

un+1 = un − (
∂dJ

∂ui
)−1 ∗ dJ(un)

// ---------------------------------------------
Ph dalpha ; // �� 2f ′′(|∇u|2) �`

// ¦� dJ = ∇J �C©/ª
// --------------------------------------
// dJ = f’()*( dx(u)*dx(vh) + dy(u)*dy(vh)
varf vdJ(uh,vh) = int2d(Th)( alpha*( dx(u)*dx(vh) + dy(u)*dy(vh) ) - b*vh)
+ on(1,2,3,4, uh=0);
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// ¦� ddJ = ∇2J �C©/ª
// hJ(uh,vh) = f’()*( dx(uh)*dx(vh) + dy(uh)*dy(vh)

// + 2*f’’()( dx(u)*dx(uh) + dy(u)*dy(uh) ) * (dx(u)*dx(vh) +
dy(u)*dy(vh))

varf vhJ(uh,vh) = int2d(Th)( alpha*( dx(uh)*dx(vh) + dy(uh)*dy(vh) )
+ dalpha*( dx(u)*dx(vh) + dy(u)*dy(vh) )*( dx(u)*dx(uh) + dy(u)*dy(uh) ) )
+ on(1,2,3,4, uh=0);

// Newton �{
Vh v,w;
u=0;
for (int i=0;i<100;i++)
{
alpha = df( dx(u)*dx(u) + dy(u)*dy(u) ) ; // �`z
dalpha = 2*ddf( dx(u)*dx(u) + dy(u)*dy(u) ) ; // �`z
v[]= vdJ(0,Vh); // v = ∇J(u)
real res= v[]’*v[]; // :È
cout << i << " residuˆ2 = " << res << endl;
if( res< 1e-12) break;
matrix H= vhJ(Vh,Vh,factorize=1,solver=LU); //
w[]=Hˆ-1*v[];
u[] -= w[];
}
plot (u,wait=1,cmm="solution with Newton-Raphson");

5ºµù�~f3examples++-tutorial8¹e�Newton.edp©�¥"
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9.4 AAA������¯̄̄KKK

ÆSù�!c§\I�k�¤ARPACK�?È£�uREADME arpack¤"XJüc/eigenvalue0
�e¡��Ñy3/Load:01¥§@où�óä�±3FreeFem++¥é�"

-- FreeFem++ v1.28 (date Thu Dec 26 10:56:34 CET 2002)
file : LapEigenValue.edp
Load: lg_fem lg_mesh eigenvalue

ù�óä´ÄuARPACKA��^���¡�é���arpack++ 3"[1]

¼êEigenValueUO�Au = λBu�2ÂA��"Ù¥§sigma =σ´ £�4"½ÂÝ
OP �A−
σB"¼ê�£�´ÂñA����ê(�U��uA��ênev=)"

int k=EigenValue(OP,B,nev= , sigma= );

Ù¥§Ý
OP = A− σBg�éA�A��¦)ìÚ�A� �©¯K>.^�§B´Ý
"

Note 9.1 >.^�ÚA��¯K

£½>.^�£Dirichlet^�¤ÏL(½�vê�E5§�ò1e30=tgv �\£½gdÝ�é��
�(��§(6.31))" �u·�¦)�´w = OP−1 ∗ B ∗ v§¤±�I�éA§
ØI�éB§�
ÄDirichlet ^�"

XJéÝ
B�ÄDirichlet>.^�£=§S¥k'�i on¤§@o�â>.^�§ò���f
�Ä�ª (10−30)¶�´XJ�éÝ
B�ÑDirichlet >.^�£Ã'�i on¤§@o�âù
>
.^�§ò��r�Ä�ª (1030)"�!�O�
�f�Ä�ª§��
�Ð�(J"

sym= ¯Kké¡5£¤kA��þ´¢ê¤

nev= F"���!£�¤�C £��A��ê8(nev)

value= ;�A��¢Ü�ê|

ivalue= ;�A��JÜ�ê|

vector= ;�A���FE¼êê|

rawvector= real[int,int] a.�ê|§U�;�A��(�âversion 2-17).

éu¢ê�é¡5¯K§EA��þ´ü�ëY�þ§¤±XJ1kÚk + 1�A��´E�
ÝA��§K1k��þ�¹éAE�ÝA��þ�¢Ü§
1k + 1 ��þ�¹éAE�Ý
A��þ�JÜ"

tol= (½A���¤^��é°Ý

sigma=  £�

maxit= S�gêþ�

ncv= ARPACK�zgS�)¤�Arnoldi �þ�ê

3http://www.caam.rice.edu/software/ARPACK/
4{ü/§�±n)��¦�uσ�A��"
5��þ=�±4�êCq�O"§~X^1030u|Γ = 1CqL«u|Γ = 0"

http://www.caam.rice.edu/software/ARPACK/
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Example 9.17 (lapEignenValue.edp) 6

1��~fO�
�/«�Ω = [0, π]2þ�Dirichlet¯K�A��ÚA��þ"

�~ò¦)µ λ§Ú ∇uλ ∈ R×H1

0 (Ω)∫
Ω
∇uλ∇v = λ

∫
Ω
uv ∀v ∈ H1

0 (Ω)

°(�A��´λn,m = (n2 +m2), (n,m) ∈ N∗2§éA�A��þ´um,n = sin(nx) ∗ sin(my)"
·�¦^arpack++¥¥�2Â� £����ª7§Ïé�C £�σ = 20�20 �A��ÚA�
�þ"

// 3�/«�˜]0, π[2˜¦)˜Dirichlet˜¯K�
// A��ÚA��þ
// ----------------------------------------
// ·�¦^� £����ª
//  £þ���¢�˜sigma
// -------------------------------------
// é λ Ú uλ ∈ H1

0 (Ω) ¦�:

//

∫
Ω

∇uλ∇v = λ

∫
Ω

uλv,∀v ∈ H1
0 (Ω)

verbosity=10;
mesh Th=square(20,20,[pi*x,pi*y]);
fespace Vh(Th,P2);
Vh u1,u2;

real sigma = 20; //  £�

// OP = A - sigma B ; //  £��Ý

varf op(u1,u2)= int2d(Th)( dx(u1)*dx(u2) + dy(u1)*dy(u2) - sigma* u1*u2 )

+ on(1,2,3,4,u1=0) ; // >.^�

varf b([u1],[u2]) = int2d(Th)( u1*u2 ); // vk>.^�, �5º 9.1
matrix OP= op(Vh,Vh,solver=Crout,factorize=1); // ^crout ¦)ì, Ï�Ý
Ø
´��
matrix B= b(Vh,Vh,solver=CG,eps=1e-20);

// ­��5:
// >.^��)°(�¨v�:

// ·�ò 1e30=tgv \3gdÝ�é��þ.
// ¤±�I3˜a �C©/ª�\Dirichlet>.^�

// 
Ø´ b �C©/ª.
// Ï�·�¦)�´ w = OP−1 ∗B ∗ v

int nev=20; // lsigmaC��¦)�A���ê

real[int] ev(nev); // ;�nev�A��
Vh[int] eV(nev); // ;�nev�A��þ

6ù�§S�¹3example++-eigen8¹e�lapEignenValue.edp§S¥§Ø
3^/a/�O/OP0§
Ù¦�e©��"

7eA��ÛÉÝ
§K�5�§|Ax = b�)�x = A−1b§Ù¥A�_Ý
A−1 ÷vA−1A = AA−1 =
I(I�ü Ý
)"eA´ÛÉ
½��
§Ax = b�UÃ)½kéõ)"ek)§K)�x = Xb + (I −
XA)§Ù¥´�ê�A ��ê�Ó�?¿�þ§X´÷vAXA = A�?Û��Ý
§Ï~¡X�A�2Â
_Ý
§k�{¡2Â_"�A�ÛÉ�§A−1�÷vAA−1A = A§�x = A−1b+ (I −A−1A) = A−1b"�
�É
�2Â_Ý
Ò´§�_Ý
§`²2Â_Ý
(´Ï~_Ý
Vg�í2"
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int k=EigenValue(OP,B,sym=true,sigma=sigma,value=ev,vector=eV,
tol=1e-10,maxit=0,ncv=0);

// tol= �Ý
// maxit= ��S�Úê � arpack ©�.
// ncv � arpack ©�. http://www.caam.rice.edu/software/ARPACK/
// �£�´��Âñ�A���ê.

for (int i=0;i<k;i++)
{

u1=eV[i];
real gg = int2d(Th)(dx(u1)*dx(u1) + dy(u1)*dy(u1));
real mm= int2d(Th)(u1*u1) ;
cout << " ---- " << i<< " " << ev[i]<< " err= "

<<int2d(Th)(dx(u1)*dx(u1) + dy(u1)*dy(u1) - (ev[i])*u1*u1) << " --- "<<endl;
plot(eV[i],cmm="Eigen Vector "+i+" valeur =" + ev[i] ,wait=1,value=1);

}

ÑÑ(JXeµ

Nb of edges on Mortars = 0
Nb of edges on Boundary = 80, neb = 80

Nb Of Nodes = 1681
Nb of DF = 1681

Real symmetric eigenvalue problem: A*x - B*x*lambda

Thanks to ARPACK++ class ARrcSymGenEig
Real symmetric eigenvalue problem: A*x - B*x*lambda
Shift and invert mode sigma=20

Dimension of the system : 1681
Number of ’requested’ eigenvalues : 20
Number of ’converged’ eigenvalues : 20
Number of Arnoldi vectors generated: 41
Number of iterations taken : 2

Eigenvalues:
lambda[1]: 5.0002
lambda[2]: 8.00074
lambda[3]: 10.0011
lambda[4]: 10.0011
lambda[5]: 13.002
lambda[6]: 13.0039
lambda[7]: 17.0046
lambda[8]: 17.0048
lambda[9]: 18.0083
lambda[10]: 20.0096
lambda[11]: 20.0096
lambda[12]: 25.014
lambda[13]: 25.0283
lambda[14]: 26.0159
lambda[15]: 26.0159
lambda[16]: 29.0258

http://www.caam.rice.edu/software/ARPACK/
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lambda[17]: 29.0273

lambda[18]: 32.0449

lambda[19]: 34.049

lambda[20]: 34.0492

---- 0 5.0002 err= -0.000225891 ---

---- 1 8.00074 err= -0.000787446 ---

---- 2 10.0011 err= -0.00134596 ---

---- 3 10.0011 err= -0.00134619 ---

---- 4 13.002 err= -0.00227747 ---

---- 5 13.0039 err= -0.004179 ---

---- 6 17.0046 err= -0.00623649 ---

---- 7 17.0048 err= -0.00639952 ---

---- 8 18.0083 err= -0.00862954 ---

---- 9 20.0096 err= -0.0110483 ---

---- 10 20.0096 err= -0.0110696 ---

---- 11 25.014 err= -0.0154412 ---

---- 12 25.0283 err= -0.0291014 ---

---- 13 26.0159 err= -0.0218532 ---

---- 14 26.0159 err= -0.0218544 ---

---- 15 29.0258 err= -0.0311961 ---

---- 16 29.0273 err= -0.0326472 ---

---- 17 32.0449 err= -0.0457328 ---

---- 18 34.049 err= -0.0530978 ---

---- 19 34.0492 err= -0.0536275 ---

IsoValue

-0.809569

-0.724351

-0.639134

-0.553916

-0.468698

-0.38348

-0.298262

-0.213045

-0.127827

-0.0426089

0.0426089

0.127827

0.213045

0.298262

0.38348

0.468698

0.553916

0.639134

0.724351

0.809569

Eigen  Vector 11 valeur =25.014

ã 9.17: 111�A��þu4,3−u3,4����

IsoValue

-0.807681

-0.722662

-0.637643

-0.552624

-0.467605

-0.382586

-0.297567

-0.212548

-0.127529

-0.0425095

0.0425095

0.127529

0.212548

0.297567

0.382586

0.467605

0.552624

0.637643

0.722662

0.807681

Eigen  Vector 12 valeur =25.0283

ã 9.18: 112�A��þu4,3 +u3,4����
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9.5 üüüzzz¯̄̄KKK

FreeFem++ ��±)ûÃX9D��§�a�üz¯Kµ

∂u

∂t
− µ∆u = f in Ω× [0, T ], (9.26)

u(x, 0) = u0(x) in Ω; (∂u/∂n) (x, t) = 0 on ∂Ω× [0, T ].

ù��§k�ÊÝXêµ§¿÷vàgNeumann>.^�"?n�m�§·�¦^FEM�{¶?
n�mK¦^k��©�n§±¦)�§(9.26)" U �ê�½Â§O�é�m¦�� �ê§

∂u

∂t
(x, y, t) = lim

τ→0

u(x, y, t)− u(x, y, t− τ)

τ

Kum(x, y) = u(x, y,mτ)òCq÷v

∂u

∂t
(x, y,mτ) ' um(x, y)− um−1(x, y)

τ

é9D��§(9.27)?1�mlÑzXe:

um+1 − um

τ
− µ∆um+1 = fm+1 in Ω (9.27)

u0(x) = u0(x) in Ω; ∂um+1/∂n(x) = 0 on ∂Ω, for all m = 0, · · · , [T/τ ],

(9.27)Ò´¤¢���Euler�{"�
��C©úª§3�ªü>Ó�¦þÿÁ¼êvµ∫
Ω
{um+1v − τ∆um+1v} =

∫
Ω
{um + τfm+1}v .

�âÑÝ½n§K∫
Ω
{um+1v + τ∇um+1 · ∇v} −

∫
∂Ω
τ
(
∂um+1/∂n

)
v =

∫
Ω
{umv + τfm+1v}.

�â>.^�∂um+1/∂n = 0§K∫
Ω
{um+1v + τ∇um+1 · ∇v} −

∫
Ω
{umv + τfm+1v} = 0. (9.28)

¦^þãð�ª§Ò�±�ât5�ÚÚ/O�um�k��Cqumh"

Example 9.18
y3¦)eã¯K§Ù°()´u(x, y, t) = tx4"

∂u

∂t
− µ∆u = x4 − µ12tx2 in Ω×]0, 3[, Ω = [0, 1]2

u(x, y, 0) = 0 on Ω, u|∂Ω = t ∗ x4

// 9D��§ ∂tu = −µ∆u = x4 − µ12tx2

mesh Th=square(16,16);
fespace Vh(Th,P1);
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Vh u,v,uu,f,g;
real dt = 0.1, mu = 0.01;
problem dHeat(u,v) =

int2d(Th)( u*v + dt*mu*(dx(u)*dx(v) + dy(u)*dy(v)))
+ int2d(Th) (- uu*v - dt*f*v )
+ on(1,2,3,4,u=g);

real t = 0; // l t=0 m©
uu = 0; // u(x,y,0)=0
for (int m=0;m<=3/dt;m++)
{

t=t+dt;
f = xˆ4-mu*t*12*xˆ2;
g = t*xˆ4;
dHeat;
plot(u,wait=true);
uu = u;
cout <<"t="<<t<<"Lˆ2-Error="<<sqrt( int2d(Th)((u-t*xˆ4)ˆ2) ) << endl;

}

3���1§O�
t = mτ ,τ = 0.1��L2-Ø��O
(∫

Ω

∣∣u− tx4
∣∣2)1/2

"�t = 0.1�§Ø�

´0.000213269"Ø��m�O�
O�§�t = 3�§Ø�´0.00628589"
��EulerS�(9.28)dfor loop¢y£�u ??¤"

Note 9.2 Ì�¥�fÝÝ
2n�¦^"FreeFem++ �|±fÝÝ
��E¦^"

9.5.1 ���mmm���©©©%%%CCC¥¥¥���êêêÆÆÆ���nnn

3ù�!¥§·�òw�Ûª�©�ª�`:"-VÚH´�©Hilber�m§V3H¥È�"-a�
^3V × Vþ§´é¡�½�ëYV�5/ª�f8"@o

√
a(v, v)´Vþ�ê‖v‖��d/ª"

Problem Ev(f,Ω): éu�½�f ∈ L2(0, T ;V ′),u0 ∈ H

d

dt
(u(t), v) + a(u(t), v) = (f(t), v) ∀v ∈ V, , a.e. t ∈ [0, T ] (9.29)

u(0) = u0

Ù¥§V ′´V�éó�m"@o§�3��)u ∈ L∞(0, T ;H) ∩ L2(0, T ;V )"P�mÚ��µτ >
0§NT = [T/τ ]"�
lÑz§-un = u(nτ)§¿éz�θ ∈ [0, 1]§�Ä�m�©µ

1

τ

(
un+1
h − unh, φi

)
+ a

(
un+θ
h , φi

)
= 〈fn+θ, φi〉 (9.30)

i = 1, · · · ,m, n = 0, · · · , NT

un+θ
h = θun+1

h + (1− θ)unh, fn+θ = θfn+1 + (1− θ)fn

XJθ = 0§@oúª(9.30)Ò´c�Euler�ª¶XJθ = 1/2§Ò´Crank-Nicolson�ª¶X
Jθ = 1§Ò´��Euler�ª"
���þun = (u1

h, · · · , uMh )T"Ù¥§

unh(x) = un1φ1(x) + · · ·+ unmφm(x), un1 , · · · , unm ∈ R
8�½´�a(u, u) ≥ α ‖ u ‖2§Ù¥α > 0"
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´±eÝ
�ª�)µ

(M + θτA)un+1 = {M − (1− θ)τA}un + τ
{
θfn+1 + (1− θ)fn

}
(9.31)

M = (mij), mij = (φj , φi), A = (aij), aij = a(φj , φi)

(9.31)��)5ë�[22, pp.70–75]§(9.31) ­½5ë�[22, Theorem 2.13]µ

-{Th}h↓0´~5�n�¿©(� ??)"KXJeã÷vµ

1. �θ ∈ [0, 1/2)�§éu?¿δ ∈ (0, 1)§�À��mÚ�τ÷vµ

τ <
2(1− δ)

(1− 2θ)c2
0

h2 (9.32)

2. �1/2 ≤ θ ≤ 1�,τ�±?¿À�"

K�3�hÃ'�~êc0 > 0§¦�µ

|unh|2 ≤

 1
δ

{
|u0
h|2 + τ

∑n−1
k=0 ‖fk+θ‖2V ′h

}
θ ∈ [0, 1/2)

|u0
h|2 + τ

∑n−1
k=0 ‖fk+θ‖2V ′h θ ∈ [1/2, 1]

(9.33)

Example 9.19

mesh Th=square(12,12);
fespace Vh(Th,P1);
fespace Ph(Th,P0);

Ph h = hTriangle; // z�n�/���º�
real tau = 0.1, theta=0.;
func real f(real t) {

return xˆ2*(x-1)ˆ2 + t*(-2 + 12*x - 11*xˆ2 - 2*xˆ3 + xˆ4);
}
ofstream out("err02.csv"); // ;�O��©�
out << "mesh size = "<<h[].max<<", time step = "<<tau<<endl;
for (int n=0;n<5/tau;n++) \\

out<<n*tau<<",";
out << endl;
Vh u,v,oldU;
Vh f1, f0;
problem aTau(u,v) =

int2d(Th)( u*v + theta*tau*(dx(u)*dx(v) + dy(u)*dy(v) + u*v))
- int2d(Th)(oldU*v - (1-theta)*tau*(dx(oldU)*dx(v)+dy(oldU)*dy(v)+oldU*v))
- int2d(Th)(tau*( theta*f1+(1-theta)*f0 )*v );

while (theta <= 1.0) {
real t = 0, T=3; // l t=0 � T
oldU = 0; // u(x,y,0)=0
out <<theta<<",";
for (int n=0;n<T/tau;n++) {

t = t+tau;
f0 = f(n*tau); f1 = f((n+1)*tau);
aTau;
oldU = u;
plot(u);
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Vh uex = t*xˆ2*(1-x)ˆ2; // °()˜= tx2(1− x)2

Vh err = u - uex; // err =k��)-°()
out<< abs(err[].max)/abs(uex[].max) <<","; // ‖err‖L∞(Ω)/‖uex‖L∞(Ω)

}
out << endl;
theta = theta + 0.1;

}

q

ã 9.19: maxx∈Ω |unh(θ)− uex(nτ)|/maxx∈Ω |uex(nτ)| at n = 0, 1, · · · , 29

·��±w�ã 9.19¥§�θ = 0.4 �§unh(θ)C�Ø­½, ¿��θ < 0.4�§ã�u)"�"

9.5.2 ééé666

V­.�§Xe

∂tu+α · ∇u = f ; éu�þ�¼êα, (9.34)

3�E¯K¥²~¬Ñy§~XNavier-Stokes�§|§qXé6*Ñ�§��"
3���m��/e§�α´~ê�§·�U
éN´/é�(x, t) 7→ u(x, t) = u0(x − αt) ��e
ã�§���)§

∂tu+ α∂xu = 0, u(x, 0) = u0(x), (9.35)

du∂tu+ α∂xu = −αu̇0 + au̇0 = 0, Ù¥u̇0 = du0(x)/dx" =¦αØ´~ê§�Eó�E�ì�q
��K"±~�©�§m©(Uì.~§α ´d0m©ò�§�Ø�)3(0, L)× (0, T ) S):

Ẋ(τ) = +α(X(τ), τ), τ ∈ (0, t) X(t) = x

3ù��§¥τ´Cþ§
x, tK´ëê§¿�·�ò)P�Xx,t(τ)"·�uy§�τ = t�§(x, t)→
v(X(τ), τ) ÷ve¡��§

∂tv + α∂xv = ∂tXv̇ + a∂xXv̇ = 0

�d½Â∂tX = Ẋ = +α±9�τ = t�§∂xX = ∂xx§ù´Ï�XJτ = t·�kX(τ) = x"
K(9.35)���)Ò´Xx,t(0)3>.^�þ��§�=´`u(x, t) = u0(Xx,t(0))§Ù¥Xx,t(0)´
3x¶§XJXx,t(0)´3t¶§Kku(x, t) = u0(Xx,t(0))"
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3p��/e§Ω ⊂ Rd, d = 2, 3, é6�§��

∂tu+α · ∇u = 0 in Ω× (0, T )

Ù¥a(x, t) ∈ Rd" FreeFem++ éué6�fæ^�´\V7{"£Á�§(9.34)�±�lÑz
�

Du

Dt
= f i.e.

du

dt
(X(t), t) = f (X(t), t) where

dX

dt
(t) = α(X(t), t)

Ù¥D´��ê�f"Ïd�«�Ð��{´�����\V7{5)ûé6¯K"

1

τ

(
um+1(x)− um(Xm(x))

)
= fm(x) (9.36)

Ù¥Xm(x)´Xe~�©�§�)3t = mτ :?�%C

dX

dt
(t) = αm(X(t)), X((m+ 1)τ) = x.

Ù¥αm(x) = (α1(x,mτ), α2(x,mτ))"d�VÐm§·�k

um(X(mτ)) = um(X((m+ 1)τ))− τ
d∑
i=1

∂um

∂xi
(X((m+ 1)τ))

∂Xi

∂t
((m+ 1)τ) + o(τ)

= um(x)− ταm(x) · ∇um(x) + o(τ) (9.37)

Ù¥Xi(t) ´�þX(t)�1i���§um(x) = u(x,mτ)·�$^óª{K±9x = X((m + 1)τ)"
d(9.37) ª��

um(Xm(x)) = um(x)− ταm(x) · ∇um(x) + o(τ). (9.38)

aq/§·�$^�VÐm§t 7→ um(x−αm(x)t), 0 ≤ t ≤ τ§Kk

um(x−ατ) = um(x)− ταm(x) · ∇um(x) + o(τ).

-
convect (α,−τ, um) ≈ um (x−αmτ) ,

·�ÒU��XeCq

um (Xm(x)) ≈ convect ([am1 , a
m
2 ],−τ, um) by Xm ≈ x 7→ x− τ [am1 (x), am2 (x)]).

²;é6¯K´äk“^=¨”� (Ú^g [14][p.16])"-Ω´¥% u0�ü ��§ §��%
±α1 = y, α2 = −x��Ý^="·��Ä¯K(9.34)�f = 0 ±9Ð©^��u(x, 0) = u0(x)�§
@od(9.36) ��

um+1(x) = um(Xm(x)) ≈ convect(α,−τ, um).

°()´u(x, t) = u(X(t)) Ù¥X´x ÷Xå:±��Ýθ = −t (U^����^=)" ¤±§X
Ju03n�ßÀ�Ýwå5���¨§@ou�¬k�Ó�/G§�´^=��ÝØÓ"ù�¯K
�))��T = 2π�éA�§§ù´�����Ì�§¿ò�ª)�Ð©)?1'�¶§�AT
´�Ó�"

Example 9.20 (convect.edp) border C(t=0, 2*pi) { x=cos(t); y=sin(t); }; // ü
 �
mesh Th = buildmesh(C(70)); // é��?1n�¿©
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fespace Vh(Th,P1);
Vh u0 = exp(-10*((x-0.3)ˆ2 +(y-0.3)ˆ2)); // �Ñ u0

real dt = 0.17,t=0; // �mÚ�
Vh a1 = -y, a2 = x; // ^=�Ý
Vh u; // um+1

for (int m=0; m<2*pi/dt ; m++) {
t += dt;
u=convect([a1,a2],-dt,u0); // um+1 = um(Xm(x))
u0=u; // m++
plot(u,cmm=" t="+t + ", min=" + u[].min + ", max=" + u[].max,wait=0);

};

Note 9.3 ù��{convect´Ã^�­½�§¨¬C��5�ú(Xã 9.21¤«§u37����
´0.406)"

convection: t=0, min=1.55289e-09, max=0.983612

ã 9.20: u0 = e−10((x−0.3)2+(y−0.3)2)

convection: t=6.29, min=1.55289e-09, max=0.40659m=37

ã 9.21: 3 t = 6.29 ���¨

9.5.3 îîîªªªwwwOOOÏÏÏ������������Black-Scholes ���§§§

37KêÆ¥§ü�I�]��Ï�3ü��m¥§±Ù4�->�d�§?1ï�§(äN�%�
#A�~f [39] ½öC���Y~[3]).

∂tu+
(σ1x)2

2

∂2u

∂x2
+

(σ2y)2

2

∂2u

∂y2
(9.39)

+ ρxy
∂2u

∂x∂y
+ rS1

∂u

∂x
+ rS2

∂u

∂y
− rP = 0

3(0, T )× R+ × R+þ?1È©"
3wOÏ��/e§

u (x, y, T ) = (K −max (x, y))+ . (9.40)

T¯K�>.^�ØN´�Ñ"du���/e� �©�§�¹3¶x1 = 0±93¶x2 = 0
�>.^�§�Ò´ü����Ù4�->�d�§dêâ u (0,+∞, T ) � u (+∞, 0, T ) ©O°
Ä"du§�´i\� �©�§¥�§ÏdgÄ¬?1)º`²" ¤±XJ·�ØéC©/ª
?1UÄ§(�Ò´XJ·�æ^ì�ù>.^�§@o3r/ª¥¬kü��I¶) @oÒØ¬
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k6Ä�)" 3Ù¥��Cþ��Ã¡�?§du´���§¤±\\^�u = 0´Ün�"·�
�

σ1 = 0.3, σ2 = 0.3, ρ = 0.3, r = 0.05, K = 40, T = 0.5 (9.41)

Ûª�î.�{3z10Ú�§é��?1�#"�
��Ã^�­½5§���òæ^;.�\
V7{§ù´�«o÷�Cq"

∂u

∂t
+ a1

∂u

∂x
+ a2

∂u

∂y
≈ 1

τ

(
un+1 (x)− un (x−ατ)

)
(9.42)

Example 9.21 [BlackSchol.edp]

// ©� BlackScholes2D.edp
int m=30,L=80,LL=80, j=100;
real sigx=0.3, sigy=0.3, rho=0.3, r=0.05, K=40, dt=0.01;
mesh th=square(m,m,[L*x,LL*y]);
fespace Vh(th,P1);

Vh u=max(K-max(x,y),0.);
Vh xveloc, yveloc, v,uold;

for (int n=0; n*dt <= 1.0; n++)
{

if(j>20) { th = adaptmesh(th,u,verbosity=1,abserror=1,nbjacoby=2,
err=0.001, nbvx=5000, omega=1.8, ratio=1.8, nbsmooth=3,
splitpbedge=1, maxsubdiv=5,rescaling=1) ;

j=0;
xveloc = -x*r+x*sigxˆ2+x*rho*sigx*sigy/2;
yveloc = -y*r+y*sigyˆ2+y*rho*sigx*sigy/2;
u=u;

};
uold=u;
solve eq1(u,v,init=j,solver=LU) = int2d(th)( u*v*(r+1/dt)

+ dx(u)*dx(v)*(x*sigx)ˆ2/2 + dy(u)*dy(v)*(y*sigy)ˆ2/2
+ (dy(u)*dx(v) + dx(u)*dy(v))*rho*sigx*sigy*x*y/2)
- int2d(th)( v*convect([xveloc,yveloc],dt,w)/dt) + on(2,3,u=0);

j=j+1;
};
plot(u,wait=1,value=1);

(JXã 9.21)¤«"

9.6 Navier-Stokes ���§§§

9.6.1 Stokes ÚÚÚ Navier-Stokes

Stokes�§´µéu�½�f ∈ L2(Ω)2,

−∆u+∇p = f
∇ · u = 0

}
in Ω (9.43)
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ã 9.22: U?�n�¿©

IsoValue

-1.99835

0.999173

2.99752

4.99587
6.99421

8.99256

10.9909

12.9893

14.9876
16.9859

18.9843

20.9826

22.981

24.9793
26.9777

28.976

30.9744

32.9727

34.9711
39.9669

ã 9.23: îªwOÏ��Y²�

Ù¥u = (u1, u2)´�Ý¥þ§
p´Øå"�
{z§·���Ý�Dirichlet>.^�§=u =
uΓ3Γ.

�âAù[Theorem 2.2]§·�k(9.43) �f/ªµ=Ïév = (v1, v2) ∈ V (Ω)

V (Ω) = {w ∈ H1
0 (Ω)2| divw = 0}

¿÷v
2∑
i=1

∫
Ω
∇ui · ∇vi =

∫
Ω
f ·w for all v ∈ V

ùpI�^�p ∈ H1(Ω)��35¦�u = ∇p§XJ∫
Ω
u · v = 0 for all v ∈ V

,�«f/ªí�Xe: ·�-

V = H1
0 (Ω)2; W =

{
q ∈ L2(Ω)

∣∣∣∣ ∫
Ω
q = 0

}
ÏL¦(9.43)¥�11��§¦±v ∈ V§12��§¦±q ∈ W§��3Ω þ?1È©§dA^�
�úª§·�k ∫

Ω
∇u · ∇v −

∫
Ω

divv p =

∫
Ω
f · v∫

Ω
divu q = 0
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ùÒ��
(9.43)�f/ª: é(u, p) ∈ V ×W¦�

a(u,v) + b(v, p) = (f ,v) (9.44)

b(u, q) = 0 (9.45)

éu¤k�(v, q) ∈ V ×W§Ù¥

a(u,v) =

∫
Ω
∇u · ∇v =

2∑
i=1

∫
Ω
∇ui · ∇vi (9.46)

b(u, q) = −
∫

Ω
divu q (9.47)

y3·��Äk���m§V h ⊂ V±9Wh ⊂W§¿b�eãÄ¼ê

V h = Vh × Vh, Vh = {vh| vh = v1φ1 + · · ·+ vMV
φMV
},

Wh = {qh| qh = q1ϕ1 + · · ·+ qMW
ϕMW

}

KlÑ�f/ªXe: é(uh, ph) ∈ V h ×Wh¦�

a(uh,vh) + b(vh, p) = (f ,vh), ∀vh ∈ V h

b(uh, qh) = 0, ∀qh ∈Wh
(9.48)

Note 9.4 b�:

1. �3~êαh > 0¦�

a(vh,vh) ≥ α‖vh‖21,Ω for all vh ∈ Zh

Ù¥

Zh = {vh ∈ V h| b(wh, qh) = 0 for all qh ∈Wh}

2. �3~êβh > 0¦�

sup
vh∈V h

b(vh, qh)

‖vh‖1,Ω
≥ βh‖qh‖0,Ω for all qh ∈Wh

@oéu (9.48)§·�k���) (uh, ph) ÷v

‖u− uh‖1,Ω + ‖p− ph‖0,Ω ≤ C
(

inf
vh∈V h

‖u− vh‖1,Ω + inf
qh∈Wh

‖p− qh‖0,Ω
)

�~êC > 0� (��Y~ [20, Theorem 10.4]).

·�-XePÒ

A = (Aij), Aij =

∫
Ω
∇φj · ∇φi i, j = 1, · · · ,MV (9.49)

B = (Bxij , Byij), Bxij = −
∫

Ω
∂φj/∂xϕi Byij = −

∫
Ω
∂φj/∂y ϕi

i = 1, · · · ,MW ; j = 1, · · · ,MV



242 19Ù êÆ�.

@o(9.48)�±�� (
A B∗

B 0

)(
Uh

{ph}

)
=

(
F h

0

)
(9.50)

Ù¥

A =

(
A 0
0 A

)
B∗ =

{
BxT

ByT

}
Uh =

{
{u1,h}
{u2,h}

}
F h =

{
{
∫

Ω f1φi}
{
∫

Ω f2φi}

}
ÖÖÖ���{{{: ù��{�)O�(9.48)ª����~5�¯KµÏé (vεh, p

ε
h) ∈ V h × W̃h ±÷v

a(uεh,vh) + b(vh, p
ε
h) = (f ,vh), ∀vh ∈ V h

b(uεh, qh)− ε(pεh, qh) = 0, ∀qh ∈ W̃h
(9.51)

Ù¥W̃h ⊂ L2(Ω). /ªþ§·�k
divuεh = εpεh

±9�A��ê¯K (
A B∗

B −εI

)(
U ε
h

{pεh}

)
=

(
F h

0

)

Note 9.5 ·�U�� pεh = (1/ε)BU εh¿��

(A+ (1/ε)B∗B)U ε
h = F ε

h (9.52)

duÝ
A + (1/ε)B∗B´é¡�§�½�±9DÕ�§þª(9.52)�±kE|/)û" �3~
êC > 0Õáuε¦�

‖uh − uεh‖1,Ω + ‖ph − pεh‖0,Ω ≤ Cε

(��Y~. [20, 17.2])

Example 9.22 (Cavity.edp) É°Ä��n6¯K�@)û
Reynoldsê�0��¹(Stokes 6)§

�)û
Reynoldsê�100��¹" �ÝØå�ª��@A^§�56þ¼ê��Ý�ª­E
a
q�O��{"
·�ÏLÖ�{5¦)É°Ä��n6¯K(9.51) Ù¥3þ>.§ uΓ · n = 0 ±9uΓ · s = 1 §

3Ù{�>.§uΓ = 0, ( n´Γ�ü {�§
s ´Γ�ü ��)"
��ÏLXeïá

mesh Th=square(8,8);

·�|^²;�Taylor-Hood�E|5)ûù�¯K:

�ÝdP2k���mCq( Xh�m)§
ØådP1k���mCq( Mh�m)§

Ù¥
Xh =

{
v ∈ H1(]0, 1[2)

∣∣ ∀K ∈ Th v|K ∈ P2

}
±9

Mh =
{
v ∈ H1(]0, 1[2)

∣∣ ∀K ∈ Th v|K ∈ P1

}
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k���mÚ¼ê�EXe

fespace Xh(Th,P2); // �Ý©þ�m�½Â
fespace Mh(Th,P1); // Ør�m�½Â
Xh u2,v2;
Xh u1,v1;
Mh p,q;

Stokes�f´�Ý(u1, u2) �Øåp��«XÚ){"�Ý�ÿÁ¼ê´(v1, v2)§
Øå�ÿÁ¼
ê´q§¤±(9.48)ª�C©/ª^freefem�ó5�Xe:

solve Stokes (u1,u2,p,v1,v2,q,solver=Crout) =
int2d(Th)( ( dx(u1)*dx(v1) + dy(u1)*dy(v1)

+ dx(u2)*dx(v2) + dy(u2)*dy(v2) )
- p*q*(0.000001)
- p*dx(v1) - p*dy(v2)
- dx(u1)*q - dy(u2)*q

)
+ on(3,u1=1,u2=0)
+ on(1,2,4,u1=0,u2=0); // I\ 1,2,3,4 � ??

z����þÑk§��g�>.^�"

XJ�¦6�.§@oI�é�ψ¦�rotψ = u½öXe

−∆ψ = ∇× u

Xh psi,phi;

solve streamlines(psi,phi) =
int2d(Th)( dx(psi)*dx(phi) + dy(psi)*dy(phi))

+ int2d(Th)( -phi*(dy(u1)-dx(u2)))
+ on(1,2,3,4,psi=0);

y3Navier-Stokes�§�±ÏL)eã�§

∂u

∂t
+ u · ∇u− ν∆u+∇p = 0, ∇ · u = 0

¿�k�Ó�>.^�9Ð©^�u = 0"
äN´ÏLé6�fconvect5�1�§éu∂u

∂t + u · ∇uù��§�ÑlÑz�ªf

1
τ (un+1 − un ◦Xn)− ν∆un+1 +∇pn+1 = 0,

∇ · un+1 = 0
(9.53)

un ◦Xn(x) ≈ un(x− un(x)τ) ù���±ÏL“é6” �f5)§¤±·���

int i=0;
real nu=1./100.;
real dt=0.1;
real alpha=1/dt;
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Xh up1,up2;

problem NS (u1,u2,p,v1,v2,q,solver=Crout,init=i) =
int2d(Th)(

alpha*( u1*v1 + u2*v2)
+ nu * ( dx(u1)*dx(v1) + dy(u1)*dy(v1)
+ dx(u2)*dx(v2) + dy(u2)*dy(v2) )
- p*q*(0.000001)
- p*dx(v1) - p*dy(v2)
- dx(u1)*q - dy(u2)*q

)
+ int2d(Th) ( -alpha*

convect([up1,up2],-dt,up1)*v1 -alpha*convect([up1,up2],-dt,up2)*v2 )
+ on(3,u1=1,u2=0)
+ on(1,2,4,u1=0,u2=0)

;

for (i=0;i<=10;i++)
{

up1=u1;
up2=u2;
NS;
if ( !(i % 10)) // z10gS�x�gã
plot(coef=0.2,cmm=" [u1,u2] and p ",p,[u1,u2]);

} ;

5¿�fÝÝ
´ ´2)�('�i init=i)

9.6.2 Uzawa���{{{������ÝÝÝFFFÝÝÝ

·�)Ø�v��Stokes¯K"e¡��{£ã
�;�UzawaS�{£~X§ë�[20, 17.3], [29,
13] ½ [30, 13] ¤:

ÐÐÐ©©©zzz: -p0
h�L

2(Ω)¥?À�����"

OOO���uh: e®�pnh§Kv
n
h�

unh = A−1(fh −B∗pnh)

�)"

���### ph: òpn+1
h ½Â�

pn+1
h = pnh + ρnBu

n
h"

�3~êα > 0¦�éz�n§kα ≤ ρn ≤ 2§KunhÂñu)uh§�d�#�ph���n → ∞§
kBvnh → 0" ù��{��Âñ/éú"
Äk·�½Â��ÚTaylor-HoodCq" ÏdXh��Ý�m§Mh�Øå�m"

Example 9.23 (StokesUzawa.edp)

mesh Th=square(10,10);
fespace Xh(Th,P2),Mh(Th,P1);
Xh u1,u2,v1,v2;
Mh p,q,ppp; // ppp ´ó�Ør
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varf bx(u1,q) = int2d(Th)( -(dx(u1)*q));
varf by(u1,q) = int2d(Th)( -(dy(u1)*q));
varf a(u1,u2)= int2d(Th)( dx(u1)*dx(u2) + dy(u1)*dy(u2) )

+ on(3,u1=1) + on(1,2,4,u1=0) ;
// 5: r on(3,u1=1) �3 on(1,2,4,u1=0) c

// Ï�·�F"3�8þ�0 %

matrix A= a(Xh,Xh,solver=CG);
matrix Bx= bx(Xh,Mh); // B = (Bx By)
matrix By= by(Xh,Mh);

Xh bc1; bc1[] = a(0,Xh); // 3 u1 þ�>.^���z
Xh bc2; bc2 = 0 ; // 3 u2 þvk>.^��z
Xh b;

pnh → BA−1(−B∗pnh) = −div uh ÏLe¡�¼êdivup¢y"

func real[int] divup(real[int] & pp)
{

// O� u1(pp)
b[] = Bx’*pp; b[] *=-1; b[] += bc1[] ; u1[] = Aˆ-1*b[];

// O� u2(pp)
b[] = By’*pp; b[] *=-1; b[] += bc2[] ; u2[] = Aˆ-1*b[];
// un = A−1(BxT pn ByT pn)T

ppp[] = Bx*u1[]; // ppp = Bxu1

ppp[] += By*u2[]; // +Byu2

return ppp[] ;
};

y3N^�ÝFÝ{µ

p=0;q=0; // p0
h = 0

LinearCG(divup,p[],eps=1.e-6,nbiter=50); // pn+1
h = pnh +Bunh

// e n > 50 ½ |pn+1
h − pnh| ≤ 10−6, KÌ�Ê�.

divup(p[]); // O��ª�)

plot([u1,u2],p,wait=1,value=true,coef=0.1);

9.6.3 NSUzawaCahouetChabart.edp

�~¥·�¦^dCahouet-Chabartý?nL�Uzawa�{§)²L���Î�Navier-Stokes�§
£��[31]¤"
ý?nf�g�´3��±Ï«�¥§¤k�©�f��gS§¿�du·�^Uzawa�{5)�
5�f∇ · (αId+ ν∆)−1∇§Ù¥Id´ð��f§ÏdùL«ý?nf´α∆−1 + νId"

�
¢y§§·�$1

Example 9.24 (NSUzawaCahouetChabart.edp)

real D=0.1, H=0.41;
real cx0 = 0.2, cy0 = 0.2; // �%
real xa = 0.15, ya=0.2, xe = 0.25,ye =0.2;
border fr1(t=0,2.2){x=t; y=0; label=1;}
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border fr2(t=0,H){x=2.2; y=t; label=2;}
border fr3(t=2.2,0){x=t; y=H; label=1;}
border fr4(t=H,0){x=0; y=t; label=1;}
border fr5(t=2*pi,0){x=cx0+D*sin(t)/2; y=cy0+D*cos(t)/2; label=3;}
int nn=15;

mesh Th=buildmesh(fr1(5*nn)+fr2(nn)+fr3(5*nn)+fr4(nn)+fr5(-nn*3));
real Um= 1.5; // ���Ý (Rey 100)
func Ub = Um*2./3.;
real nu = 1e-3;
real Rey = Ub*D/nu;

// >.^�
func U1 = 4.*Um*y*(H-y)/(H*H) ;
func U2 = 0. ;

real T=2,t=0;
real dt = D/nn/Um; // CFL = 1
cout << " dt = " << dt <<endl;

real alpha=1/dt,epspq=1e-10;

fespace Mh(Th,[P1]);
fespace Xh(Th,[P2]);
fespace Wh(Th,[P1dc]);
macro grad(u) [dx(u),dy(u)] //
macro div(u1,u2) (dx(u1)+dy(u2)) //

varf von1([u1,u2,p],[v1,v2,q]) = on(3,u1=0,u2=0) + on(1,u1=U1,u2=U2);

// 5 : e�1��100´ÃÄ\\�§Ï�Ñ��0.
varf vA(p,q) =int2d(Th)((grad( p ) ’*grad(q)) ) + int1d(Th,2)(100*p*q) ;

varf vM(p,q) =int2d(Th,qft=qf2pT)( p*q )+ on(2,p=0);

varf vu([u1],[v1]) = int2d(Th)(alpha*(u1*v1)+nu*(grad(u1)’*grad(v1) ))
+ on(1,3,u1=0) ;

varf vu1([p],[v1]) = int2d(Th)(p*dx(v1)) ;
varf vu2([p],[v1]) = int2d(Th)(p*dy(v1)) ;

matrix pAM=vM(Mh,Mh,solver=UMFPACK);
matrix pAA=vA(Mh,Mh,solver=UMFPACK);
matrix AU=vu(Xh,Xh,solver=UMFPACK);
matrix B1=vu1(Mh,Xh);
matrix B2=vu2(Mh,Xh);
Xh u1,u2;
Mh p;

varf vonu1([u1],[v1]) = on(1,u1=U1) + on(3,u1=0);
varf vonu2([u1],[v1]) = on(1,u1=U2) + on(3,u1=0);

real[int] brhs1 = vonu1(0,Xh);
real[int] brhs2 = vonu2(0,Xh);



9.6. NAVIER-STOKES �§ 247

varf vrhs1(uu,vv) = int2d(Th) (convect([u1,u2],-dt,u1)*vv*alpha)+vonu1 ;
varf vrhs2(v2,v1) = int2d(Th) (convect([u1,u2],-dt,u2)*v1*alpha)+vonu2;

½ÂUzawaÚý?nfÜ©�¼ê"

func real[int] JUzawa(real[int] & pp)
{
real[int] b1=brhs1; b1 += B1*pp;
real[int] b2=brhs2; b2 += B2*pp;
u1[] = AUˆ-1 * b1;
u2[] = AUˆ-1 * b2;
pp = B1’*u1[];
pp += B2’*u2[];
pp = -pp;
return pp;
}

func real[int] Precon(real[int] & p)
{

real[int] pa= pAAˆ-1*p;
real[int] pm= pAMˆ-1*p;
real[int] pp= alpha*pa+nu*pm;
return pp;

}

3�mþ�Ì�"
Ï�·�l�c��)m©�§�C�ª)§¤±�uÿ�÷vª�^���ÿ§�Ñ´w"�
�ýé§
Ø´�é�ª�^�£d?´K�¤"

verbosity = 0;
p=0;

Wh w; // ;�µÝ ..

real eps=1e-6;
int ndt = T/dt;
for(int i=0;i<ndt;++i)
{

brhs1 = vrhs1(0,Xh);
brhs2 = vrhs2(0,Xh);
int res=LinearCG(JUzawa,p[],precon=Precon,nbiter=100,verbosity=10,veps=eps);
assert(res==1) ;
eps = -abs(eps);
w = -dy(u1)+dx(u2);
plot(w,fill=1,wait=0, nbiso=40);

dt = min(dt,T-t);
t += dt;
if( dt < 1e-10*T) break;

}
plot(w,fill=1,wait=0, nbiso=40,ps="NScahouetChabart"); // �ã 9.24

cout << " u1 max " << u1[].linfty
<< " u2 max " << u2[].linfty
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<< " p max = " << p[].max << endl;

ã 9.24: ¦^Cahouet-Chabart��3Reynoldsê�100, �m�2¦��µÝ.

9.7 CCC©©©ØØØ���ªªª

·�ÞÑC©Ø�ª����;~f"
- C = {u ∈ H1

0 (Ω), u ≤ g}"
�)û�¯K´µ

u = argmin
u∈C

J(u) =
1

2

∫
Ω
∇u · ∇u−

∫
Ω
fu§

Ù¥fÚg´�½�¼ê"
§�)´éH1

0 (Ω)�IþÈ((v, w)) =
∫

Ω∇v · ∇w§3f
?�à8Cþ�ÝK§Ù¥f∗´((f?, v)) =∫

Ω fv,∀v ∈ H
1
0 (Ω)�)"3��à8þ�ÝK²w÷v∀v ∈ C, ((u − v, u − f̃)) ≤ 0§�²L*

Ð§·����;Ø�ª

∀v ∈ C,
∫

Ω
∇(u− v)∇u ≤

∫
Ω

(u− v)f"

·��Uò¯K­����Q:¯Kµ
é�λ, u¦�

max
λ∈L2(Ω),λ≥0

min
u∈H1

0 (Ω)
L(u, λ) =

1

2

∫
Ω
∇u.∇u−

∫
Ω
fu+

∫
Ω
λ(u− g)+

¤á§Ù¥((u− g)+ = max(0, u− g)"
ù�Q:¯K�dué�u, λ¦�µ

∫
Ω
∇u · ∇v + λv+ dω =

∫
Ω
fu, ∀v ∈ H1

0 (Ω)∫
Ω
µ(u− g)+ = 0, ∀µ ∈ L2(Ω), µ ≥ 0, λ ≥ 0,

(9.54)

��)c¡¯K��{´µ

1. k=0, 3 H−1(Ω) ¥Àλ0

2. U k = 0, ..... Ì�

(a) - Ik = {x ∈ Ω/λk + c ∗ (uk+1 − g) ≤ 0}
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(b) Vg,k+1 = {v ∈ H1
0 (Ω)/v = g on Ik},

(c) V0,k+1 = {v ∈ H1
0 (Ω)/v = 0 on Ik},

(d) é� uk+1 ∈ Vg,k+1 Ú λk+1 ∈ H−1(Ω) ¦�
∫

Ω
∇uk+1 · ∇vk+1 dω =

∫
Ω
fvk+1, ∀vk+1 ∈ V0,k+1

< λk+1, v >=

∫
Ω
∇uk+1 · ∇v − fv dω

Ù¥ <,>´L«H1
0 (Ω)ÚH−1(Ω)�m�éó�ÎÒ§�c´��\v~ëê£v


�¤"

Öö�3[33]¥é�¤k'uù��{�êÆnØ"
y3`²XÛ3FreeFem++¥¢yù��{"
e¡´�����~fµ

Example 9.25 (VI.edp)

mesh Th=square(20,20);
real eps=1e-5;
fespace Vh(Th,P1); // P1 k���m
int n = Vh.ndof; // gdÝ�ê
Vh uh,uhp; // )Úþ�Ú�)
Vh Ik; // ½Â�å^����8Ü
real[int] rhs(n); // ;��§�mà�
real c=1000; // �{�¨v�ëê
func f=1; // mà�
func fd=0; // Dirichlet >.^�¼ê
Vh g=0.05; // lÑ¼ê g

real[int] Aii(n),Aiin(n); // ;�Ý
�é���ü���

real tgv = 1e30; // éu>.^��°(¨v�5`
// ù´��é���

// ¯K�C©/ª:
varf a(uh,vh) = // ¯K�½Â

int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) ) // V�5.
- int2d(Th)( f*vh ) // �5.
+ on(1,2,3,4,uh=fd) ; // >.^�/ª

// ¯K�Ý
�ü���
matrix A=a(Vh,Vh,tgv=tgv,solver=CG); // UC���
matrix AA=a(Vh,Vh,solver=CG); // �
O�íþ���

// �E�þÝ
:
varf vM(uh,vh) = int2d(Th)(uh*vh);
matrix M=vM(Vh,Vh); // L2 �ê�¯�O� : sqrt( u’*(w=M*u))

Aii=A.diag; // ��Ý
�é�� (3�� 1.46-1 ¥Ñy)

rhs = a(0,Vh,tgv=tgv);
Ik =0;
uhp=-tgv; // þ�Ú��´
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Vh lambda=0;
for(int iter=0;iter<100;++iter)
{

real[int] b(n) ; b=rhs; // E�mà�
real[int] Ak(n); // Ik �Ö8 ( !Ik = (Ik-1))

// y3�f Ik- 1. ØU¢y, ¤±·�:
Ak= 1.; Ak -= Ik[]; // build Ak = ! Ik

// 3bþÚé��þO\#�4£^�, XJ (Ik ==1 )
b = Ik[] .* g[]; b *= tgv; b -= Ak .* rhs;
Aiin = Ik[] * tgv; Aiin += Ak .* Aii; // �½ Aii= tgv i ∈ Ik
A.diag = Aiin; // �½Ý
é�� (3�� 1.46-1 ¥Ñy)
set(A,solver=CG); // éu¦)�§5`UCý?né­�
uh[] = Aˆ-1* b; // ¦^�õ�4£^�5¦)�§
lambda[] = AA * uh[]; // O�íþ ( 3Ý
/ªeO�é¯)
lambda[] += rhs; // 5 rhs = −

∫
fv

Ik = ( lambda + c*( g- uh)) < 0.; // #�4£�

plot(Ik, wait=1,cmm=" lock set ",value=1,ps="VI-lock.eps",fill=1 );
plot(uh,wait=1,cmm="uh",ps="VI-uh.eps");

// O�C©� L2 �ê (¯��{)�E|
real[int] diff(n),Mdiff(n);
diff= uh[]-uhp[];
Mdiff = M*diff;
real err = sqrt(Mdiff’*diff);

cout << " || u_{k=1} - u_{k} ||_2 " << err << endl;
if(err< eps) break; // stop test
uhp[]=uh[] ; // �½þ�Ú�)

}
savemesh(Th,"mm",[x,y,uh*10]); // �
 medit xã

5¿§�X\U3T~¥¤w��§�
�þ§½öÝ
�Î¿vk¢y§Ïd�«�{´ÑL
ù
Lã"d	§·�¦^�Î+=, -=5KÜ(J"

9.8 «««���©©©)))

·�ÞÑ«�©)Eâ�n��;~fµÄk´�­U�Schwarz�{§Ùg´Ø�­U£�¡
�SchurÖ¤�Schwarz�{§��·�ü«¦^�ÝFÝ{5)SchurÖ�>.¯K"

9.8.1 Schwarz ­­­UUU���ªªª

�)

−∆u = f, in Ω = Ω1 ∪ Ω2 u|Γ = 0§

Xe?1Schwarz�ª

−∆un+1
1 = f in Ω1 un+1

1 |Γ1 = un2

−∆un+1
2 = f in Ω2 un+1

2 |Γ2 = un1§

Ù¥Γi´Ωi�>.§§�I�÷v^�Ω1 ∩ Ω2 6= ∅§�ui3S�Ú1?�0"

d?·��Ω1�o>/§Ω2���§�±0�Ð©�A^ù��{"
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ã 9.25: ü�­U���THÚth

Example 9.26 (Schwarz-overlap.edp)

int inside = 2; // S>.
int outside = 1; // 	>.
border a(t=1,2){x=t;y=0;label=outside;};
border b(t=0,1){x=2;y=t;label=outside;};
border c(t=2,0){x=t ;y=1;label=outside;};
border d(t=1,0){x = 1-t; y = t;label=inside;};
border e(t=0, pi/2){ x= cos(t); y = sin(t);label=inside;};
border e1(t=pi/2, 2*pi){ x= cos(t); y = sin(t);label=outside;};
int n=4;
mesh th = buildmesh( a(5*n) + b(5*n) + c(10*n) + d(5*n));
mesh TH = buildmesh( e(5*n) + e1(25*n) );
plot(th,TH,wait=1); // *	ü���

�mÚ¯K½ÂXeµ

fespace vh(th,P1);
fespace VH(TH,P1);
vh u=0,v; VH U,V;
int i=0;

problem PB(U,V,init=i,solver=Cholesky) =
int2d(TH)( dx(U)*dx(V)+dy(U)*dy(V) )

+ int2d(TH)( -V) + on(inside,U = u) + on(outside,U= 0 ) ;
problem pb(u,v,init=i,solver=Cholesky) =

int2d(th)( dx(u)*dx(v)+dy(u)*dy(v) )
+ int2d(th)( -v) + on(inside ,u = U) + on(outside,u = 0 ) ;

O��Ì�µ

for ( i=0 ;i< 10; i++)
{

PB;
pb;
plot(U,u,wait=true);

};
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ã 9.26: 3S�Ú0ÚS�Ú9?����

9.8.2 Schwarz���­­­UUU���ªªª

�)

−∆u = f in Ω = Ω1 ∪ Ω2 u|Γ = 0§

Xe?1éØ�­U�«�©)�Schwarz�{µ

ã 9.27: ü�Ø­U���THÚth

-Γi�Ω1Ú Ω2 ��Ó>.§�Γie = ∂Ωi \ Γi"

T¯Ké�λ¦�(u1|Γi = u2|Γi)§Ù¥ui´e¡Laplace¯K�)

−∆ui = f in Ωi
∂ui
∂ni

∣∣
Γi

= λ ui|Γi
e

= 0

�)ù�¯K·��I���Ì�§�#λ��

λ = λ±(u1 − u2)

2

5¢y§ Ù¥l±¥ÀJÎÒ+½−¦��ªÂñ"
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Example 9.27 (Schwarz-no-overlap.edp)

// �­U�schwarz�{
int inside = 2;
int outside = 1;
border a(t=1,2){x=t;y=0;label=outside;};
border b(t=0,1){x=2;y=t;label=outside;};
border c(t=2,0){x=t ;y=1;label=outside;};
border d(t=1,0){x = 1-t; y = t;label=inside;};
border e(t=0, 1){ x= 1-t; y = t;label=inside;};
border e1(t=pi/2, 2*pi){ x= cos(t); y = sin(t);label=outside;};
int n=4;
mesh th = buildmesh( a(5*n) + b(5*n) + c(10*n) + d(5*n));
mesh TH = buildmesh ( e(5*n) + e1(25*n) );
plot(th,TH,wait=1,ps="schwarz-no-u.eps");
fespace vh(th,P1);
fespace VH(TH,P1);
vh u=0,v; VH U,V;
vh lambda=0;
int i=0;

problem PB(U,V,init=i,solver=Cholesky) =
int2d(TH)( dx(U)*dx(V)+dy(U)*dy(V) )

+ int2d(TH)( -V)
+ int1d(TH,inside)(lambda*V) + on(outside,U= 0 ) ;

problem pb(u,v,init=i,solver=Cholesky) =
int2d(th)( dx(u)*dx(v)+dy(u)*dy(v) )

+ int2d(th)( -v)
+ int1d(th,inside)(-lambda*v) + on(outside,u = 0 ) ;

for ( i=0 ;i< 10; i++)
{

PB;
pb;
lambda = lambda - (u-U)/2;
plot(U,u,wait=true);

};

plot(U,u,ps="schwarz-no-u.eps");

9.8.3 Schwarz-gc.edp

�)
−∆u = f in Ω = Ω1 ∪ Ω2 u|Γ = 0§

Xe?1éØ�­U�«�©)�Schwarz�{µ
-Γi�Ω1Ú Ω2 ��Ó>.§�Γie = ∂Ωi \ Γi"
T¯Ké�λ¦�(u1|Γi = u2|Γi)§Ù¥ui´e¡Laplace¯K�)

−∆ui = f in Ωi
∂ui
∂ni

∣∣
Γi

= λ ui|Γi
e

= 0
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ã 9.28: Ø�­U��ª3S�Ú0ÚS�Ú9?�)����

T~f´éSchurÖ���"·�¦^�ÝFÝ{5)Ù>.¯K"
Äk§·��Eùü�«�"

Example 9.28 (Schwarz-gc.edp)

// �­U�Schwarz�{ (Shur Ö Neumann -> Dirichet)
real cpu=clock();
int inside = 2;
int outside = 1;

border Gamma1(t=1,2){x=t;y=0;label=outside;};
border Gamma2(t=0,1){x=2;y=t;label=outside;};
border Gamma3(t=2,0){x=t ;y=1;label=outside;};

border GammaInside(t=1,0){x = 1-t; y = t;label=inside;};

border GammaArc(t=pi/2, 2*pi){ x= cos(t); y = sin(t);label=outside;};
int n=4;

// ïá Ω1 Ú Ω2 þ��
mesh Th1 = buildmesh( Gamma1(5*n) + Gamma2(5*n) + GammaInside(5*n) + Gamma3(5*n));
mesh Th2 = buildmesh ( GammaInside(-5*n) + GammaArc(25*n) );
plot(Th1,Th2);

// ½Â 2 FE �m
fespace Vh1(Th1,P1), Vh2(Th2,P1);

Note 9.6 Ø�U�âÜ©>.�ÒU½Â��¼ê§ ¤± λ ¼ê7L3��½Â� Ω1 þk½Â
~X

Vh1 lambda=0; // � λ ∈ Vh1

ü�Ñt¯K:

Vh1 u1,v1; Vh2 u2,v2;
int i=0; // Ïf`z¯K
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problem Pb2(u2,v2,init=i,solver=Cholesky) =
int2d(Th2)( dx(u2)*dx(v2)+dy(u2)*dy(v2) )

+ int2d(Th2)( -v2)
+ int1d(Th2,inside)(-lambda*v2) + on(outside,u2= 0 ) ;

problem Pb1(u1,v1,init=i,solver=Cholesky) =
int2d(Th1)( dx(u1)*dx(v1)+dy(u1)*dy(v1) )

+ int2d(Th1)( -v1)
+ int1d(Th1,inside)(+lambda*v1) + on(outside,u1 = 0 ) ;

½ö·�½Â��>.Ý
§ du λ ¼ê3½Â� Ω1 �":

varf b(u2,v2,solver=CG) =int1d(Th1,inside)(u2*v2);
matrix B= b(Vh1,Vh1,solver=CG);

>.¯K¼ê,

λ −→
∫

Γi

(u1 − u2)v1

func real[int] BoundaryProblem(real[int] &l)
{

lambda[]=l; // ¦ FE ¼êk1/ª
Pb1; Pb2;
i++; // Ø­� i !=0
v1=-(u1-u2);
lambda[]=B*v1[];
return lambda[] ;

};

Note 9.7 ÎÒ v1 Ú v1[] �«O´: v1 ´k��¼ê§
 v1[] k��¼ê v1 �;�Ä
e��þ .

Vh1 p=0,q=0;
// |^�ÝFÝ{

LinearCG(BoundaryProblem,p[],eps=1.e-6,nbiter=100);
// O��ª), Ï� CG �Oþk'

BoundaryProblem(p[]); // 2gO��Ñ�(� u1,u2

cout << " -- CPU time schwarz-gc:" << clock()-cpu << endl;
plot(u1,u2); // xã

9.9 666NNN/(((���ÍÍÍÜÜÜ¯̄̄KKK

ù�¯K�9 Lamé XÚ�5¯K ±9 Stokes XÚÊ¢6N3�Ý u ±9Ør p e�¯K:

−∆u+∇p = 0, ∇ · u = 0, in Ω, u = uΓ on Γ = ∂Ω

Ù¥uΓ´>.þ��Ý. >.þ��Ø�´{�Aåh = (∇u+∇uT )n− pn
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�5�NÑlå�/C: 3�N�,:, (x,y) ? ���� (X,Y). �©)�þ v = (v1, v2) =
(X − x, Y − y) é��, Hooke ½Æò�NS�AåÜþσ C¤/CÜþ ε:

σij = λδij∇.v + 2µεij , εij =
1

2
(
∂vi
∂xj

+
∂vj
∂xi

)

ùp δ ´ Kronecker ÎÒ ±9 λ, µ ´^5£ãÔN�5�þÚ
¼�þ�ü�~ê
�5�§���¤Xe�C©/ª§Ù¥©)�þ v(x) ∈ V∫

Ω
[2µεij(v)εij(w) + λεii(v)εjj(w)] =

∫
Ω
g ·w +

∫
Γ
h ·w, ∀w ∈ V

êâ´­å g ±9>.Øå h.

Example 9.29 (fluidStruct.edp) 3·��~f¥§ Lamé XÚÚ Stokes XÚd�Ó>.?1Í
Ü§ 6NAå¦�>.�) £ÏdUC
«��/G§3ù�«�S stokes ?1
�Ü. AÛ
þ§ù´��R��]�¿k���5�Xf" ùXf´��k­þ �1�§ §¬�g�­þ
©)±9{�Aå�^�)/C ]�´ 10× 10 ���/, Xf´pÝ l = 2 �Ý/.

ù1�´3��C÷^=6N��fþ, ù´Ï��ýR�Ñ��Ý� 1. 1�3g�­þe�­,
�6N�Ørq-�
ù��­.
1���­ £� (uu,vv) ,§�)d±e�Ñ.

// 3¿÷�N��/]�þ�k­þ�1��6N(��p�^

int bottombeam = 2; // .Ü1��IP
border a(t=2,0) { x=0; y=t ;label=1;}; // �ý�1�
border b(t=0,10) { x=t; y=0 ;label=bottombeam;}; // .Ü�1�
border c(t=0,2) { x=10; y=t ;label=1;}; // mý�1�
border d(t=0,10) { x=10-t; y=2; label=3;}; // ºÜ�1�
real E = 21.5;
real sigma = 0.29;
real mu = E/(2*(1+sigma));
real lambda = E*sigma/((1+sigma)*(1-2*sigma));
real gravity = -0.05;
mesh th = buildmesh( b(20)+c(5)+d(20)+a(5));
fespace Vh(th,P1);
Vh uu,w,vv,s,fluidforce=0;
cout << "lambda,mu,gravity ="<<lambda<< " " << mu << " " << gravity << endl;

// 1�3Ùg�­åe�/C
solve bb([uu,vv],[w,s]) =

int2d(th)(
lambda*div(w,s)*div(uu,vv)
+2.*mu*( epsilon(w,s)’*epsilon(uu,vv) )

)
+ int2d(th) (-gravity*s)
+ on(1,uu=0,vv=0)
+ fluidforce[];
;

plot([uu,vv],wait=1);
mesh th1 = movemesh(th, [x+uu, y+vv]);
plot(th1,wait=1);

$�6N� stokes �§31�e�Ýf¥¦)§�´1�¦ÝfC/ (�>. h):
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// 3�/þ«� b,e,f,g � Stokes �§É��ý g �K�
border e(t=0,10) { x=t; y=-10; label= 1; }; // .Ü
border f(t=0,10) { x=10; y=-10+t ; label= 1; }; // mý
border g(t=0,10) { x=0; y=-t ;label= 2;}; // �ý
border h(t=0,10) { x=t; y=vv(t,0)*( t>=0.001 )*(t <= 9.999);

label=3;}; // ºÜ]��C/

mesh sh = buildmesh(h(-20)+f(10)+e(10)+g(10));
plot(sh,wait=1);

·�|^ Uzawa �ÝFÝ{5)û stokes ¯KÒ�3 9.6.2 �~f��

fespace Xh(sh,P2),Mh(sh,P1);
Xh u1,u2,v1,v2;
Mh p,q,ppp;

varf bx(u1,q) = int2d(sh)( -(dx(u1)*q));

varf by(u1,q) = int2d(sh)( -(dy(u1)*q));

varf Lap(u1,u2)= int2d(sh)( dx(u1)*dx(u2) + dy(u1)*dy(u2) )
+ on(2,u1=1) + on(1,3,u1=0) ;

Xh bc1; bc1[] = Lap(0,Xh);
Xh brhs;

matrix A= Lap(Xh,Xh,solver=CG);
matrix Bx= bx(Xh,Mh);
matrix By= by(Xh,Mh);
Xh bcx=0,bcy=1;

func real[int] divup(real[int] & pp)
{

int verb=verbosity;
verbosity=0;
brhs[] = Bx’*pp; brhs[] += bc1[] .*bcx[];
u1[] = Aˆ-1*brhs[];
brhs[] = By’*pp; brhs[] += bc1[] .*bcy[];
u2[] = Aˆ-1*brhs[];
ppp[] = Bx*u1[];
ppp[] += By*u2[];
verbosity=verb;
return ppp[] ;

};

3ü�¯Kþ�Ì�

for(step=0;step<2;++step)
{

p=0;q=0;u1=0;v1=0;

LinearCG(divup,p[],eps=1.e-3,nbiter=50);
divup(p[]);

y31�¬É�5g6N�Øå:
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IsoValue
-2.62541
-2.26528
-1.90515
-1.54503
-1.1849
-0.824776
-0.46465
-0.104524
0.255603
0.615729
0.975855
1.33598
1.69611
2.05623
2.41636
2.77649
3.13661
3.49674
3.85686
4.21699

Vec Value
0
0.0499861
0.0999722
0.149958
0.199944
0.249931
0.299917
0.349903
0.399889
0.449875
0.499861
0.549847
0.599833
0.649819
0.699806
0.749792
0.799778
0.849764
0.89975
0.949736

[u1,u2],p

ã 9.29: 6N��ÝÚØå (�) ±9(�� £�þ (¥) £AÛ (m) 3^>.Ú�½
]�¥�6N(��^

Vh sigma11,sigma22,sigma12;

Vh uu1=uu,vv1=vv;

sigma11([x+uu,y+vv]) = (2*dx(u1)-p);

sigma22([x+uu,y+vv]) = (2*dy(u2)-p);

sigma12([x+uu,y+vv]) = (dx(u1)+dy(u2));

ùÒC¤
k>.^��1� PDE ¯K :

solve bbst([uu,vv],[w,s],init=i) =

int2d(th)(
lambda*div(w,s)*div(uu,vv)
+2.*mu*( epsilon(w,s)’*epsilon(uu,vv) )

)

+ int2d(th) (-gravity*s)

+ int1d(th,bottombeam)( -coef*( sigma11*N.x*w + sigma22*N.y*s

+ sigma12*(N.y*w+N.x*s) ) )

+ on(1,uu=0,vv=0);
plot([uu,vv],wait=1);
real err = sqrt(int2d(th)( (uu-uu1)ˆ2 + (vv-vv1)ˆ2 ));

cout << " Erreur L2 = " << err << "----------\n";

5¿� bbst �)�Ý
�2g|^
 (� init=i). �ª·�ò1�C/

th1 = movemesh(th, [x+0.2*uu, y+0.2*vv]);

plot(th1,wait=1);
} // Ì�(å
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9.10 DDDÑÑÑ¯̄̄KKK

�Ä���5�, §� £R�UC. §´dn�ØÓá���Å�
¤. - Ωi, i = 1, 2, 3 ´1
i�á� �Üþ µi �½Â� (� 19.1.1!). O��½Â� Ω ´ Ω1 ∪ Ω2 ∪ Ω3 �SÜ. R� £
u(x, y) �±lXe��

−µi∆u = f in Ωi (9.55)

µi∂nu|Γi = −µj∂nu|Γj on Ωi ∩ Ωj if 1 ≤ i < j ≤ 3 (9.56)

Ù¥ ∂nu|Γi P� 3>. Γi þ�{��ê ∂nu.
Ú\ Ωi þA�¼êχi, =,

χi(x) = 1 if x ∈ Ωi; χi(x) = 0 if x 6∈ Ωi (9.57)

·��±éN´­� (9.55) Ú (9.56) ¦�¤�f/ª. ùp·�b½3 Γ = ∂Ω þ u = 0 .
D4¯K: �½��	å f , é u ¦�

a(u, v) = `(f, v) for all v ∈ H1
0 (Ω) (9.58)

a(u, v) =

∫
Ω
µ∇u · ∇v, `(f, v) =

∫
Ω
fv

ùp µ = µ1χ1 + µ2χ2 + µ3χ3. ·�5¿� µ ´ØëY¼ê.
3k�Ñ��¹e, 39²ï:, §Ý�§´:
ù�~f)º
 «� �½ÂÚ?n, ~X ��«��f�.
�Äù� L-/«�§Ù¥kn�é��, ù�B½Â
o�f«�:

// ~f´±«��'�c
// ïáo�«���� (f«�)

border a(t=0,1){x=t;y=0;};
border b(t=0,0.5){x=1;y=t;};
border c(t=0,0.5){x=1-t;y=0.5;};
border d(t=0.5,1){x=0.5;y=t;};
border e(t=0.5,1){x=1-t;y=1;};
border f(t=0,1){x=0;y=1-t;};

// SÜ>.
border i1(t=0,0.5){x=t;y=1-t;};
border i2(t=0,0.5){x=t;y=t;};
border i3(t=0,0.5){x=1-t;y=t;};

mesh th = buildmesh (a(6) + b(4) + c(4) +d(4) + e(4) +
f(6)+i1(6)+i2(6)+i3(6));

fespace Ph(th,P0); // ØëY¼ê / ��
fespace Vh(th,P1); // P1 ëY¼ê / ��

Ph reg=region; // ½Â P0 ¼ê�«�Òèk'
plot(reg,fill=1,wait=1,value=1);

region ´ FreeFem++ �'�c§´'u�c ��Cþ (Ø´¼ê, ^ Ph reg=region; 5
ïá¼ê). ù�Cþ���£��cf«�� �. ù�êd ”buildmesh” ½Â, d§�ë�¤©
ïá��. ¤±e¡���¹,�A½:�«�êi:

int nupper=reg(0.4,0.9); // ��(0.4,0.9)�«�êi
int nlower=reg(0.9,0.1); // ��: (0.4,0.1)�«�êi
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IsoValue

-0.315789

0.157895

0.473684

0.789474

1.10526

1.42105

1.73684

2.05263

2.36842

2.68421

3

3.31579

3.63158

3.94737

4.26316

4.57895

4.89474

5.21053

5.52632

6.31579

ã 9.30: the function reg

IsoValue

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

ã 9.31: the function nu

cout << " nlower " << nlower << ", nupper = " << nupper<< endl;
// ½Âþeü�«��A��§

Ph nu=1+5*(region==nlower) + 10*(region==nupper);
plot(nu,fill=1,wait=1);

½Â ¼ê´�~k^�§Ï�Ï~¬Ñy�>´Ô§�H´c��¹.
k
ù���§ ·��±5¦)äkØëY~ê� Laplace �§ (ν ´e¡� 1, 6 Ú 11).

Ph nu=1+5*(region==nlower) + 10*(region==nupper);
plot(nu,fill=1,wait=1);
problem lap(u,v) = int2d(th)( nu*( dx(u)*dx(v)*dy(u)*dy(v) ))

+ int2d(-1*v) + on(a,b,c,d,e,f,u=0);
plot(u);
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IsoValue

0.000900259

0.00270078

0.0045013

0.00630181

0.00810233

0.00990285

0.0117034

0.0135039

0.0153044

0.0171049

0.0189054

0.020706

0.0225065

0.024307

0.0261075

0.027908

0.0297086

0.0315091

0.0333096

0.0351101

ã 9.32: ) u ����

9.11 gggddd>>>...¯̄̄KKK

«� Ω ½ÂXe:

real L=10; // «���Ý
real h=2.1; // �>�pÝ
real h1=0.35; // �>�pÝ

// ��
border a(t=0,L){x=t;y=0;}; // e: Γa
border b(t=0,h1){x=L;y=t;}; // m: Γb
border f(t=L,0){x=t;y=t*(h1-h)/L+h;}; // free surface: Γf
border d(t=h,0){x=0;y=t;}; // �: Γd

int n=4;
mesh Th=buildmesh (a(10*n)+b(6*n)+f(8*n)+d(3*n));
plot(Th,ps="dTh.eps");

ã 9.33: «� Ω ���

gd>.¯K´:
é u Ú Ω ¦�:
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

−∆u = 0 in Ω
u = y on Γb
∂u

∂n
= 0 on Γd ∪ Γa

∂u

∂n
=

q

K
nx and u = y on Γf

·�|^�½:�{; Ω0 = Ω
3üÚ¥, ·�)ûe¡ù�²;¯K:

−∆u = 0 in Ωn

u = y on Γnb
∂u

∂n
= 0 on Γnd ∪ Γna

u = y on Γnf

C©/ª´:
é u 3 V = H1(Ωn) þ, ¦� u = y 3 Γnb ±9 Γnf∫

Ωn

∇u∇u′ = 0, ∀u′ ∈ V with u′ = 0 on Γnb ∪ Γnf

1�Ú,�E/C«� F(x, y) = [x, y − v(x, y)]
ùp v ´e¡¯K�): 

−∆v = 0 in Ωn

v = 0 on Γna
∂v

∂n
= 0 on Γnb ∪ Γnd

∂v

∂n
=
∂u

∂n
− q

K
nx on Γnf

C©/ª�:
é v on V , ¦� v = 0 3 Γna∫

Ωn

∇v∇v′ =
∫

Γn
f

(
∂u

∂n
− q

K
nx)v′, ∀v′ ∈ V with v′ = 0 on Γna

��#«�´ Ωn+1 = F(Ωn)

Example 9.30 (freeboundary.edp) FreeFem++ :¢yL§´:

real q=0.02; // 6Ñ6þ
real K=0.5; // 'ß~ê

fespace Vh(Th,P1);
int j=0;

Vh u,v,uu,vv;

problem Pu(u,uu,solver=CG) = int2d(Th)( dx(u)*dx(uu)+dy(u)*dy(uu))
+ on(b,f,u=y) ;

problem Pv(v,vv,solver=CG) = int2d(Th)( dx(v)*dx(vv)+dy(v)*dy(vv))
+ on (a, v=0) + int1d(Th,f)(vv*((q/K)*N.y- (dx(u)*N.x+dy(u)*N.y)));
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real errv=1;

real erradap=0.001;

verbosity=1;

while(errv>1e-6)
{

j++;

Pu;

Pv;

plot(Th,u,v ,wait=0);

errv=int1d(Th,f)(v*v);

real coef=1;

//

real mintcc = checkmovemesh(Th,[x,y])/5.;
real mint = checkmovemesh(Th,[x,y-v*coef]);

if (mint<mintcc || j%10==0) { // ����§­#±�

Th=adaptmesh(Th,u,err=erradap ) ;

mintcc = checkmovemesh(Th,[x,y])/5.;
}

while (1)

{

real mint = checkmovemesh(Th,[x,y-v*coef]);

if (mint>mintcc) break;

cout << " min |T] " << mint << endl;

coef /= 1.5;

}

Th=movemesh(Th,[x,y-coef*v]); // O�/C

cout << "\n\n"<<j <<"------------ errv = " << errv << "\n\n";

}

plot(Th,ps="d_Thf.eps");
plot(u,wait=1,ps="d_u.eps");

ã 9.34: 3#«� Ω72 ��ª)
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ã 9.35: «� Ω72þ�g·A��

9.12 ������555���555åååÆÆÆ(nolinear-elas.edp)

��5�5¯K´: é £ (u1, u2) ��z¯K J

min J(u1, u2) =

∫
Ω
f(F2)−

∫
Γp

Pa u2

Ù¥ F2(u1, u2) = A(E[u1, u2], E[u1, u2]) Ú A(X,Y ) ´V�55. 'uÝ
 X,Y�½. ùpf ´
�½ C2 ¼ê, ±9 E[u1, u2] = (Eij)i=1,2, j=1,2 ´ Green-Saint Venant /CÜþ, ½Â�:

Eij = 0.5
(
(∂iuj + ∂jui) +

∑
k

∂iuk×∂juk
)

P u = (u1, u2), v = (v1, v2), w = (w1, w2).
¤±J ��©´

DJ(u)(v) =

∫
DF2(u)(v) f ′(F2(u)))−

∫
Γp

Pav2

Ù¥DF2(u)(v) = 2 A( DE[u](v) , E[u] ) § DE´E����©"
J ����©´

D2J(u)((v), (w)) =

∫
DF2(u)(v) DF2(u)(w) f ′′(F2(u)))

+

∫
D2F2(u)(v,w) f ′(F2(u)))

Ù¥
D2F2(u)(v,w) = 2 A( D2E[u](v,w) , E[u] ) + 2 A( DE[u](v) , DE[u](w) ).

Ú D2E ´E����©"

¤±¤kÎÒ�±^ macros5½Â:

macro EL(u,v) [dx(u),(dx(v)+dy(u)),dy(v)] // ´ [ε11, 2ε12, ε22]

macro ENL(u,v) [
(dx(u)*dx(u)+dx(v)*dx(v))*0.5,
(dx(u)*dy(u)+dx(v)*dy(v)) ,
(dy(u)*dy(u)+dy(v)*dy(v))*0.5 ] // EOM ENL

macro dENL(u,v,uu,vv) [(dx(u)*dx(uu)+dx(v)*dx(vv)),
(dx(u)*dy(uu)+dx(v)*dy(vv)+dx(uu)*dy(u)+dx(vv)*dy(v)),
(dy(u)*dy(uu)+dy(v)*dy(vv)) ] //
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macro E(u,v) (EL(u,v)+ENL(u,v)) // ´ [E11, 2E12, E22]
macro dE(u,v,uu,vv) (EL(uu,vv)+dENL(u,v,uu,vv)) //
macro ddE(u,v,uu,vv,uuu,vvv) dENL(uuu,vvv,uu,vv) //
macro F2(u,v) (E(u,v)’*A*E(u,v)) //
macro dF2(u,v,uu,vv) (E(u,v)’*A*dE(u,v,uu,vv)*2. ) //
macro ddF2(u,v,uu,vv,uuu,vvv) (

(dE(u,v,uu,vv)’*A*dE(u,v,uuu,vvv))*2.
+ (E(u,v)’*A*ddE(u,v,uu,vv,uuu,vvv))*2. ) // EOM

Úî{Xeµ
- n = 0, uO, vO �Ð© £

� Ì�:

� é� (du, dv) ´

D2J(un, vn)((w, s), (du, dv)) = DJ(un, vn)(w, s), ∀w, s

�)

� un = un− du, vn = vn− dv

� ��(du, dv) v
�

3 FreeFem++ ¥¢yd�{��{´¦^macro óä5¢yA Ú F2, f , f ′,f ′′.
macroÒ� C++ý?nì,�§´±macrom©�macro�(�´3µØ //�c. d~¥§macroé
k^§Ï�ëê�a.�±UC"?1gÄ�©��©N´"

ã 9.36: C/�

// ��5�5�.

// ��5¯K
// -----------------------------

macro f(u) (u) // ÷(å
macro df(u) (1) // ÷(å
macro ddf(u) (0) // ÷(å

// -- du caouchouc --- (�Herve Le Dret.�`²)
// -------------------------------

real mu = 0.012e5; // kg/cm2

real lambda = 0.4e5; // kg/cm2

//
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// σ = 2µE + λtr(E)Id
// A(u, v) = σ(u) : E(v)
//
// ( a b )
// ( b c )
//
// tr*Id : (a,b,c) -> (a+c,0,a+c)
// ¤±'éÝ
´:
// ( 1 0 1 )
// ( 0 0 0 )
// ( 1 0 1 )

// ------------------v
real a11= 2*mu + lambda ;
real a22= mu ; // Ï� [0, 2 ∗ t12, 0]′A[0, 2 ∗ s12, 0] =

// = 2 ∗mu ∗ (t12 ∗ s12 + t21 ∗ s21) = 4 ∗mu ∗ t12 ∗ s12
real a33= 2*mu + lambda ;
real a12= 0 ;
real a13= lambda ;
real a23= 0 ;

// é¡Ü©
real a21= a12 ;
real a31= a13 ;
real a32= a23 ;

// Ý
 A.
func A = [ [ a11,a12,a13],[ a21,a22,a23],[ a31,a32,a33] ];

real Pa=1e2; // 100 Pa �Ør
// ----------------

int n=30,m=10;
mesh Th= square(n,m,[x,.3*y]); // I\: 1 e, 2 m, 3 þ, 4 �;
int bottom=1, right=2,upper=3,left=4;

plot(Th);

fespace Wh(Th,P1dc);
fespace Vh(Th,[P1,P1]);
fespace Sh(Th,P1);

Wh e2,fe2,dfe2,ddfe2; // �`z
Wh ett,ezz,err,erz; // �`z

Vh [uu,vv], [w,s],[un,vn];
[un,vn]=[0,0]; // Ð©z
[uu,vv]=[0,0];

varf vmass([uu,vv],[w,s],solver=CG) = int2d(Th)( uu*w + vv*s );
matrix M=vmass(Vh,Vh);
problem NonLin([uu,vv],[w,s],solver=LU)=
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int2d(Th,qforder=1)( // (D2J(un)) Ü©

dF2(un,vn,uu,vv)*dF2(un,vn,w,s)*ddfe2
+ ddF2(un,vn,w,s,uu,vv)*dfe2

)
- int1d(Th,3)(Pa*s)
- int2d(Th,qforder=1)( // (DJ(un)) Ü©

dF2(un,vn,w,s)*dfe2 )
+ on(right,left,uu=0,vv=0);

;
// Newton {

// ---------------
Sh u1,v1;
for (int i=0;i<10;i++)
{

cout << "Loop " << i << endl;
e2 = F2(un,vn);
dfe2 = df(e2) ;
ddfe2 = ddf(e2);
cout << " e2 max " <<e2[].max << " , min" << e2[].min << endl;
cout << " de2 max "<< dfe2[].max << " , min" << dfe2[].min << endl;
cout << "dde2 max "<< ddfe2[].max << " , min" << ddfe2[].min << endl;
NonLin; // O� [uu, vv] = (D2J(un))−1(DJ(un))

w[] = M*uu[];
real res = sqrt(w[]’ * uu[]); // [uu, vv]˜�˜L2˜�ê
u1 = uu;
v1 = vv;
cout << " Lˆ2 residual = " << res << endl;
cout << " u1 min =" <<u1[].min << ", u1 max= " << u1[].max << endl;
cout << " v1 min =" <<v1[].min << ", v2 max= " << v1[].max << endl;
plot([uu,vv],wait=1,cmm=" uu, vv " );
un[] -= uu[];
plot([un,vn],wait=1,cmm=" displacement " );
if (res<1e-5) break;

}

plot([un,vn],wait=1);
mesh th1 = movemesh(Th, [x+un, y+vn]);
plot(th1,wait=1); // �ã 9.36

9.13 ���ØØØ   ��� Neo-Hookean ááá���:OOO���)))

�ö: Alex Sadovsky mailsashas@gmail.com

9.13.1 PPPÒÒÒ

�e5§ÎÒ u,F,B,C, σ©OL«  £|, C/FÝ, � Cauchy-Green ACÜþ B = FFT ,
m Cauchy-Green ACÜþ C = FTF, ±9 Cauchy AåÜþ" ·��Ú?ÎÒ I1 := tr C Ú
J := detF. e¡�ªò¬^�"

∂J

∂C
= JC−1 (9.59)
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ÎÒ I L«�dÜþ. ÎÒ Ω0L«C/cÌN�ë�(�" ë�(�¥ü NÈP¤ dV (resp.,
dV0); üö�'XXe

dV = JdV0,

ù¦�3Ωþ'uCauchyAåT �È©�±­�¤3Ω0þ Kirchhoff Aå κ = JT�È© "

ííí���ëëë���]]]���

'u��5�åÚ���5Üþ�ê��ã§�±ë�[34]" 'uk���{�p�êÆ©Û§
�±ë�[35]"'u��5�5·>�>.�¯K�k���§ª�)º§ë�http://www.
engin.brown.edu/courses/en222/Notes/FEMfinitestrain/FEMfinitestrain.htm.

9.13.2 ���««« Neo-Hookean ���ØØØ   ááá���

ÄÄÄ���nnnØØØÚÚÚ������AAAååå{{{ ACU�Ý¼êXe½Âµ

W =
µ

2
(I1 − tr I− 2 lnJ) (9.60)

(ë� [32], úª (12)).

�A�1� Piola-Kirchoff AåÜþdeªíÑµ

Sn :=
∂W

∂E
(Fn) = µ(I−C−1) (9.61)

Kirchhoff AåC�

κ = FSFT = µ(B− I) (9.62)

�A/§3Fn ?�^3 δFn+1���Kirchhoff AåÜþC�

∂κ

∂F
(Fn)δFn+1 = µ

[
Fn(δFn+1)T + δFn+1(Fn)T

]
(9.63)

333"""���			333NNNåååeeeBVP ���fff///ªªª d?·��ÄΩ0 ´��ý��,Ù>.´dü�Ó¥%�
Ì¶�p²1�ý��¤ £��A~§ý���±´�¤"-P 3>.∂Ω0 þ�Ü©>.∂Ωt

0

£Sý�¤�K1å£VÚå¤" 3�{�>.þ§·�5½^0 ��"

>.�¯K�f/ªXe

0 =
∫

Ω0
κ[F] :

{
(∇⊗w)(F)−1

}
−

∫
∂Ωt

0
P · N̂0

}

�
{z¯K§3�{Ù!·�Ø�b½ P = 0"�´Jø� FreeFem++ �èØ�6uù�b
�§¬�Ä���ÚP���"

�½��÷vBVP� £|un �ÚîCq�u "·�é?�� δun+1±¼��Ð�Cq�"

un+1 = un + δun+1

http://www.engin.brown.edu/courses/en222/Notes/FEMfinitestrain/FEMfinitestrain.htm
http://www.engin.brown.edu/courses/en222/Notes/FEMfinitestrain/FEMfinitestrain.htm
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ÏL¦)f/ª

0 =
∫

Ω0
κ[Fn + δFn+1] :

{
(∇⊗w)(Fn + δFn+1)−1

}
−
∫
∂Ω0

P · N̂0

=
∫

Ω0

{
κ[Fn] + ∂κ

∂F [Fn]δFn+1

}
:
{

(∇⊗w)(Fn + δFn+1)−1
}

=
∫

Ω0

{
κ[Fn] + ∂κ

∂F [Fn]δFn+1

}
:
{

(∇⊗w)(F−1
n + F−2

n δFn+1)
}

=
∫

Ω0
κ[Fn] :

{
(∇⊗w)F−1

n

}
−

∫
Ω0
κ[Fn] :

{
(∇⊗w)(F−2

n δFn+1)
}

+
∫

Ω0

{
∂κ
∂F [Fn]δFn+1

}
:
{

(∇⊗w)F−1
n

}


éu¤ku�¼êw,

(9.64)
Ù¥§·��

δFn+1 =∇⊗ δun+1

555: �IO�ÎÒ¦^��, ÎÒ δ vkC©/ª�µ"^ δ =L«Úî{¿Âe�Oþ"d?�
C©J £^w L«"

9.13.3 333 FreeFem++¥¥¥������«««¢¢¢yyy���ªªª

�'�©�´examples++-tutorial/nl-elast-neo-Hookean.edp.
Ú?Ú�è���ÎÒ§Ù¥<>¥���iÎw�´��ÎÒ§Üþ�ÕáÜ©

< TanK >:=
∂κ

∂F
[Fn]δFn+1 (9.65)

��macros < TanK11 >,< TanK12 >, . . .��1"
Üþ�ÕáÜ©Xeµ

D1 := Fn(δFn+1)T + δFn+1(Fn)T ,

D2 := F−Tn δFn+1,

D3 := (∇⊗w)F−2
n δFn+1,

Ú
D4 := (∇⊗w)F−1

n ,

©O��macros��1

< d1Aux11 >,< d1Aux12 >, . . . , < d1Aux22 >,
< d2Aux11 >,< d2Aux12 >, . . . , < d2Aux22 >
< d3Aux11 >,< d3Aux12 >, . . . , < d3Aux22 >
< d4Aux11 >,< d4Aux12 >, . . . , < d4Aux22 >

 , (9.66)

|^þ>�ÎÒ§��KirchhoffAå�C¤

∂κ

∂F
(Fn) δFn+1 = µD1 (9.67)

Ó�BVPf)C¤Xe/ª

0 =
∫

Ω0
κ[Fn] : D4

−
∫

Ω0
κ[Fn] : D3

+
∫

Ω0

{
∂κ
∂F [Fn]δFn+1

}
: D4

 éu¤ku�¼êw (9.68)
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MPI ¿¿¿111������

FreeFem++�1�g}Á^ mpi¿1z"'uMPI�*Ð.®²�\\� FreeFem++ � 3.5�,
('uMPI�óõU�©��http://www.mpi-forum.org/docs/mpi21-report.pdf).

10.1 MPI '''���iii

e¡�'�iÚVg¬^�:

mpiComm ½Â��Ï&­.

mpiGroup ½Â�|Ï&­.� ?nì

mpiRequest ½Â�|��(åÏÕ��¦

10.2 MPI ~~~êêê

mpisize ?nì �oê,

mpirank 3 {0, ...,mpisize− 1} ¥�c?nì�£OÒè,

mpiUndefined MPI_Undefined ~ê,

mpiAnySource MPI_ANY_SOURCE ~ê,

mpiCommWorld MPI_COMM_WORLD ~ê,

... z{$�ÎMPI Op�¤k'�iµ mpiMAX, mpiMIN, mpiSUM, mpiPROD, mpiLAND,
mpiLOR, mpiLXOR, mpiBAND, mpiBXOR.

10.3 MPI ���EEEììì

int[int] proc1=[1,2,3],proc2=[0,4];
mpiGroup grp(procs); // 3 MPI COMM WORLD ¥�½ MPI Group � proc 1,2,3
mpiGroup grp1(comm,proc1); // 3 comm ¥�½ MPI Group � proc 1,2,3

271
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mpiGroup grp2(grp,proc2); // �½ MPI Group � grp union proc1

mpiComm comm=mpiCommWorld; // �½�� MPI Comm � MPI COMM WORLD
mpiComm ncomm(mpiCommWorld,grp); // �½ MPI Comm /ª� grp

// MPI COMM WORLD
mpiComm ncomm(comm,color,key); // MPI_Comm_split(MPI_Comm comm,

// int color, int key, MPI_Comm *ncomm)
mpiComm nicomm(processor(local_comm,local_leader),

processor(peer_comm,peer_leader),tag);
// ïá MPI_INTERCOMM_CREATE(local_comm, local_leader, peer_comm,

// remote_leader, tag, &nicomm)
mpiComm ncomm(intercomm,hight) ; // ïá¦^

// MPI_Intercomm_merge( intercomm, high, &ncomm)
mpiRequest rq; // ½Â�� MPI_Request
mpiRequest[int] arq(10); // ½Â���¹ 10 � MPI_Request �ê|

10.4 MPI ¼¼¼êêê

mpiSize(comm) ; // �£ comm (int)���
mpiRank(comm) ; // �£3 comm (int) ¥�üS

processor(i) // �£3MPI_COMM_WORLD ¥vk�¦�?nì i
processor(mpiAnySource) // �£3MPI_COMM_WORLD ¥vk�¦�?nì

// T?nì´?Û
�
processor(i,comm) // �£3 comm ¥vk�¦�?nì i
processor(comm,i) // �£3 comm ¥vk�¦�?nì i
processor(i,rq,comm) // �£3 comm ¥k�¦ rq �?nì i
processor(i,rq) // �£3MPI_COMM_WORLD ¥k�¦ rq �?nì i
processorblock(i) // 3ÓÚÏÕ�©¬�ªe

// �£3MPI_COMM_WORLD ¥?nì i
processorblock(mpiAnySource) // 3ÓÚÏÕ�©¬�ªe

// �£3MPI_COMM_WORLD ¥?Û
�?nì
processorblock(i,comm) // ©¬�ªe�£3 comm¥�?nì i

mpiBarrier(comm) ; // 3ÏÕìcommþ?1 MPI Barrier,
mpiWait(rq); // ���¦,
mpiWaitAll(arq); // ��O\�¦ê|,
mpiWtime() ; // �£ MPIWtime , ±¦O (¢ê),
mpiWtick() ; // �£ MPIWTick , ±¦O (¢ê),

Ù¥?nìÒ´���êüS, MPI_comm���§MPI_Request���ÚkAÏMPI_Request
?nì«�"

10.5 MPI ÏÏÏÕÕÕììì���ÎÎÎ

int status; // ¼� MPI ux/�É �G�
processor(10) << a << b; // òa,b˜ØÓÚ/ux�?nì10,
processor(10) >> a >> b; // l?nì10?ÓÚ�É a,b,
broadcast(processor(10,comm),a); // lcomm�?nì�comm�Ù¦?nì2Â
status=Send( processor(10,comm) , a); // òêâa�?nì10ÓÚux
status=Recv( processor(10,comm) , a); // l?nì10?ÓÚ�Éêâa;
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status=Isend( processor(10,comm) , a); // òêâaØÓÚ/ux�?nì10
// vk�¦

status=Isend( processor(10,rq,comm) , a) ; // òêâaØÓÚ/ux�?nì10
// k�¦

status=Irecv( processor(10,rq) , a) ; // l?nì10?ÓÚ�Éêâa;
status=Irecv( processor(10) , a) ; // �Ø

// ØÓÚ, Ã�¦.
broadcast(processor(comm,a)); // �comm�¤k?nì2Â

Ù¥êâa.Xeµint,real, complex, int[int], double[int], complex[int], int[int,int],
double[int,int], complex[int,int], mesh, mesh3, mesh[int], mesh3[int], matrix,
matrix<complex>

processor(10,rq) << a ; // �?nì10ØÓÚ/uxêâa,
// k�¦.

processor(10,rq) >> a ; // l?nì10ØÓÚ/�Éêâa,
// Ã�¦.

XJ a,b ´�ê�!¢ê�!Eê�þ�ê|½ö÷�Ý
§¦^e¡� MPI ¼ê:

mpiAlltoall(a,b[,comm]) ;
mpiAllgather(a,b[,comm]) ;
mpiGather(a,b,processor(..) ) ;
mpiScatter(a,b,processor(..)) ;
mpiReduce(a,b,processor(..),mpiMAX) ;
mpiAllReduce(a,b,comm, mpiMAX) ;
mpiReduceScatter(a,b,comm, mpiMAX) ;

�examples++-mpi/essai.edp ±u�¤k��¼5§3Antoine Atenekeng Kahou��Ï
e§?èÑd.¡"

10.6 ¿¿¿111���Schwarz~~~fff

ù�~f´Ù!9.8.1. schwarz­U¯K�U�"

[examples++-mpi] Hecht%lamboot
LAM 6.5.9/MPI 2 C++/ROMIO - Indiana University
[examples++-mpi] hecht% mpirun -np 2 FreeFem++-mpi schwarz-c.edp

// �è�#��, ¿1�schwarz�{
// 2�?nì.
// -------------------------------
// F.Hecht 2003c12�
// ----------------------------------
// ÿÁ2Â�-,
// ���ê|,
// ¿O\
ÊÅÿÁ.
// ---------------------------------

if ( mpisize != 2 ) {
cout << " sorry, number of processors !=2 " << endl;
exit(1);}

verbosity=3;
int interior = 2;
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int exterior = 1;
border a(t=1,2){x=t;y=0;label=exterior;};
border b(t=0,1){x=2;y=t;label=exterior;};
border c(t=2,0){x=t ;y=1;label=exterior;};
border d(t=1,0){x = 1-t; y = t;label=interior;};
border e(t=0, pi/2){ x= cos(t); y = sin(t);label=interior;};
border e1(t=pi/2, 2*pi){ x= cos(t); y = sin(t);label=exterior;};
int n=4;
mesh[int] Th(mpisize);
if (mpirank == 0)
Th[0] = buildmesh( a(5*n) + b(5*n) + c(10*n) + d(5*n));

else
Th[1] = buildmesh ( e(5*n) + e1(25*n) );

broadcast(processor(0),Th[0]);
broadcast(processor(1),Th[1]);

fespace Vh(Th[mpirank],P1);
fespace Vhother(Th[1-mpirank],P1);

Vh u=0,v;
Vhother U=0;
int i=0;

problem pb(u,v,init=i,solver=Cholesky) =
int2d(Th[mpirank])( dx(u)*dx(v)+dy(u)*dy(v) )

- int2d(Th[mpirank])( v)
+ on(interior,u = U) + on(exterior,u= 0 ) ;

for ( i=0 ;i< 20; i++)
{

cout << mpirank << " looP " << i << endl;
pb;

// ò u ux�,��?nì, 3 U ¥�Â
processor(1-mpirank) << u[]; processor(1-mpirank) >> U[];
real err0,err1;
err0 = int1d(Th[mpirank],interior)(square(U-u)) ;

// ò err0 ux�,��?nì, 3 err1 ¥�Â
processor(1-mpirank)<<err0; processor(1-mpirank)>>err1;
real err= sqrt(err0+err1);
cout <<" err = " << err << " err0 = " << err0

<< ", err1 = " << err1 << endl;
if(err<1e-3) break;

};
if (mpirank==0)

plot(u,U,ps="uU.eps");

10.6.1 ýýý���¿¿¿111Schwarz~~~fff

ù´ü���§S examples++-mpi/MPIGMRES[2]D.edp�)º,��¿1Schwarz�~f§Ù
E,ÝØ�6uL§�êþ£ko���ý^�¤"

a�F. Nataf.

�
)û±eL2(Ω)¥3«�Ωw>.Γþ in L2(Ω) �Ñt¯K:
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−∆u = f, in Ω, and u = g on Γ,

Ù¥fÚg©O´3 L2(Ω) Ú H
1
2 (Γ)þ��½¼ê§

e¡0�(πi)i=1,..,Np´«� Ω���~5y©§ q-e-d:

πi ∈ C0(Ω) : πi ≥ 0 and

Np∑
i=1

πi = 1.

ΩiL«¼êπi�|8�¤�f«�§¿� Γi L«Ωi�>."
¿1Schwarz�{Ò´-` = 0§S�L§ÚÐ©^�u0�L>.^�(i.e. u0

|Γ = g).

∀i = 1.., Np : −∆u`i = f, in Ωi, and u`i = u` on Γi \ Γ, u`i = g on Γi ∩ Γ (10.1)

u`+1 =
∑Np

i=1 πiu
`
i (10.2)

|^lÑLagrangek���{§Ú�¿1���Ωi¥�Thi§ i. e., �3�Û��Th¦�Thi �¹
uTh" ·��²:

� Vhi ´éAu«�Ωi�k���m§

� Nhi ´gdÝσki�8Ü§

� N Γi
hi ´Vhi 3>.Ωi¥Γi �gdÝ�8Ü§

� σki (vh)´gdÝk��§

� V0hi = {vh ∈ Vhi : ∀k ∈ N Γi
hi , σki (vh) = 0},

� ^�L�ªa ? b : c � CÚC++�ó½Â���§=

a?b : c ≡
{
XJa�(K�£b
ÄK�£c

.

Remark ·�lØ¦^��«� Ω�k���mÏ��d�p"

·�7L½Â�f5ïákc��{:
·�^u`h|iL«u

`
h3Vhiþ���§ÏdΩiþ�lÑ¯K(10.1)¥ u`hi ∈ Vhi U
é�¦�: gki ´

g'uk ∈ N Γi
hi�gdÝ�"

3FreeFem++¥§U �±L«'uu`h|i ��þ§¿� �þU1´'uu
`
hi ��þ:

real[int] U1(Ui.n);
real[int] b= onG .* U;
b = onG ? b : Bi ;
U1 = Aiˆ-1*b;

Ù¥ onG[i] = (i ∈ Γi \ Γ)?1 : 0§¿�Bi Xe½Âµ

fespace Whi(Thi,P2); // ½Âk���m"
varf vPb(U,V)= int3d(Thi)(grad(U)’*grad(V)) + int3d(Thi)(F*V) +on(1,U=g) + on(10,U=G);
varf vPbon(U,V)=on(10,U=1)+on(1,U=0);
matrix Ai = vPb(Whi,Whi,solver=sparsesolver);
real[int] onG = vPbon(0,Whi);



276 110Ù MPI ¿1��

real[int] Bi=vPb(0,Whi);

Ù¥Γ�freefem++IP� 1§Γi \ Γ �IP� 10.

�
ïá'u (10.2) �§3L§i��#Ü©§·�P njpart �«�Ωi���ê (i.e: πj
´Ωi��0 ��)§·�3ê|jpart¥;� njpart¤k����" ·�0�Ý
¥�ü�
ê|§Smj[j]L«�þli � j ���L§§Ý
 rMj[j] L«��Ø�+� j �«�"
Ïd=��#Ü©O� vi = πiui +

∑
j∈Ji πjuj §¿��±�¤ freefem++�#¼ê:

func bool Update(real[int] &ui, real[int] &vi)
{ int n= jpart.n;

for(int j=0;j<njpart;++j) Usend[j][]=sMj[j]*ui;
mpiRequest[int] rq(n*2);
for (int j=0;j<n;++j) Irecv(processor(jpart[j],comm,rq[j ]), Ri[j][]);
for (int j=0;j<n;++j) Isend(processor(jpart[j],comm,rq[j+n]), Si[j][]);
for (int j=0;j<n*2;++j) int k= mpiWaitAny(rq);
// A^��ÛÜy© .
vi = Pii*ui; // ��πiui
for(int j=0;j<njpart;++j) vi += rMj[j]*Vrecv[j][]; // O\ πjuj
return true; }

Ù¥�À«Xe½Â:

InitU(njpart,Whij,Thij,aThij,Usend) // ½Âux�À«
InitU(njpart,Whij,Thij,aThij,Vrecv) // ½Â�Â�À«

±9±emacro½Â:

macro InitU(n,Vh,Th,aTh,U) Vh[int] U(n); for(int j=0;j<n;++j) {Th=aTh[j]; U[j]=0;}
//

111������gmres���{{{:30�±e3f«�Ωi þ���Ai�f��§\�±ÏL¦^¿1 GMRES�
{�´/\�ØÄ:�{"

func real[int] DJ0(real[int]& U) {
real[int] V(U.n) , b= onG .* U;
b = onG ? b : Bi ;
V = Aiˆ-1*b;
Update(V,U);
V -= U; return V; }

Ù¥¿1MPIGMRES½öMPICG �{´¿1)û±e¯KAixi = bi, i = 1, .., Np��«{ü�{§
ÏLA^±eMPI�è~���L§�ÛÜ::

template<class R> R ReduceSum1(R s,MPI_Comm * comm)
{ R r=0;

MPI_Allreduce( &s, &r, 1 ,MPI_TYPE<R>::TYPE(), MPI_SUM, *comm );
return r; }

ù´MPIGCÄ�óóä�¤"

111������gmres���{{{: ¦^Scharwz�{��Ä:GMRES�{�ý^�5)û¿1¯K"

func real[int] DJ(real[int]& U) // Ð©¯K
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{
++kiter;
real[int] V(U.n);
V = Ai*U;

V = onGi ? 0.: V; // £Ø>.� ...
return V;

}

func real[int] PDJ(real[int]& U) // ý^�
{

real[int] V(U.n);
real[int] b= onG ? 0. : U;
V = Aiˆ-1*b;
Update(V,U);
return U;

}

111nnn���gmres���{{{:O\��oÑ��{"
Äk3L§0þïáo��§¿�

matrix AC,Rci,Pci; //
if(mpiRank(comm)==0)

AC = vPbC(VhC,VhC,solver=sparsesolver); // o¯K

Pci= interpolate(Whi,VhC); // o��þ�ÝK
Rci = Pci’*Pii; // ��3L§ i þ���y© πi

func bool CoarseSolve(real[int]& V,real[int]& U,mpiComm& comm)
{

// ¦)o¯K
real[int] Uc(Rci.n),Bc(Uc.n);
Uc= Rci*U;
mpiReduce(Uc,Bc,processor(0,comm),mpiSUM);
if(mpiRank(comm)==0)

Uc = ACˆ-1*Bc;
broadcast(processor(0,comm),Uc);
V = Pci*Uc;

}

#�ý^�

func real[int] PDJC(real[int]& U) //
{ // Precon C1= Precon //, C2 precon Coarse
// �{ : F. Nataf.
// 0 ˜ (I C1A)(I-C2A) => I ˜ - C1AC2A +C1A +C2A
// #� Prec P= C1+C2 - C1AC2 = C1(I- A C2) +C2
// ( C1(I- A C2) +C2 ) Uo
// V = - C2*Uo
// ....
real[int] V(U.n);
CoarseSolve(V,U,comm);
V = -V; // -C2*Uo
U += Ai*V; // U = (I-A C2) Uo
real[int] b= onG ? 0. : U;
U = Aiˆ-1*b; // ( C1( I -A C2) Uo
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V = U -V; //
Update(V,U);
return U;

}

�{4��è:

real epss=1e-6;
int rgmres=0;
if(gmres==1)

{
rgmres=MPIAffineGMRES(DJ0,u[],veps=epss,nbiter=300,comm=comm,

dimKrylov=100,verbosity=ipart ? 0: 50);
real[int] b= onG .* u[];
b = onG ? b : Bi ;
v[] = Aiˆ-1*b;
Update(v[],u[]);

}
else if(gmres==2)

rgmres= MPILinearGMRES(DJ,precon=PDJ,u[],Bi,veps=epss,nbiter=300,comm=comm
,dimKrylov=100,verbosity=ipart ? 0: 50);

else if(gmres==3)
rgmres= MPILinearGMRES(DJ,precon=PDJC,u[],Bi,veps=epss,nbiter=300,comm=comm,

dimKrylov=100,verbosity=ipart ? 0: 50);
else // ü«� Shwarz �{ ...

for(int iter=0;iter <10; ++iter)
....

XJ·�kü ©)·�Ò�±¿1¦)" �
ïáù�y©·�ù��: L§ 1 �1�Úïá
��«����o��Th∗ §¿�ïáy©π§¼ê~ê�u i §3z�f«�Oi, i = 1, .., Np,�
��þ$^ Metis ã�y©{ [?]§ 3z�L§1.., Np¥�i Xe�

1. �L§ 1��§�� Th∗ (3 freefem++ §S¥¡ Thii), ±9¼ê π §

2. A�¼ê 1IOi 3«� Oiþ§½Â� (π = i)?1 : 0§

3. ·�¡Π2
P (aq/ Π2

V )�3 P ∗h þ�L
2§ ùpP ∗h3Th

∗ þ�z�ü þ�~êk��¼ê
�m(aq/ V ∗h 3 Th

∗�z�ü�þ���ëYk���m)" ¿�¿1ïáπi ÚΩi¦�
Oi ⊂ Ωi §Ù¥ Oi = supp((Π2

V Π2
C)m1IOi)§ m L«o��þ­UÜ©��£����¤§

(ù´3¼êAddLayers(Thii,suppii[],nlayer,phii[]);·�À�¼ê π∗i = (Π2
1Π2

0)m1IOi

¦���y©�±{ü½Â�

πi =
π∗i∑Np

j=1 π
∗
j

(10.3)

«�Ωi��� Ji ±93 Vhiþ�ÛÜy©�±^Xeê| jpart Ú njpart ½Â:

Vhi pii=π∗i ; Vhi[int] pij(npij); // ÛÜy© 1 = pii +
∑
j pij[j]

int[int] jpart(npart); int njpart=0;
Vhi sumphi = π∗i ;
for (int i=0;i<npart;++i)

if(i != ipart ) {
if(int3d(Thi)( π∗j)>0) {

pij[njpart]=π∗j;
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sumphi[] += pij[njpart][];
jpart[njpart++]=i;}}}

pii[]=pii[] ./ sumphi[];
for (int j=0;j<njpart;++j) pij[j][] = pij[j][] ./ sumphi[];
jpart.resize(njpart);

4. ·�¡Th∗ij´Thi �f��§Ù¥ πj �"" ^¼êtruncïáê|§

for(int jp=0;jp<njpart;++jp)
aThij[jp] = trunc(Thi,pij[jp]>1e-10,label=10);

5. ù�Ú·�®²ïáÐo��§¤±·��±ÏL
©¤k��5ïá�ª�Ð��µ
Thi, Thij[j],Thij[j]|^ freefem++ trunc ��¼ê���ÚwÄ"

6. �±^±e�èïáux/�ÂÝ
 sMj Ú rMj :

mesh3 Thij=Thi; // Cþ��
fespace Whij(Thij,Pk); // Cþk���m ..
matrix Pii; Whi wpii=pii; Pii = wpii[]; // éA ×πi�é�

matrix[int] sMj(njpart), rMj(njpart); // M send/rend�¹..
for(int jp=0;jp<njpart;++jp)

{ int j=jpart[jp];
Thij = aThij[jp]; // Cz�� Whij,Whij
matrix I = interpolate(Whij,Whi); // Whij <- Whi
sMj[jp] = I*Pii; // Whi -> s Whij
rMj[jp] = interpolate(Whij,Whi,t=1); }} // Whij -> Whi

�
ïá��Ø����A^§·^±e�èUC
Cþëê�

include "getARGV.idp"
verbosity=getARGV("-vv",0);
int vdebug=getARGV("-d",1);
int ksplit=getARGV("-k",10);
int nloc = getARGV("-n",25);
string sff=getARGV("-p,","");
int gmres=getARGV("-gmres",3);
bool dplot=getARGV("-dp",0);
int nC = getARGV("-N" ,max(nloc/10,4));

^Xe.¡�Ñ¿1)�þ u3�� Thþ�ã�µ

include "MPIplot.idp"
func bool plotMPIall(mesh &Th,real[int] & u,string cm)
{ PLOTMPIALL(mesh,Pk, Th, u,{ cmm=cm,nbiso=20,fill=1,dim=3,value=1}); return 1;}

5¿macro¥ {cmm=cm, ... =1}´�«Ú^macro��{§ ¤±TSN´cmm=cm, ... =1"
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¿¿¿111DDDÕÕÕ¦¦¦)))ììì

¿1DÕ¦)ì¦^�
§S5¦)�5�§"�ëY¦)��§¿1�5¦)�±´���½
öS��" 3FreeFem++ ¥üöÑk"

11.1 333 FreeFem++ ¥¥¥¦¦¦^̂̂¿¿¿111DDDÕÕÕ¦¦¦)))ììì

·�£Ásolverëê^Xe·-½Âµ solve, problem, set (��Ý
ëê) §¿��â�
�V�5.ïáÝ
" 3ù
�-¥§ solver 7L��¤ sparsesolver éu¿1DÕ¦)
ì" ·�é¿1DÕ¦)ìO\
�
AÏëê�-1"§�´

� lparams: �êëê�þ (l ´ c++ long�ª)

� dparams: ¢ëê�þ

� sparams: iÎGëê

� datafilename: �¹¦)ìëê�©�¶

±eo�ëê´�þ��éAu��¦)ì"ù
ëê¦�^r�±ý?nÝ
 (ëw¿1DÕ¦
)ì±þÙ!).

� permr: 1�� (�ê�þ)

� permc: ���½=�1�� (�ê�þ)

� scaler: 1�  (¢�þ)

� scalec: ��  (¢�þ)

kü«�{��¦)ìëê"1�«3.edp©�¥½Âëê lparams, dparams and sparams"
1�«lêâ©�¥Ö�¦)ìëê"ù�©�¡�datafilename" XJlparams, dparams,
sparams ½ datafilenamevkJø�¦^ö§@o¬¦^¦)ì�%@�"

�
¦^ FreeFem++ ¥�¿1¦)ì§·�I�1\'uù�¦)ì�Ä�§S¥"~X¦^
3FreeFem¥¦^ MUMPS¦)ì��¿1¦)ì§I3.edp©�¥�load ”MUMPS FreeFem”"
XJ§S¥vk�1\§@o%@DÕ¦)ì¬�1\ (%@DÕ¦)ì´ UMFPACK)"L
�11.1 �Ñ
ØÓ§S¥�#��"
·��O\
Ãëê�¼ê (�L� 11.2)5UC.edp©�¥�%@DÕ¦)ì"�
¦^
ù
¼ê§·�I�1\¦)ì¥" ¦^ØÓ¿1DÕ¦)ì5¦)Ó��¯K�~f
3testdirectsolvers.edp¥�Ñ(�Î example+ +−mpi)"

281
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default sparse solver
Libraries real complex
MUMPS FreeFem mumps mumps
real SuperLU DIST FreeFem SuperLU DIST previous solver
complex SuperLU DIST FreeFem previous solver SuperLU DIST
real pastix FreeFem pastix previous solver
complex pastix FreeFem previous solver pastix
hips FreeFem hips previous solver
hypre FreeFem hypre previous solver
parms FreeFem parms previous solver

Table 11.1: ¢!E$��%@DÕ¦)ì�·�1\¿1DÕ¦)ì¥

default sparse solver
function real complex
defaulttoMUMPS() mumps mumps
realdefaulttoSuperLUdist() SuperLU DIST previous solver
complexdefaulttoSuperLUdist() previous solver SuperLU DIST
realdefaultopastix() pastix previous solver
complexdefaulttopastix() previous solver pastix
defaulttohips() hips previous solver
defaulttohypre() hypre previous solver
defaulttoparms() parms previous solver

Table 11.2: #NUC¢E$�%@DÕ¦)ì�¼êÚù
¼ê�(J

Example 11.1 (testdirectsolvers.edp)

load "../src/solver/MUMPS_FreeFem"
// %@¦)ì: ¢-> MUMPS, E -> MUMPS

load "../src/solver/real_SuperLU_DIST_FreeFem"
// %@¦)ì: ¢-> SuperLU DIST, E -> MUMPS

load "../src/solver/real_pastix_FreeFem"
// %@¦)ì: ¢-> pastix, E -> MUMPS

// ^pastix¦)
{

matrix A =
[[ 1, 2, 2, 1, 1],
[ 2, 12, 0, 10 , 10],
[ 2, 0, 1, 0, 2],
[ 1, 10, 0, 22, 0.],
[ 1, 10, 2, 0., 22]];

real[int] xx = [ 1,32,45,7,2], x(5), b(5), di(5);
b=A*xx;
cout << "b=" << b << endl;
cout << "xx=" << xx << endl;

set(A,solver=sparsesolver,datafilename="ffpastix_iparm_dparm.txt");
cout << "solving solution" << endl;
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x = Aˆ-1*b;
cout << "b=" << b << endl;
cout << "x=" << endl; cout << x << endl;
di = xx-x;
if(mpirank==0){
cout << "x-xx="<< endl; cout << "Linf "<< di.linfty << " L2 " << di.l2 << endl;
}

}

// ^SuperLU DIST¦)
realdefaulttoSuperLUdist();

// %@¦)ì: ¢-> SuperLU DIST, E -> MUMPS
{

matrix A =
[[ 1, 2, 2, 1, 1],
[ 2, 12, 0, 10 , 10],
[ 2, 0, 1, 0, 2],
[ 1, 10, 0, 22, 0.],
[ 1, 10, 2, 0., 22]];

real[int] xx = [ 1,32,45,7,2], x(5), b(5), di(5);
b=A*xx;
cout << "b=" << b << endl;
cout << "xx=" << xx << endl;

set(A,solver=sparsesolver,datafilename="ffsuperlu_dist_fileparam.txt");
cout << "solving solution" << endl;
x = Aˆ-1*b;
cout << "b=" << b << endl;
cout << "x=" << endl; cout << x << endl;
di = xx-x;
if(mpirank==0){
cout << "x-xx="<< endl; cout << "Linf "<< di.linfty << " L2 " << di.l2 << endl;
}

}

// ^MUMPS¦)
defaulttoMUMPS();

// %@¦)ì: ¢-> MUMPS, E -> MUMPS
{

matrix A =
[[ 1, 2, 2, 1, 1],
[ 2, 12, 0, 10 , 10],
[ 2, 0, 1, 0, 2],
[ 1, 10, 0, 22, 0.],
[ 1, 10, 2, 0., 22]];

real[int] xx = [ 1,32,45,7,2], x(5), b(5), di(5);
b=A*xx;
cout << "b=" << b << endl;
cout << "xx=" << xx << endl;

set(A,solver=sparsesolver,datafilename="ffmumps_fileparam.txt");
cout << "solving solution" << endl;
x = Aˆ-1*b;
cout << "b=" << b << endl;
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cout << "x=" << endl; cout << x << endl;
di = xx-x;
if(mpirank==0){
cout << "x-xx="<< endl; cout << "Linf "<< di.linfty << " L2 " << di.l2 << endl;
}

}

11.2 DDDÕÕÕ������¦¦¦)))ììì

3�!¥§·�0� FreeFem++ ¥���¦)ì"

11.2.1 MUMPS¦¦¦)))ììì

MUltifrontal Massively Parallel Solver (MUMPS) ´���¤¥ [?, ?, ?]"ù�§S�^��{
¦)�5XÚA x = b Ù¥A ´DÕ�
" MUMPS¥ù��
�±´�é¡�§é¡�½�
½ö��é¡�"MUMPS¦^��{´ÄuõÅc{����{ [?]" §ïá
����©)
A = L U , A = Lt D L �6uÝ
 A�é¡5" MUMPS¦^±e§S¥: BLAS[?, ?], BLACS
and ScaLAPACK[?]"

555 7 MUMPS Ã{¦)Ý/Ý
��5XÚ"

MUMPS���SSSCCC 3 FreeFem++ ¥¦^MUMPS§7LSC MUMPSSC�"MUMPSd For-
tran 90�¤"¿1��¦^ MPI [?]§BLAS [?, ?]§BLACS Ú ScaLAPACK[?]D4&E"ÏdI
�?È§S±9 MPI, BLAS, BLACS and ScaLAPACK " SCÚ½3©� README COMPILE
8¹ src/solver of FreeFem++ ¥�Ñ"

ïïïáááFreeFem++ ¥¥¥MUMPS...¡¡¡���§§§SSS¥¥¥: FreeFem++ ¥MUMPS.¡3©� MUMP-
S freefem.cpp¥�Ñ (8¹ src/solver/ )"ù�.¡ÓuÙ�3.8.3 Ú 3.8.4 � MUMPS�Óó�"
�
3FreeFem++ ¥¦^MUMPS§·�I�éAuù�.¡�§S¥"0�XÛ¼�ù�§
S¥3©�README COMPILE 8¹ src/solver of FreeFem++ ¥�Ñ"·�3ùp£Á�e
Ú½"é�8¹ src/solver 3 FreeFem++ SC�"?6©� makefile-sparsesolver.inc : 5º
Section 1, 5º1éAu§S¥ BLAS, BLACS, ScaLAPACK, Metis, 5º Section 2Ú Section 3
éAu MUMPS¦)ì�ãá" ,�3ª�I��\make mumps"
3£ãFreeFem++ ¥MUMPS��{�c§·�k{á0� MUMPSëê"

õõõcccããã���555���¿¿¿111¦¦¦)))ìììëëëêêê £££MUMPS parameters¤¤¤: 3õcã�5�¿1¦)
ì(MUMPS)¥§ko�Ñ\ëê(ë� [?]). ü��êSYM � PAR, ���Ý�40��ê�þ
INCTL Ú���Ý�15�¢ê�þ CNTL. 1��ëê�Ñ
Ý
�a.µ0 �L�é¡Ý
§1
�L é¡�½Ý
§2 �L ��é¡Ý
"1��ëêw�·�3©)ÏmÌÅ?nì´Äó�
Ú)ûÚ½µPAR = 1L«ÌÅ?nìó�ÚPAR = 0L«ÌÅØó�" ëê INCTL Ú CNTL
´ MUMPS ���ëê"3 MUMPS ¥��þ ICNTL Ú CNTL 3FORTRAN¥¤��I�1�
�þ"3©�ffmumps fileparam.txt¥§ké ICNTL and CNTLA ¤këê�{'£ã"�õ[
!�±ë�^rÃþ [?]"
y3·�5£ãMUMPSÌ�ëêICNTL¥���"
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ÑÑÑ\\\ÝÝÝ


ëëëêêê ëê ICNTL(5) and ICNTL(18)û½
Ñ\Ý
" Ý
/ª(Ý
��ªÚ
Ñ\)� INCTL(5)(INCTL(18)) ¤û½"ëêICNTL(5)�0 L«à8/ª§�1L«��/ª"
3�c���Freefem++§·�@�FEÝ
½Ý
��ª�;3|C"Ïd§INCTL(5)�À
�0�"ICNTL(18)Ì�À�µINCLTL(18)=03¥
ÌÅ?nìþ§ICNTL(18)=3©ÙªÑ\
Ý
�ªÚ^8£ÀJ©ÙªÝ
í�MUMPS�muö¤"ICNTL(18)�Ù¦ê�ë�^r
Ãþ"ù
���±3Freefem++¥¦^" 3FreeFem++ ¢y%@À�´ICNTL(5)=0 Ú IC-
NTL(18)=0"

ýýý???nnnëëëêêê ý?nÝ
 Ap �k�©)½Â�

Ap = P Dr AQc DcP
t

Ù¥ P ��Ý
, Qc ´���, Dr Ú Dc ©O´1C�Ú�C��é�Ý
"P �üS´dëê
ICNTL(7) ¤û½�" Qc ´dëêICNTL(6) û½�"1C�Ú�C�dëê ICNTL(18) ¤û
½"ù
ÀJ� ICNTL(12) r��'£�õ[!ë�MUMPS�©�¤"3FreeFem++ ¥§ë
ê permr, scaler, and scalec ©O�Ñ
��Ý
(P ), 1C� (Dr) Ú �C� (Dc)"

333FreeFem++¥¥¥NNN^̂̂MUMPS �
3FreeFem++¥N^MUMPS§·�I�C1Ä��Æ
¥ MUMPS freefem.dylib (MacOSX), MUMPS freefem.so (Unix) ½ö MUMPS freefem.dll (Win-
dows). 3©� the .edp¥§C1”MUMPS freefem”. y3·��Ñü��{3FreeFem++ ¥À
JMUMPS¦)ì"

333©©©��� .edp file¥¥¥���¦¦¦)))ìììëëëêêê: ù«�{§·�I��Ñëê lparams Ú dparams"ù

ëê�½Â�

lparams[0] = SYM,
lparams[1] = PAR,

∀i = 1, . . . , 40, lparams[i+1] = ICNTL(i).

∀i = 1, . . . , 15, dparams[i− 1] = CNTL(i).

333©©©���¥¥¥ÖÖÖ���¦¦¦)))ìììëëëêêê: 3 FreeFem++ ¥§êâ©��(��: 1�1ëê� SYM §1
�1ëê� PAR §e¡1´ëê ICNTL and CNTL �ê�.ù�ëê©����~f3
ffmumpsfileparam.txt¥��Ñ"

0 /* SYM :: 0 �L�é¡Ý
, 1 �Lé¡�½Ý
 , 2 �L���é¡Ý
*/
1 /* PAR :: 0 �L3©)Ú¦)Ú½¥Øó�, 1 �L3©)Ú¦)Ú½¥ó�*/
-1 /* ICNTL(1) :: éu�Ø&EkÑÑ6 */
-1 /* ICNTL(2) :: ÑÑ�<�Ø, ·�Ú´w&E */
-1 /* ICNTL(3) :: �Û&E */
0 /* ICNTL(4) :: �<�Ø, ·�Ú´w&E�Y² */
0 /* ICNTL(5) :: Ý
�ª : 0 �L|C�ª, 1 �LÄ��ª. */
7 /* ICNTL(6) :: ©Û�¥Ý
ü�½ºÝC����À� */
3 /* ICNTL(7) :: Ì�^SüÑ : AMD, AMF, metis, pord scotch*/
77 /* ICNTL(8) :: 1���C�üÑ */
1 /* ICNTL(9) :: 0 ¦) Ax = b, 1 L«¦)=�XÚ Aˆt x = b : 3y1freefem++�
�¥Ø�Äëê */
0 /* ICNTL(10) :: S�Uõ�Úê */
0 /* ICNTL(11) :: �ICNTL(9)¥�5XÚk'�·� */
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1 /* ICNTL(12) :: ��é¡Ý
�k�åü�üÑ */
0 /* ICNTL(13) :: ��root frontal Ý
�©) */
20 /* ICNTL(14) :: 3ó��m¥�z©'O\ (%@ 20%)*/
0 /* ICNTL(15) :: 3y1MUMPS¥v^� */
0 /* ICNTL(16) :: 3y1MUMPS¥v^� */
0 /* ICNTL(17) :: 3y1MUMPS¥v^� */
3 /* ICNTL(18) :: éu�½Ý
�ªÚÝ
����{ : */
0 /* ICNTL(19) :: �£SchurÖÝ
��{ */
0 /* ICNTL(20) :: mà�/ª ( 0 �LÈ�/ª, 1 �LDÕ/ª) : éufreefem++,
ëê���0 */
0 /* ICNTL(21) :: 0, 1 kept�±©Ùª) : 3y1freefem++��¥Ø�Äëê

*/
0 /* ICNTL(22) :: ��ØSØ	(OOC)�� */
0 /* ICNTL(23) :: MUMPS�±©��z�ó�?nì�ó�S�����, ±îi!O

*/
0 /* ICNTL(24) :: ��0Ì��&ÿ */
0 /* ICNTL(25) :: ��"�mÄ�O� */
0 /* ICNTL(26) :: Tëê�3SchurÀJ(ICNTL(19) �")¥é­�: 3y1freefem++�
�¥Ø�Äëê */
-8 /* ICNTL(27) (3MUMPS�e����¥¬UC�¢�5ëê) :: 3¦)���õm
à��©¬Ïf : 3y1freefem++��¥Ø�Äëê */
0 /* ICNTL(28) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(29) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(30) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(31) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(32) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(33) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(34) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(35) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(36) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(37) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(38) :: 3y1MUMPS��¥�¦^*/
1 /* ICNTL(39) :: 3y1MUMPS��¥�¦^*/
0 /* ICNTL(40) :: 3y1MUMPS��¥�¦^*/
0.01 /* CNTL(1) :: ê�ÀÌ���é�.� */
1e-8 /* CNTL(2) :: S�Uõ�ÊÅOK */
-1 /* CNTL(3) :: ÃÌ�&ÿ��.� */
-1 /* CNTL(4) :: û½Ü©ÀÌ���.� */
0.0 /* CNTL(5) :: ØÀÌ��½ */
0 /* CNTL(6) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(7) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(8) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(9) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(10) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(11) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(12) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(13) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(14) :: 3y1MUMPS��¥�¦^ */
0 /* CNTL(15) :: 3y1MUMPS��¥�¦^ */

XJ¦)ìëêvk�Ñ§K¦^MUMPS¦)ì�%@ëê"

~~~fff 3examples++-mpi � MUMPS.edp©�¥§k��3 FreeFem++ ¥N^MUMPS�~
f"
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11.2.2 SuperLU ©©©ÙÙÙªªª¦¦¦)))ììì

§S� SuperLU DIST [?, ?] |^LU©)¦)�5XÚ"3 BSD @ye§§´���¤§S
�"ù�§S����http://crd.lbl.gov/∼xiaoye/SuperLU. ù�§S�|±¢EÝ
�O�"
SuperLU DIST �¢��{´�«2Â!:��{[?]"ù���#���)��¿1ÎÒ©)"
ù�§S�|±CÚMPI"

SuperLU DIST���SSSCCC: �
3 FreeFem++ ¥¦^ SuperLU DIST,I�SC SuperLU DIST
§S�"�
®?§·�I�MPIÚPARMETIS§S�"SC§S README COMPILE ��¼
�TSC�"

333 FreeFem++ ¥¥¥§§§)))¤¤¤ SuperLU DIST...¡¡¡: ©� real SuperLU DIST FreeFem.cpp (re-
sp. complex SuperLU DIST FreeFem.cpp)Jø
 SuperLU DIST �¢ê£Eê¤$�õU"
ù
©�3 src/solver/ ¥�±é�"ù
.¡� SuperLU DIST �3.2.1��oN"�
3
FreeFem++ ¥¦^ SuperLU DIST,·�I�\1ù
.¡"3src/solver of FreeFem++ �©
� README COMPILE ¥§�±é�ö���{"·�£��eL§§3SC� FreeFem++
�©� src/solver ¥" 3\�XÚ¥?6©� makefile-sparsesolver.inc : 5ºÜ©1 , ©� BLAS,
Metis, ParMetis 1�!�5ºÜ©§©� SuperLU DIST solver �5º31n!"3ªàmake
rsludist ( make csludist) ¼���Ä�¥¢ê£Eê¤�{"

3ùãFreeFem++ ¥N^ SuperLU DIST �c§·�k{ü0��e SuperLU DIST �ëê"

SuperLU DIST ëëëêêê: ·�0��e SuperLU DIST �ëê"§S� SuperLU DIST ¦^�
�ü�Ü6§S|"ù���§S�)nprow1L§Únpcol�L§§�÷v Np = nprow npcol Ù
¥where Np ´ SuperLU DIST ¤k©�§S�ê8"

·- ”matrix= ” �±^5Ñ\Ý
ëê§3 sparams ¥SÜëê½ëê©��1n1"ØÓ�Ñ
\�Xe
matrix = assembled 3¤k?nìþþk�ÛÝ

matrix = distributedglobal 3¤k?nìm�ÛÝ
´©Ùª�
matrix = distributed Ñ\Ý
´©Ùª� (ÿ�¢y)

3 Users-callable [?] pùã
'u SuperLU DIST �À�"The parameter3ØÓÚ½¥§ëê
Fact Ú TRANS ò SuperLU DIST éXå5"duù��Ï§^r�D�Ø3�Ä�S"

'uÝ
 Ap � LU ©)UXeO�"

Ap = Pc Pr Dr ADc P
t
c

Ù¥ Pc Ú Pr ©O´��Ý
�1Ú�§ Dr Ú Dc ©O´1C�Ú�C��é�Ý
" À�
RowPerm (ColPerm) ��
��Ý
�1(�)" Dr Ú Dc d DiagScale ��" 3 FreeFem++
¥§ëê permr, permc, scaler, Ú scalec ©O�Ñ
^rÑ\�1��§���§1C�Ú
�C�" 'u LU ©)�Ù¦ëê�k ParSymFact Ú ReplaceTinyPivot" ¿1ÎÒ©)I
�ü�§SÓ�$1§¿/Ï ParMetis üS [?]. 3©� ffsuperlu dist fileparam.txt¥£ã

SuperLU DIST �%@À�"

333 FreeFem++¥¥¥NNN^̂̂SuperLU DIST �
3 FreeFem++¥N^SuperLU DIST , ·�I�
C1Ä�.¡"3©� .edp p§ load ”real superlu DIST FreeFem” ( load ”complex superlu
DIST FreeFem”) Jø
¢ê£Eê¤$�"
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.edp ©©©���¥¥¥���¦¦¦)))ìììëëëêêê: �
N^ SuperLU DIST �SÜëê§·�¦^ëê sparams "
3 sparams ¥ SuperLU DIST �ëê½Â�
sparams =”nprow=1, npcol=1, matrix= distributedgloba, Fact= DOFACT, Equil=NO,

ParSymbFact=NO, ColPerm= MMD AT PLUS A, RowPerm= LargeDiag,
DiagPivotThresh=1.0, IterRefine=DOUBLE, Trans=NOTRANS,
ReplaceTinyPivot=NO, SolveInitialized=NO, PrintStat=NO, DiagScale=NOEQUIL ”

3©� ffsuperlu dist fileparam.txt¥§�Ñ
ù
ëê"XJ^rvkÑ\Ù¥�,
ëê§X
Ú¬¦^%@ëê"

333������©©©���¥¥¥ÖÖÖ���¦¦¦)))ìììëëëêêê: ©� ffsuperlu dist fileparam.txt �Ñ
SuperLU DIST�ê
â©�(�" (FreeFem++ .¡�%@�).

1 /* nprow : �ê� */

1 /* npcol : �ê� */

distributedglobal /* Ý
Ñ\ : assembled, distributedglobal, distributed

*/

DOFACT /* Fact : DOFACT, SamePattern, SamePattern_SameRowPerm,
FACTORED */

NO /* Equil : NO, YES */

NO /* ParSymbFact : NO, YES */

MMD_AT_PLUS_A /* ColPerm : NATURAL, MMD_AT_PLUS_A, MMD_ATA, METIS_AT_PLUS_A, PARMETIS,
MY_PERMC */

LargeDiag /* RowPerm : NOROWPERM, LargeDiag, MY_PERMR */

1.0 /* DiagPivotThresh : ¢� */

DOUBLE /* IterRefine : NOREFINE, SINGLE, DOUBLE, EXTRA */

NOTRANS /* Trans : NOTRANS, TRANS, CONJ*/

NO /* ReplaceTinyPivot : NO, YES*/

NO /* SolveInitialized : NO, YES*/

NO /* RefineInitialized : NO, YES*/

NO /* PrintStat : NO, YES*/

NOEQUIL /* DiagScale : NOEQUIL, ROW, COL, BOTH*/

XJ¦)ìëêvk�Ñ§K¦^ SuperLU DIST ¦)ì�%@À�"

Example 11.2 3 examples++-mpi ¥� testsolver superLU DIST.edp ©�p§k3 FreeFem++
eN^ SuperLU DIST ���{ü~f"

11.2.3 Pastix solver

Pastix (Parallel Sparse matrix package) ´�±3 CECILL-C @ye��¤�ÆO�§S�"ù
�§S�|^��Ú block ILU(k) S��{)û�5sparse �5XÚ¯K"T¦)ì�±?né
¡�¢EÝ
¯K"[?].

Pastix���SSSCCC: To used Pastix in�
3 FreeFem++ ¥¦^ Pastix ,ÄkI�SC pastix§S
�"�
?6T§S�§I� fortran 90 ?Èìcompiler, scotch [?] ½ö Metis [?] ordering library
Ú MPI"3©� .src/solver/ README COMPILE ¥kT§S��SCÚ½"
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333 FreeFem++ eee)))¤¤¤ pastixééé���...¡¡¡: 3©� real pastix FreeFem.cpp (complex pastix FreeFem.cpp)
¥k FreeFem++ é� pastix�¢£E¤ê$���"T.¡� pastix 2000���poN§¿�
´�é�ÛÝ
"·���±^T��?1©ÙªO�"�
3 FreeFem++ ¥¦^ pastix §·
�I�C1T��"3 src/solver p�©� README COMPILE ùã
XÛ¼�T.¡"·�
£�ù�L§"kC1 FreeFem++ ¥� src/solver " éXÚ?6©�makefile-sparsesolver.inc
: 5ºÜ©1 , ©� BLAS, Metis, ParMetis 1�!�5ºÜ©§©� pastix solver �5º31n
!"3ªàmake rpastix (make cpastix) ¼���Ä�¥¢ê£Eê¤�{"

3ùãFreeFem++ ¥N^ pastix �c§·�k{ü0��e pastix �ëê"

Pastix ëëëêêê: FreeFem++ �Ñ\ëê matrix ´Äu pastix ���" matrix=�©ÙªÝ

�8Ü"� SuperLU DIST �Ó§3 Pastix ¥ko�ëê : iparm, dparm, perm Ú invp. ù

ëê©O´�ê.ëê (�Ý64 ��þ),¢ê.ëê (�Ý64��þ), ��Ý
Ú_Ý
"ë
êiparm Ú dparm 3 [?] käN£ã"^r�±|^ FreeFem++ ¥�ëê permr Ú permc ©O
Ñ\��Ý
Ú_Ý
"

333 .edp ©©©���¥¥¥���¦¦¦)))ìììëëëêêê: �
3T�/eN^ Pastix §·�I��Ñëê lparams Ú
dparams. ù
ëê½ÂXe

∀i = 0, . . . , 63, lparams[i] = iparm[i].

∀i = 0, . . . , 63, dparams[i] = dparm[i].

333©©©���¥¥¥ÖÖÖ���¦¦¦)))ìììëëëêêê: 3 FreeFem++ ¥§êâ©��(��: 1�1�Ý
(�ëê§
e¡1´ëê iparm Ú dparm �ê�"

assembled /* Ý
Ñ\ :: assembled, distributed global and distributed */
iparm[0]
iparm[1]
...
...
iparm[63]
dparm[0]
dparm[1]
...
...
dparm[63]

3©� ffpastix iparm dparm.txt ¥k��~f5äN£ãù
ëê"T©�3 pastix §S�¥�
©� iparm.txt Ú dparm.txt p"

XJvkÑ\¦)ìëê§Ò¬¦^ pastix ¦)ì�%@ëê"

~~~fff: 3 examples++-mpi ¥� testsolver pastix.edp ©�p§k3 FreeFem++ eN^ pastix
���{ü~f"

3L� 11.3 p§·�£�eØÓ¦)ì¥�ØÓÝ
"
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��/Ý
 ��/Ý

��¦)ì sym sym pattern unsym sym sym pattern unsym
SuperLU DIST ´ ´ ´ ´ ´ ´
MUMPS ´ ´ ´ Ä Ä Ä
pastix ´ ´ Ä Ä Ä Ä

Table 11.3: �� sparse ¦)ì�^�ØÓÝ
a.

11.3 ¿¿¿111DDDÕÕÕSSS���¦¦¦)))ììì

�!?Ø SSS���¦¦¦)))ììì, ·�ÀJ pARMS [?] , HIPS [?] Ú Hypre [?]"z�^��¿1ý?nìÑ
ØÓ" pARMS �1�ê�©)ý?n§~X additive Schwartz [?] Ú interface �{ [?];
 HIPS
�1õ�Ø��©) [?] § HYPRE �1õ�g�ê��ý?n [?] Ú ¿1ì?_ý?n [?]"

3 FreeFem++ ¥§þã§SI�ÕáSC" �
�yã�©¬^�METIS [?] ½ö Scotch [?] ¤
õ$1§SC the MPI �Æ¥´7L�"

¤k�ý?nìÑ´¦^ Krylov f�m\��" Krylov f�m�{´3���m x0 +Km §-
b− Ax⊥Lm 5Ïé�5�§| Ax = b )�S��{§ùp Km ´�ê� m � Krylov f�m§
½Â� Km = {r0, Ar0, A

2r0, ..., A
m−1r0} and Lm ´d Krylov f�ma.û½�,�� m �f�

m"~X3 GMRES ¥,Lm = AKm.

¦^��´éN´�§u´3 FreeFem++ N^ØÓ�^��´�B�"�I�C1¦)ì§,
�¦^¦)ìëê£Oëê"3�Ù��{Ü©§�·�!Ø Krylov f�m�¿g´3 GMRES,
CG Ú BICGSTAB ¥��� Krylov f�m�{¥"

11.3.1 pARMS ¦¦¦)))ììì

pARMS ( parallel Algebraic Multilevel Solver) ´�±d²Z���Æ[?]� Youssef Saad Ú al
mu�^�" ù�^�´;�)û�.DÕ�é¡�5�§|�"3 pARMS ¥mu�¦
)ì´Krylovf�m.�" §�) GMRES �CN§X FGMRES(Flexible GMRES) , DGM-
RES(Deflated GMRES) [?] Ú BICGSTAB" pARMS ��1XÓ RAS (Restricted Additive
Schwarz)[?] Ú Schur Complement [?].�¿1ý?nì"

¤k�¿1ý?nì´Äu�©)�n�" Ïd§Ý
 A �©)�fÝ
 Ai(i = 1, ..., p) Ù¥
p L«I��©)��ê" ¤k� Ai Ý
/¤
�Ð�Ý
" ��ÛÜ¦) Ai (� [?])þ�¯
K§Ò�±¼���¯K�). Ïd§«O3u A þ�S�Ú Ai þ�ÛÜS�" �
)û Ai þ
�ÛÜ¯K§k�
ý?nì ilut (Incomplete LU with threshold), iluk(Incomplete LU with level
of fill in)Ú ARMS( Algebraic Recursive Multilevel Solver). �´�3 FreeFem++¥¦^ pAMRS
§I�kSC pAMRS"

pARMS ���SSSCCC �
SC pARMS§k3 [?] e1 pARMS SC�" e1�¤��§�±�
mSC�§U©� README ¥L§m©SC§)¤�Æ¥ libparms.a"

¦¦¦ ^̂̂ pARMS ������ FreeFem++ ��������� 3 FreeFem++ ¥N^ pARMS ¦)ì�c§
�?6©� parms FreeFem.cpp �)��Ä��Æ¥ parms FreeFem.so" �
¢y§�m
FreeFem++ �8¹ src/solver §?6©� makefileparms.inc ±�½±eCþ:
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PARMS DIR : pARMS ©�Y
PARMS INCLUDE : pARMS Þ©��©�Y
METIS : METIS ©�Y
METIS LIB : METIS ¥
MPI : MPI ©�Y
MPI INCLUDE : MPI Þ©�
FREEFEM : FreeFem++ ©�Y
FREEFEM INCLUDE : DÕ�5¦)ì�FreeFem++ Þ©�
LIBBLAS : Blas ¥

?6T©���§3·-1$1 make parms ±)¤ parms FreeFem.so"
Ú ~��§·�òÐ«�
3 FreeFem++ ¥N^ pARMS �~f" kn«�{µ

~~~fff 1: %%%@@@ëëëêêê ù�~f5gu FreeFem++ [?] �^rÃþ112�"

Example 11.3

1: load parms_freefem // w� FreeFem \ò¦^ pARMS
2: border C(t=0,2*pi){x=cos(t); y=sin(t);label=1;}
3: mesh Th = buildmesh (C(50));
4: fespace Vh(Th,P2);
5: Vh u,v;
6: func f= x*y;
7: problem Poisson(u,v,solver=sparsesolver) = // ò¦^�V�5Ü©
8: int2d(Th)(dx(u)*dx(v) + dy(u)*dy(v)) // ��DÕ¦)ì, 3ùp´ pARMS
9: - int2d(Th)( f*v) // mà�
10: + on(1,u=0) ; // Dirichlet >.^�
11:
12: real cpu=clock();
13: Poisson; // ¦) PDE
14: plot(u);
15: cout << " CPU time = " << clock()-cpu << endl;

3~f 11.3 �1�1§·�SC
� FreeFem++ ��� pARMS Ä��Æ¥" 3d��§31
Ô1§·��½V�5.����DÕ�5¦)ì pARMS 1\"
e^rvkÑ\?Ûëê§Kæ^ pARMS ¥�%@ëê"
k�
%@ëê:
¦¦¦)))ììì=FGMRES, Krylov ���êêê=30, Krylov ������������êêê=1000, ÂÂÂñññ°°°ÝÝÝ=1e− 08.(ë� Saad [?]
�Ö�±��¤këê�¿Â")
ýýý???nnnììì=Restricted Additif Schwarz [?], SSS Krylov ���mmm���êêê=5, ������SSS Krylov ���mmm���êêê=5, SSS
ÜÜÜýýý???nnnììì=ILUK.

�
Ð©z¦)ì¥^��ëê§^r�±Ñ\�� ���êêêëëëêêê Ú�� ¢¢¢êêêëëëêêê §½öÑ\��
�¹ëê�©� file "

~~~fff 2: ^̂̂rrrÑÑÑ\\\üüü������þþþ555ÐÐÐ©©©zzzëëëêêê ·�5�Ä Navier Stokes �~f 11.4 "3ù�~
f¥§·�^ pARMS 5¦)dlÑ Navier Stokes �§�Ñ��5XÚ" ¦)ì�ëêI�^
r?1�½"

Example 11.4 (Stokes.edp) include "manual.edp"
include "includes.edp";
include "mesh_with_cylinder.edp";
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include "bc_poiseuille_in_square.edp";

include "fe_functions.edp";

0: load parms_FreeFem

1: int[int] iparm(16); real[int] dparm(6);

2: int ,ii;

3: for(ii=0;ii<16;ii++){iparm[ii]=-1;} for(ii=0;ii<6;ii++) dparm[ii]=-1.0;

4: fespace Vh(Th,[P2,P2,P1]);

5: iparm[0]=0;
6: varf Stokes ([u,v,p],[ush,vsh,psh],{solver=sparsesolver}) =

int2d(Th)( nu*( dx(u)*dx(ush) + dy(u)*dy(ush) + dx(v)*dx(vsh) + dy(v)*dy(vsh) )

- p*psh*(1.e-6) // p epsilon

- p*(dx(ush)+dy(vsh)) // + dx(p)*ush + dy(p)*vsh

- (dx(u)+dy(v))*psh // psh div(u)

)

+ on(cylinder,infwall,supwall,u=0.,v=0.)+on(inlet,u=uc,v=0); // >.^�

7: matrix AA=Stokes(VVh,VVh);

8: set(AA,solver=sparsesolver,lparams=iparm,dparams=dparm); // �½�5¦)ì
� pARMS

9: real[int] bb= Stokes(0,VVh); real[int] sol(AA.n);

10: sol= AAˆ-1 * bb;

Ð©z�5¦)ì�ëêI�ü�Ñ\�þ"3~f 11.4 �1�1§(²
�þ (int[int] ipar-
m(16); real[int] dparm(6);)" 31n1^K�Ð©z�þ§ùo�´Ï� pARMS ¥�¤këê
Ñ´��" and XJvkUC�þ¥�K�Ñ\§ëêò¬���%@�" 3L� (table 11.4 Ú
11.5) ¥§·��Ñ
ØÓÑ\�þ�äN¿Â"

·�3 Grid5000� cluster paradent þ$1~11.4, (J3L11.8.

3ù�~f¥§·��½Ý
��°£�uk��§·��½��¤§O\)û�5XÚ¤¦^
�?§ê"�?§êO\�§�,S�ê3O\§�·��±w�¦)�5XÚ��m3~�"
ù�~f`²
§¦^ pARMS 5¦)dlÑ �©�§¤�Ñ��5XÚ¯K§�±�þ~�
�[��m"

11.3.2 HIPS ������

HIPS ( õ­S�¿1¦)ì) ´�±k�?n�.DÕ�5XÚ�¿1S�¦)��Æ§S�"
3 CeCILL-C @ye§HIPS ´�¤�^�" T��� 1.2 beta.rc4 HIPS�ÿÀ��oN"

HIPS �1üa¦)ì§S�a( GMRES, PCG) Ú ��a" 'uý?nì§HIPS�1�aõ�
ILU" 'uý?nì��õ&Eë� [?, ?]"

HIPS���SSSCCC Äk3 [?]e1HIPSØ �, )Ø§ �mHIPS�SOURCE8¹" ØÓ�XÚk
ØÓ�SC�ª"~X§ 3LinuxXÚ¥E�©� Makefile Inc Examples/makefile.inc.gnu
�HIPS��8¹e ¿­·¶�makefile.inc",�§ÏL?6 makefile.inc 5�½ëê��Úa
.§��Ñ\ make all.

òòòHIPS������FreeFem++���������555¦¦¦^̂̂ N^FreeFem++SÜ�HIPS¦)ì�c,7Lk?È
©� hips FreeFem.cpp 5ïáÄ�i; hips FreeFem.so. äN�{´§�m8¹ src/solver of
FreeFem++ §,�?6©� makefile.inc 5�½±eëê:
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iparm ���^̂̂888 zzz���^̂̂888���¹¹¹ÂÂÂ

iparm[0]
Krylov f�m�{.
Tëê�ØÓ���L� 11.6

iparm[1]
ý?n.
Tëê�ØÓý?n�L� 11.7

iparm[2] Krylov f�m�	S��ê: %@� 30
iparm[3] 	S����S�ê: %@� 1000
iparm[4] $1�ó���?ê"
iparm[5] SS�¥� Krylov f�m�ê: %@� 3
iparm[6] SS�¥���S�ê: %@� 3

iparm[7]
é¡(=1) ½�é¡Ý
:
%@� 0(�é¡Ý
)

iparm[8] ØÓf�m�­Uê: %@� 0(vk­U)
iparm[9] Ñ\Ý
´ÄC�?n: %@� 1 (Ý
I�C�?n)
iparm[10] $1�ó���¬ê: %@� 20
iparm[11] lfil0 (ilut, iluk, and arms) : %@� 20
iparm[12] lfil for Schur complement const : %@� 20
iparm[13] lfil for Schur complement const : %@� 20
iparm[14] $1�´Ä¦^ ILU ¥�õ­/Ú: %@� 1
iparm[15] SÜS� : %@� 0

iparm[16]
¦)w«�&E:%@ 0(vk&Ew«).
0: vk&Ew«§
1: Âñ&E§XS�êÚí�§
2: ØÓ�Ú½�?n�m§
3 : w«¤k&E"

Table 11.4: ~f 11.4 ¥§ lparams �Cþ�¿Â

dparm���^̂̂888 zzz���^̂̂888���¹¹¹ÂÂÂ
dparm[0] 	S�°Ý: %@� 1e-08
dparm[1] SS�°Ý: %@� 1e-2
dparm[2] ¦^�é�����Ý: %@� 0.1
dparm[3] �~��Ý�½Ø�£droptol0¤ (ilut, iluk, and arms) : %@� 1e-2
dparm[4] Schur complement ~ê��½Ø�£droptol¤: %@� 1e-2
dparm[5] Schur complement ~ê��½Ø�£droptol¤: %@� 1e-2

Table 11.5: ~f 11.4 ¥§ dparams �Cþ�¿Â

iparm[0] ��� Krylov f�m�{
0 FGMRES (Flexible GMRES)
1 DGMRES (Deflated GMRES)
2 BICGSTAB

Table 11.6: pARMS ¥� Krylov ¦)ì
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iparm[1]�� ý?nf

0
ý?nfa.�
ÛÜý?nf�ilu0 ��\ Schwartz ý?nf

1
ý?nfa.�
ÛÜý?nf�iluk ��\ Schwartz ý?nf

2
ý?nfa.�
ÛÜý?nf�ilut ��\ Schwartz ý?nf

3
ý?nfa.�
ÛÜý?nf�arms ��\ Schwartz ý?nf

4
ý?nfa.�
ÛÜý?nf�ilu0 �� Schur Ö

5
ý?nfa.�
ÛÜý?nf�ilut �� Schur Ö

6
ý?nfa.�
ÛÜý?nf�iluk �� Schur Ö

7
ý?nfa.�
ÛÜý?nf�arms �� Schur Ö

8
ý?nfa.�
ÛÜý?nf�ilu0 �m Schur Ö

9
ý?nfa.�
ÛÜý?nf�ilut �m Schur Ö

10
ý?nfa.�
ÛÜý?nf�iluk �m Schur Ö

11
ý?nfa.�
ÛÜý?nf�arms �m Schur Ö

12
ý?nfa.�
sch gilu0 ,�Û ilu0 �Schur Öý?nf

13
ý?nfa.�
SchurSymmetric GS ý?nf

Table 11.7: pARMS¥�ý?nf

n= 471281 nnz=13× 106 Te=571,29
np add(iluk) schur(iluk)

nit time nit time
4 230 637.57 21 557.8
8 240 364.12 22 302.25
16 247 212.07 24 167.5
32 261 111.16 25 81.5

Table 11.8: ~11.4 �5�§�Âñ5�¦)�m
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n ���
nnz Ý
����êþ
nit Âñ�S�gê
time Âñ��m
Te �Ek��Ý
��m
np ?nìêþ

Table 11.9: L11.8�«~

HIPS DIR : HIPS�´»
HIPS INCLUDE: -I$(HIPS DIR)/SRC/INCLUDE : HIPSÞ©�´»
LIB DIR : -L$(HIPS DIR)/LIB : ¼ê¥´»
LIBHIPSSEQUENTIAL : $(HIPS DIR)/LIB/libhipssequential.a: HIPS ú�¼ê¥
LIBHIPS : $(HIPS DIR)/LIB/libhips.a: HIPS¼ê¥
FREEFEM : FreeFem++ ´»
FREEFEM INCLUDE : FreeFem DÕ�5¦)ìÞ©�
METIS : METIS ´»
METIS LIB : METIS ¼ê¥
MPI : MPI ´»
MPI INCLUDE : MPI Þ©�

�½¤kù
ëê��§3·-1¥ src/solver´»eÑ\make hips5#ï©� hips FreeFem.so"

Ú pARMSaq, HIPS3FreeFem++¥�N^kn«ØÓ�ª" �e5·��ÏL��~f50
�XÛÏL'�i lparams Ú dparams5�½ëê"

^̂̂HIPS¦¦¦nnn���Laplacian���fff ·�5wFreeFem++Ø �¥�n�Laplacian~f§^HIPS)
lÑz�5�§" ~11.5 ´¦^HIPS���5¦)ì"�è¥§1�1N^HIPS¦)ì§ 3
14− 151�½HIPS¦)ì�ëê§1461�½�5¦)ì�ëê"

Table 11.10´^ Grid5000 � Cluster Paradent $1~ 11.5�(J"·�5w$�(J"

Example 11.5 (Laplacian3D.edp) 1: load "msh3"
2: load "hips_FreeFem" // \1¥
3: int nn=10,iii;
4: int[int] iparm(14);
5: real[int] dparm(6);
6: for(iii=0;iii<14;iii++)iparm[iii]=-1;
7: for(iii=0;iii<6;iii++) dparm[iii]=-1;
8: iparm[0]=0; // ¦^S�¦)
9: iparm[1]=1; // PCG �� Krylov �{
10:iparm[4]=0; // Ý
´é¡�
11:iparm[5]=1; // �ª�´é¡�
12: iparm[9]=1; // ºÝC��Ý

13:dparm[0]=1e-13; // Âñ°Ý
14: dparm[1]=5e-4; // ILUT �K�
15: dparm[2]=5e-4; // Schur ý^�f�K�
16: mesh Th2=square(nn,nn);
17: fespace Vh2(Th2,P2);
18: Vh2 ux,uz,p2;
19: int[int] rup=[0,2], rdown=[0,1], rmid=[1,1,2,1,3,1,4,1];
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n = 4× 106 nnz = 118× 106 Te=221.34
np nit time
8 190 120.34
16 189 61.08
32 186 31.70
64 183 23.44

Table 11.10: )~11.5�5XÚ�S��^��¹

20:real zmin=0,zmax=1;

21: mesh3 Th=buildlayers(Th2,nn,

zbound=[zmin,zmax],

reffacemid=rmid,

reffaceup = rup,

reffacelow = rdown);

22: savemesh(Th,"copie.mesh");
23: mesh3 Th3("copie.mesh");

24: fespace Vh(Th,P2);

25: func ue = 2*x*x + 3*y*y + 4*z*z + 5*x*y+6*x*z+1;

26: func uex= 4*x+ 5*y+6*z;

27: func uey= 6*y + 5*x;

28: func uez= 8*z +6*x;

29: func f= -18. ;

30: Vh uhe = ue; //

31: cout << " uhe min: " << uhe[].min << " max:" << uhe[].max << endl;

32: Vh u,v;

33: macro Grad3(u) [dx(u),dy(u),dz(u)] // EOM

34: varf va(u,v)= int3d(Th)(Grad3(v)’ *Grad3(u)) // ’) emacs

+ int2d(Th,2)(u*v)
- int3d(Th)(f*v)
- int2d(Th,2) ( ue*v + (uex*N.x +uey*N.y +uez*N.z)*v )

+ on(1,u=ue);
35: real cpu=clock();

36: matrix Aa;

37: Aa=va(Vh,Vh);

38: varf l(unused,v)=int3d(Th)(f*v);

39: Vh F; F[]=va(0,Vh);

40: if(mpirank==0){
cout << "Taille " << Aa.n << endl;

cout << "Non zeros " << Aa.nbcoef << endl;

}

41: if(mpirank==0)
42: cout << "CPU TIME FOR FORMING MATRIX = " << clock()-cpu << endl;

43: set(Aa,solver=sparsesolver,dparams=dparm, lparams=iparm); // �½
hips as ��5¦)ì

44: u[]=Aaˆ-1*F[];

L11.10 �«~3L11.9¥�Ñ"
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iparm������ zzz���¹¹¹ÂÂÂ

iparm[0]
¦)üÑ
( Iterative=0 , Hybrid=1 , Direct=2 ). %@��ES�

iparm[1]
Krylov �{.
XJ iparm[0]=0,¦^ Krylov �{: GMRESµ0, PCGµ1

iparm[2] ��	�S�gê: %@� 1000
iparm[3] 	�S�¥ Krylov f�m�ê: %@� 40

iparm[4]
0 (é¡Ý
) , 1 (�é¡Ý
) :
%@� 1(�é¡Ý
)

iparm[5] Ý
´Äé¡: %@� 0
iparm[6] Ñ\Ý
�y©: %@� 0

iparm[7]
¦^HIPSÛÜ�NW¿�Y²�ê:
%@� 2

iparm[8]
�Iê|¥�?Òòl0½1m©:
%@� 0

iparm[9] Ý
5�. %@� 1

iparm[10]
­#^f� ���W¿:
�é�­ES��¦^. %@� 1

iparm[11]
Ý
�"��ªã¥z�!:���þ�ê:
%@� 1

iparm[12] ��Ý
IOz��m: %@� 2.
iparm[13] ¦)L§�(JÑÑY²(LEVEL): %@� 5.
iparm[14] HIPS DOMSIZE f���

Table 11.11: lparams � HIPS éÜ¦^���¹Â

dparm[0] HIPS PREC: °Ý: %@�=1e-9
dparm[1] HIPS DROPTOL0: ILUT¥���ê�K�

(­� : HYBRID ��� 0.0: %@�=0.005)

dparm[2]
HIPS DROPTOL1 : Schur ý?nf
ILUT¥ê�K�: %@�=0.005

dparm[3] HIPS DROPTOLE : SÜY²ÚSchur�m
ÍÜ�ê�K�: %@� 0.005

dparm[4] HIPS AMALG : SÜY²ÚSchur�m
ÍÜ�ê�K�: %@� 0.005

dparm[5] HIPS DROPSCHUR : SÜY²ÚSchur�m
ÍÜ�ê�K�: %@� 0.005

Table 11.12: dparams � HIPS éÜ¦^���¹Â
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11.3.3 HYPRE

HYPRE ( High Level Preconditioner)´�@dLawrence Livermore National Lab [?] mu�¿1ý
?n�{"

HYPRE¥©üaÌ�ý?n�{: AMG (Algebraic MultiGrid) Ú Parasails (Parallel Sparse
Approximate Inverse).

y3·�5wXÛ)�§ Ax = b"AMG�Ø%´�X�Ý
A�4Ooz�x" -x̂ ´x��O,
�Ä� r = b − Ax̂�§)í��§Ae = r 5�� e��" AMG�Ä��KÒ´ÏL�ê�{²
wØ�"�
?�Ú²wØ�§ ¦�I�ÏL�����´¦)�"��§£o���{�§¤
Acec = rc5£±" )Ñù�"��§��§��§�)�±ÏL����" ¦^AMG��J�
ûuoz����{�ÀJ"

DÕCq_ ÏL��DÕÝ
M�OÝ
A�_" �«�EÝ
M�Eâ�{ ´��zÝ

I −MA�Frobenuis�ê" �õ'udý?nfEâë�[?].

HYPREÏLn«Krylov f�m�{¢y: GMRES, PCG Ú BiCGStab"

HYPRE���SSSCCC Äk3[?]e1HYPREØ �§)Ø��mHYPRE/src8¹§,�$1 ./con-
figure " ��Ñ\ make all 5MïlibHYPRE.a"

HYPRE���ÜÜÜFreeFem++¦¦¦^̂̂ 3 FreeFem++ N^HYPRE�c§7Lk?È©� hypre FreeFem.cpp
5MïÄ�¥hypre FreeFem.so"äNÚ½�m8¹ FreeFem++ src/solver,?6©�makefile.inc
5�½�eëê:
HY PRE DIR : HYPRE �´»
HY PRE INCLUDE = -I$(HY PRE DIR)src/hypre/include/ :

HYPRE �Þ©�´»
HY PRE LIB = -L$(HIPS DIR)/src/lib/ -lHYPRE : Hypre ¼ê¥
FREEFEM : FreeFem++ ´»
FREEFEM INCLUDE : FreeFem ¥DÕ�5¦)ì�Þ©�
METIS : METIS ´»
METIS LIB : METIS ¼ê¥
MPI : MPI ´»
MPI INCLUDE : MPI Þ©�

ÚpARMS��, 3 FreeFem++ ¥HIPS�N^��±ÏLn«�ª" e¡·�ÏL��~fü
«ÏL'�ilparams Ú dparams5�½ëê"

HYPRE)))Laplacian 3D ·�5^HYPRE5)FreeFem++ ¥�3D Laplacian¯KlÑz��
�5�§" ~11.6 ´¦^HYPRE���5¦)ì" ~11.6 �~11.5�Ó, ¤±·� ��Ñ�
�HYPREëê�1"

·�ÄklHYPRE1�1m©w§l141�1151±91431�ëê�½"

5¿�HYPRE�ëê¹Â�HIPSk¤ØÓ§HYPRE�iparm Ú dparm ëê¹Â3L 11.13
�11.17¥�Ñ"

L??¥§´Cluster Paradent of Grid5000 þ ~ 11.6�(J"·��±w�¦^AMG�� ý?n
�{��¿1�Ç"

Example 11.6 (Laplacian3D.edp) 1: load "msh3"
2: load "hipre_FreeFem" // \1¥
3: int nn=10,iii;
4: int[int] iparm(20);
5: real[int] dparm(6);
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6: for(iii=0;iii<20;iii++)iparm[iii]=-1;
7: for(iii=0;iii<6;iii++) dparm[iii]=-1;
8: iparm[0]=2; // PCG �� krylov �{
9: iparm[1]=0; // AMG �� ý^�f 2: XJ ParaSails
10:iparm[7]=7; // ��
11:iparm[9]=6; // AMG oza.
12: iparm[10]=1; // ÿÝa.
13: iparm[16]=2; // \5 schwarz ��1wf
13:dparm[0]=1e-13; // Âñ°Ý
14: dparm[1]=5e-4; // K�
15: dparm[2]=5e-4; // �äÏf
.
.
.
43: set(Aa,solver=sparsesolver,dparams=dparm, lparams=iparm);

iparms[0]
�ä¦)ì:
0: BiCGStab, 1: GMRES, 2: PCG. %%%@@@���=1

iparms[1]
�äý?nf:
0: BOOMER AMG, 1: PILUT, 2: Parasails, 3: Schwartz %%%@@@���=0

iparms[2] ��S�gê: %%%@@@���=1000
iparms[3] Krylov f�m�ê: %%%@@@���= 40
iparms[4] ¦)ìÑÑ&Eþ: %%%@@@���t=2
iparms[5] ¦)ìF� : %%%@@@���=1
iparms[6] ¦)ì¦^BiCGStab �¥�^� : %%%@@@���=1
dparms[0] Âñ�°Ý : %%%@@@���= 1.0e− 11

Table 11.13: HYPRE¥iparms Ú dparms���ëê¹Â

11.3.4 ooo(((

é'ØÓ�(J§·�w���?nìêþ�O\§O��m�O\" z�~f¥k����E
^�´�½ØC�"ùé�~§�Ï´FreeFem++ ¥ù�ÚO�´ÅÚ?1�" ���§¦)
�5XÚ�L§´¿1�§lA�~f¥Ñ�±wÑ��?nìêþ�O\§O��mÏ~¬ 
á" �Ø´z�~f¥Ñ´Xd"3�
~f¥§?nìêþO\Ó�O��m�O\" kü�
Ì��Ïµ��¡§?nì�O\�5êâ���m�O�§���5XÚ¦)�mO�¶,�
�¡§ �¹éf�a�ý?n�{§?nì�O\��f�êþ�O\§�¦Âñ��þeü§
¦)�mO�"

��§éu�
a.�¯K·�éJ�ä��ý?n�{´Ä`D§Ï
XÛòý?n�{
�FreeFem++ Ün� �¦^�õ��6u²�"Ó�§ëê�ÀJk��¬éý?n��Ç�
)��K�"Ïd§ïÆÖö'5FreeFem++ ^rÃþ¥�ëê�¹Â"

11.4 «««���©©©)))

c�!·�
)
Ý
�E�Ú½§·�w��EÝ
�L§´kSg,�"�E¿1Ý
� �
«üÑ´AÛ©��¤�
f�"z�f�¥·��E��ÛÜf�,�àÜ��f�5�E �
ÛÝ
"
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iparms[7] AMG ��a.: %%%@@@���=6

iparms[8]
�½ GSMG �AÛ1wozÚ��^å: %%%@@@���=1

iparms[9] AMG oza.: %%%@@@���=6

iparms[10]
ÀJ¦^ÛÜÿÝ�´�ÛÿÝ: %%%@@@���=1

iparms[11] AMG Ì�a.: %%%@@@���=1
iparms[12] AMG 1wa.: %%%@@@���=1
iparms[13] 1wfY²�AMG ê: %%%@@@���=3
iparms[14] 1wf×£�AMG ê: %%%@@@���=2
iparms[15] õ­�����:%%%@@@���=25

iparms[16]

ÀJ^=« Schwartz �{:
0: ,�¦5 Schwartz �{ (?nìÃ­U>.)
1: ,�\5 Schwartz �{ (?nìÃ­U>.)
2: \5 Schwartz �{
3: ,�¦5 Schwartz �{ (?nìk­U>.)
%%%@@@���=1

iparms[17] PDEsXÚ���: %%%@@@���=1
iparms[18] Schwarz �{k­U: %%%@@@���=1

iparms[19]

Schwarz �{���a.
0: z�:Ñ´��«�
1: z�!:Ñ´��«� (�é”XÚ”AMGa,�)
2: z��Ñ´à8�) (%@�)

dparms[1] AMG strength K�: %%%@@@���=0.25
dparms[2] ����äÏf: %%%@@@���=1e-2

dparms[3]
����ëê5?UÝ
�é�Ó`Ü©�
rÝ�½Â: %%%@@@���=0.9

dparms[3]
ÀJ���\ Schwartz �{�1wëê
%%%@@@���=1.

Table 11.14: ý?n�{�BOOMER AMG�§ iparms Ú dparms�ëê¹Â

iparms[7] Parallel ILUT �1ê: %%%@@@���=1000
iparms[8] ��S�gê: %%%@@@���=30
dparms[1] Parallel ILUT �°Ý: %%%@@@���=1e-5

Table 11.15: ý?n�{�PILUT�§ iparms Ú dparms�ëê¹Â

iparms[7] ¿1DÕCq_�Y²�ê: %%%@@@���=1

iparms[8]

ParaSailsý?nf�é¡ëê:
0: �é¡ Ú/½ Ø(½¯K, ±9�é¡ý?nf
1: SPD ¯K, Ú SPD (Ïf) ý?nf
2: �é¡, (½¯K, Ú SPD (Ïf) ý?nf
%%%@@@���=0

dparms[1]
LÈìëê:^5LÈKý?nf¥���"ëê
5Jpý?nf�Ç: %%%@@@���=0.1

dparms[2] K�ëê: %%%@@@���=0.1

Table 11.16: ý?n�{�ParaSails�§ iparms Ú dparms�ëê¹Â
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iparms[7]

�ä^Û«Schwartz �{:
0: ,�¦5 Schwartz �{ (?nì>.Ã­U)
1: ,�\5 Schwartz �{ (?nì>.Ã­U)
2: \5 Schwartz �{
3: ,�¦5 Schwartz �{ (?nìk­U>.)
%%%@@@���=1

iparms[8] Schwarz �{k­U: %%%@@@���=1

iparms[9]

Schwarz �{���a.
0: z�:Ñ´���
1: z�!:Ñ´��� (�é”XÚ”AMGa,�)
2: z��Ñ´à8�) (%@�)

Table 11.17: ý?n�{�Schwartz�§ iparms Ú dparms�ëê¹Â

n=4× 106 nnz=13× 106 Te=571,29
np AMG

nit time
8 6 1491.83
16 5 708.49
32 4 296.22
64 4 145.64

Table 11.18: ~11.4(J

·��±¦^ù«�{��)û�Ω¥�PDE¯K"3ù�~f¥§z��f�¥ÑØ�Ø ÃÄ
½Â>.^�5�Ez�f�¥��N�§"��§3f�¥)�§±9ÀJ�����Û)�
üÑ"
FreeFem++ 9ÏMPI�¿1?§�¡§^r7L�?nìÜn©�O�§Ó��I�
)ØÓ
� FreeFem++ ��"e¡´�
��Ð�MPI ¼ê"

11.4.1 ÏÏÏÕÕÕìììÚÚÚ+++

+++
mpiGroup grpe(mpiGroup gp,KN < long >): ^®��þ3®k+gp¥ïá MPI Group

ÏÏÏÕÕÕììì
ÏÕì´��Ä��MPI�8§§#NMPI¦^öéX?nì+"ÏÕì�±´SÜÏÕì (ü�
+)��±´	ÜÏÕì(ü�ÏÕì�m)"ÏÕìÐ©%@�SÜÏÕì"
mpiComm cc(mpiComm comm, mpiGroup gp): #ï��ÏÕì" comm communicator(handle),
gp+(comm (handle)�f+)"�£#ÏÕì"
mpiComm cc(mpiGroup gp): Úþ¡��E��§�´%@comm ´MPI COMM WORLD.
mpiComm cc(mpiComm comm, int color, int key):Äucolors and key #ïÏÕì"�EÄ
uMPI Comm split routine of MPI.
mpiComm cc(MPIrank p,int key): Óþ¡��E"ùpcolors Ú comm ½Â3 MPIrank. ù��
EÄuMPI Comm split routine of MPI.

Example 11.7 (commsplit.edp) 1: int color=mpiRank(comm)%2;
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2: mpiComm ccc(processor(color,comm),0);
3: mpiComm qpp(comm,);
4: mpiComm cp(cc,color,0);

mpiComm cc(mpiComm comm, int high): ÏL	ÜÏÕì#ïSÜÏÕì" comm 	ÜÏ
Õì§high ^53#ïÏÕì�·-comm (logical)S�+" �EÄuMPI Intercomm merge
routine of MPI.

mpiComm cc(MPIrank p1, MPIrank p2, int tag):ÏLü�SÜÏÕì�E��	ÜÏÕì"
p1 ½ÂÛÜSÜÏÕì§±9§�p2½Â�§ÏÕìÚ�§leader(Ï~´ 0) � peer comm
üS�§òleader(Ï~´ 0)�local comm üS"tag ´�E	ÜÏÕì�&EI\"�EÄu
MPI Intercomm create.

Example 11.8 (merge.edp) 1: mpiComm comm,cc;
2: int color=mpiRank(comm)%2;
3: int rk=mpiRank(comm);
4: int size=mpiSize(comm);
4: cout << "Color values " << color << endl;
5: mpiComm ccc(processor((rk<size/2),comm),rk);
6: mpiComm cp(cc,color,0);
7: int rleader;
8: if (rk == 0) { rleader = size/2; }
9: else if (rk == size/2) { rleader = 0;}
10: else { rleader = 3; }
11: mpiComm qqp(processor(0,ccc),processor(rleader,comm),12345);
12:int aaa=mpiSize(ccc);
13:cout << "number of processor" << aaa << endl;

11.4.2 MPILLL§§§

3FreeFem++ ¥§·�^processor¼ê��MPIL§(#ïSÜFreeFem++ �8¶�MPIrank)"
¿�X3FreeFem++ ��¥ØU¦^MPIrank"
processor(int rk):�±MPIrank¥L§�üS"üS3MPI COMM WORLD¥"
processor(int rk, mpiComm cc) and processor(mpiComm cc,int rk) L§üS3 communicator
cc¥"
processor(int rk, mpiComm cc) and processor(mpiComm cc,int rk) L§üS3 communicator
cc¥" processorblock(int rk) : ù�¼êÚtextbfprocessor(int rk) ���Ó§ �3'4ÏÕ�¦
^"
processorblock(int rk, mpiComm cc) : ù�¼êÚprocessor(int rk,mpiComm cc)���Ó§ �¦
^�´��ÓÚ:"

11.4.3 :::ééé:::ÏÏÏÕÕÕììì

3FreeFem++ ¥�±¡MPI�:é:Ï&¼ê"
Send(processor(int rk,mpiComm cc),Data D) : {l�uxêâD�Ï&�cc¥�� rk�?§§Ù
¥êâD�±´:int, real,complex , int[int], real[int],complex[int], Mesh, Mesh3, Matrix"
Recv(processor(int rk,mpiComm cc),Data D): �Â5gÏ&�cc¥�rk�?§�êâD§Ù¥ê
âD�±´:int, real,complex , int[int], real[int],complex[int], Mesh, Mesh3, Matrix§¿A��ux
êâ��ª��"
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Isend(processor(int rk,mpiComm cc),Data D):�{l�uxêâD�Ï&�cc¥��rk�?§§
Ù¥êâD �±´:int, real,complex , int[int], real[int],complex[int], Mesh, Mesh3, Matrix"

Recv(processor(int rk,mpiComm cc),Data D): �Â�ux���êâ"

11.4.4 ���ÛÛÛ���ööö���

3FreeFem++ ¥�±¡MPI��Û�Ï&¼ê"

broadcast(processor(int rk,mpiComm cc),Data D):?§rk òêâD2Â�Ï&�cc¥�¤k?§
¥§Ù¥êâ D�±´µ int, real,complex , int[int], real[int],complex[int], Mesh, Mesh3, Matrix"

broadcast(processor(int rk),Data D):?§rkòêâD2Â�MPI COMM WORLD¥�¤k?§
¥§ Ù¥êâD�±´µint, real,complex , int[int], real[int],complex[int], Mesh, Mesh3, Matrix"

mpiAlltoall(Data a,Data b):ux5g¤k?§�êâa�¤k?§§êâb��Â��"Tö�
3MPI COMM WORLDÏ&�¥?1"

mpiAlltoall(Data a,Data b, mpiComm cc): ux5g¤k?§�êâa�¤k?§§êâb��Â
��"Tö�3Ï&�cc¥?1"

mpiGather(Data a,Data b,processor(mpiComm,int rk) :3,�?§|¥Â8êâa§��rk�?§
��5gÏ&�rk�êâ"T¼êaquMPI Gather"

mpiAllgather(Data a,Data b) : 3¤k?§¥Â8êâa§¿òÙ©��êâb§ö�3Ï&�
MPI COMM WORLD S�1" T¼êaquMPI Allgather"

mpiAllgather(Data a,Data b, mpiComm cc) : 3¤k?§¥Â8êâa§¿òÙ©��êâb§ö
�3Ï&�ccS�1" T¼êaquMPI Allgather"

mpiScatter(Data a,Data b,processor(int rk, mpiComm cc)) : ux5g�rk�?§¥�êâa�¤
kÙ¦��LÏ&�mpiComm cc�?§|¥"

mpiReduce(Data a,Data b,processor(int rk, mpiComm cc),MPI Op op), : ò¤k?§�êâa 
~��rk�?§ÚÏ&�cc¥üÕ�êâb"^u ~�·-MPI Op op§§�±¢yµmpiMAX,
mpiMIN, mpiSUM, mpiPROD, mpiLAND, mpiLOR, mpiLXOR, mpiBAND, mpiBXOR, mpiMAXLOC,
mpiMINLOC"

5¿§éu¤k��Ûö�§FreeFem++ ¥��9int[int]Úreal[int]ü«êâ�ª"

e¡�Ñ��|^Schwartz«�©)�{¦)Laplacian2d¯K�~f"3T~f¥§·�A^ü
�¿15¦)��/«�þ�Laplacian2d¯K§¯K¥�ké��A�f«�¿�3z��f«
�þA^¿1DÕ¦)ì5¦)ÛÜ¯K"

Example 11.9 (schwarz.edp) 1:load "hypre_FreeFem"; // \1 Hypre ¦)ì
2:func bool AddLayers(mesh & Th,real[int] &ssd,int n,real[int] &unssd)
{

// ïá��ëY�¼ê uussd (P1) :
// ssd 3Ñ\f�þ�A�¼ê.

// ¦� :
// unssd = 1 � ssd =1 �;
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// O\ n �ü� (­U���)
// ¿�3�	 unssd = 0 ...

// ---------------------------------
fespace Vh(Th,P1);
fespace Ph(Th,P0);
Ph s;
assert(ssd.n==Ph.ndof);
assert(unssd.n==Vh.ndof);
unssd=0;
s[]= ssd;

// plot(s,wait=1,fill=1);
Vh u;
varf vM(u,v)=int2d(Th,qforder=1)(u*v/area);
matrix M=vM(Ph,Vh);

for(int i=0;i<n;++i)
{

u[]= M*s[];
// plot(u,wait=1);

u = u>.1;
// plot(u,wait=1);

unssd+= u[];
s[]= M’*u[]; // ’;
s = s >0.1;

}
unssd /= (n);
u[]=unssd;
ssd=s[];
return true;

}
3: mpiComm myComm; // MEäk�MPI COMM WORLD�ÏÕì

4: int membershipKey,rank,size; // +nÏÕì�Cþ
5: rank=mpiRank(myComm); size=mpiSize(myComm); // ?nì�SÒ, ÏÕì���
6: bool withmetis=1, RAS=0; // ©����¦^½Ø¦^ metis
7: int sizeoverlaps=5; // ­U���
8: int withplot=1;
9: mesh Th=square(100,100);
10: int[int] chlab=[1,1 ,2,1 ,3,1 ,4,1 ];
11: Th=change(Th,refe=chlab);
12: int nn=2,mm=2, npart= nn*mm;
13: membershipKey = mpiRank(myComm)%npart; // �y©�?nì+XÚ
14: mpiComm cc(processor(membershipKey,myComm),rank); // �â�c�XÚME MPI
ÏÕì
15: fespace Ph(Th,P0),fespace Vh(Th,P1);
16: Ph part;
17: Vh sun=0,unssd=0;
18: real[int] vsum=sun[],reducesum=sun[]; // ^5��y©�êâ.
19: Ph xx=x,yy=y,nupp;
20: part = int(xx*nn)*mm + int(yy*mm);
21: if(withmetis)

{
load "metis";
int[int] nupart(Th.nt);
metisdual(nupart,Th,npart);
for(int i=0;i<nupart.n;++i)
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part[][i]=nupart[i];
}

22: if(withplot>1)
21: plot(part,fill=1,cmm="dual",wait=1);
22: mesh[int] aTh(npart);
23: mesh Thi=Th;
24: fespace Vhi(Thi,P1);
25: Vhi[int] au(npart),pun(npart);
26: matrix[int] Rih(npart), Dih(npart), aA(npart);
27: Vhi[int] auntgv(npart), rhsi(npart);
28: i=membershipKey;

Ph suppi= abs(part-i)<0.1;
AddLayers(Th,suppi[],sizeoverlaps,unssd[]);
Thi=aTh[i]=trunc(Th,suppi>0,label=10,split=1);
Rih[i]=interpolate(Vhi,Vh,inside=1); // Vh -> Vhi
if(RAS)

{
suppi= abs(part-i)<0.1;
varf vSuppi(u,v)=int2d(Th,qforder=1)(suppi*v/area);
unssd[]= vSuppi(0,Vh);
unssd = unssd>0.;
if(withplot>19)

plot(unssd,wait=1);
}

pun[i][]=Rih[i]*unssd[]; // ù´�Û?n
sun[] += Rih[i]’*pun[i][]; // �´aqu2Â��Û?n;
vsum=sun[];
if(withplot>9)

plot(part,aTh[i],fill=1,wait=1);
// O\ mpireduce, �
¦Ú¤k� sun Ú pun �ÛÜ�z.

29: mpiReduce(vsum, reducesum,processor(0,myComm),mpiSUM); // MPI �Û?n 3
�ÛÏÕìþ MPi Reduce
30: broadcast(processor(0,myComm),reducesum); // ?nì0�¤k?nì�2ÂÚ
31: sun[]=reducesum;
32: plot(sun,wait=1);
33: i=membershipKey
34: Thi=aTh[i];
35: pun[i]= pun[i]/sun;
36: if(withplot>8) plot(pun[i],wait=1);
37: macro Grad(u) [dx(u),dy(u)] // EOM
38: sun=0;
39: i=membershipKey

Thi=aTh[i];
varf va(u,v) =

int2d(Thi)(Grad(u)’*Grad(v)) // ’)
+on(1,u=1) + int2d(Th)(v)
+on(10,u=0) ;

40: aA[i]=va(Vhi,Vhi);
41: set(aA[i],solver=sparsesolver,mpicomm=cc); // �¦)ì Hypre ��ëê.
mpicomm=cc ´�Ø´3�Û?nìþ¦), 
´3dcc½Â��|?nìþ¦).
42: rhsi[i][]= va(0,Vhi);
43: Dih[i]=pun[i][];
44: real[int] un(Vhi.ndof);
45: un=1.;
46: real[int] ui=Dih[i]*un;
47: sun[] += Rih[i]’*ui; // ’;
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48: varf vaun(u,v) = on(10,u=1);
49: auntgv[i][]=vaun(0,Vhi); // 3Gammaþ;�tgv�ê|.
56: reducesum=0; vsum=sun;
57: mpiReduce(vsum, reducesum,processor(0,myComm),mpiSUM); // MPI �Û?n 3
�ÛÏÕìþ MPi Reduce
58: broadcast(processor(0,myComm),reducesum); // ?nì0�¤k?nì�2ÂÚ
59: sun[]=reducesum;
60: if(withplot>5)
61: plot(sun,fill=1,wait=1);
62: cout << sun[].max << " " << sun[].min<< endl;
63: assert( 1.-1e-9 <= sun[].min && 1.+1e-9 >= sun[].max);
64: int nitermax=1000;
{

Vh un=0;
for(int iter=0;iter<nitermax;++iter)

{
real err=0,rerr=0;
Vh un1=0;

i=membershipKey;
Thi=aTh[i];
real[int] ui=Rih[i]*un[]; // ’;

real[int] bi = ui .* auntgv[i][];
bi = auntgv[i][] ? bi : rhsi[i][];
ui=au[i][];
ui= aA[i] ˆ-1 * bi; // 3dôÚ membershipKey L«�?nì+þ¦)ÛÜ

�5XÚ
bi = ui-au[i][];
err += bi’*bi; // ’;

au[i][]= ui;
bi = Dih[i]*ui; // éy3�)�òÿ, ±¼�mà�
un1[] += Rih[i]’*bi; // ’;

}
65: reducesum=0; vsum=un1[];
66: mpiReduce(vsum, reducesum,processor(0,myComm),mpiSUM); // MPI �Û?n 3
�ÛÏÕìþ MPi Reduce
67: broadcast(processor(0,myComm),reducesum); // ?nì0�¤k?nì�2ÂÚ
68: un1[]=reducesum;
69: real residrela=0;
70: mpiReduce(err,residrela ,processor(0,myComm),mpiSUM);
71: broadcast(processor(0,myComm),residrela);
72: err=residrela; err= sqrt(err);
73: if(rank==0) cout << iter << " Err = " << err << endl;
74: if(err<1e-5) break;
75: un[]=un1[];
76: if(withplot>2)
77: plot(au,dim=3,wait=0,cmm=" iter "+iter,fill=1 );
78: }
79: plot(un,wait=1,dim=3);
80: }
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12.1 ������êêêâââ(((���©©©���

d��)¤�{ÑÑ���êâ(�§´AÛ�êâ(�½ö,
�¹eL«Ù§���êâ(
�"
d�§��µ

� MeshVersionFormatted 0

� Dimension (I) dim

� Vertices (I) NbOfVertices

( ((R) xji , j=1,dim) , (I) Refφvi , i=1 , NbOfVertices)

� Edges (I) NbOfEdges

(@@Vertex1
i ,@@Vertex2

i , (I) Refφei , i=1 , NbOfEdges)

� Triangles (I) NbOfTriangles

((@@Vertexji , j=1,3) , (I) Refφti , i=1 , NbOfTriangles)

� Quadrilaterals (I) NbOfQuadrilaterals

((@@Vertexji , j=1,4) , (I) Refφti , i=1 , NbOfQuadrilaterals)

� Geometry
(C*) FileNameOfGeometricSupport

– VertexOnGeometricVertex
(I) NbOfVertexOnGeometricVertex

(@@Vertexi ,@@Vertexgeoi , i=1,NbOfVertexOnGeometricVertex)
– EdgeOnGeometricEdge
(I) NbOfEdgeOnGeometricEdge

(@@Edgei ,@@Edgegeoi , i=1,NbOfEdgeOnGeometricEdge)

� CrackedEdges (I) NbOfCrackedEdges

(@@Edge1
i ,@@Edge2

i , i=1 , NbOfCrackedEdges)

307
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XJ�c����´kc�,���§·��kµ

� MeshSupportOfVertices
(C*) FileNameOfMeshSupport

– VertexOnSupportVertex
(I) NbOfVertexOnSupportVertex

(@@Vertexi ,@@Vertexsuppi , i=1,NbOfVertexOnSupportVertex)
– VertexOnSupportEdge
(I) NbOfVertexOnSupportEdge

(@@Vertexi ,@@Edgesuppi , (R) usuppi , i=1,NbOfVertexOnSupportEdge)
– VertexOnSupportTriangle
(I) NbOfVertexOnSupportTriangle

(@@Vertexi ,@@Triasuppi , (R) usuppi , (R) vsuppi ,
i=1 , NbOfVertexOnSupportTriangle)

– VertexOnSupportQuadrilaterals
(I) NbOfVertexOnSupportQuadrilaterals

(@@Vertexi ,@@Quadsuppi , (R) usuppi , (R) vsuppi ,
i=1 , NbOfVertexOnSupportQuadrilaterals)

12.2 ���;;;)))���bb©©©���aaa...

©���ªXeµ
2 nbsol nbv 2
((Uij, ∀i ∈ {1, ..., nbsol}) , ∀j ∈ {1, ..., nbv})
Ù¥

� nbsol´���ê§L«)��ê"

� nbv´���ê§L«º:�ê"

� Uij´��¢ê§L«Ö�©���'é�½ö�©��)¤���þº:j?1i�
)��"

12.3 ���;;;)))���BB©©©���aaa...

©��ªXeµ
2 n typesol1 ... typesoln nbv 2(((
Ukij, ∀i ∈ {1, ..., typesolk}

)
, ∀k ∈ {1, ...n}

)
∀j ∈ {1, ..., nbv}

)
Ù¥

� n´���ê§L«)��ê"

� typesolk, )k�a.?Ò
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– typesolk = 1 ) k ´Iþ (1 value per vertex)

– typesolk = 2 ) k ´�þ (2 values per unknown)

– typesolk = 3 ) k ´��2×2é¡Ý
 (3 values per vertex)

– typesolk = 4 ) k ´��2×2 Ý
 (4 values per vertex)

� nbv´���ê§L«º:��ê"

� Ukij´��¢ê§L«Ö�©���'é�½ö�©��)¤���þº:j ?
)k1iÜ©��"

12.4 ÝÝÝþþþ©©©���

Ýþ©��©���Ó5���É5ü«"
��Ó5©�/X
nbv 1
hi ∀i ∈ {1, ..., nbv}
Ù¥

� nbv ´���ê§�uº:�êþ"

� hi ´�µ���º: i NC�¦�����§ Ýþ�Mi = h−2
i Id, Ù¥ Id ´ü 

Ý
"

��É5©�/X
nbv 3
a11i,a21i,a22i ∀i ∈ {1, ..., nbv}
Ù¥

� nbv ´���ê§�uº:�êþ§

� a11i, a12i, a22i �¤ÝþMi =
(
a11i a12i
a12i a22i

)
§½Â
3º: i NC�¦����� h

§��� u ∈ R2 §����� |u|/
√
u · Mi u , Ù¥ · ´ R2 þ�:¦, | · | �²;½

Â"

12.5 AM FMT, AMDBA ������������LLL

��=dn�/|¤§¿�/Ïe¡�ü��êÚo�ê|½Â:

nbt n�/�êþ"

nbv º:�êþ"

nu(1:3,1:nbt) ���êê|§�Ñz�n�/n�º:_�����?Ò"

c(1:2,nbv) ��¢êê|§�Ñz�º:�ü��I"

refs(nbv) ���êê|§�Ñº:�?Ò"

reft(nbv) ���êê|§�Ñn�/�?Ò"
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AM FMT Files fortran ¥ am fmt ©�UXeÖ�:

open(1,file=’xxx.am_fmt’,form=’formatted’,status=’old’)
read (1,*) nbv,nbt
read (1,*) ((nu(i,j),i=1,3),j=1,nbt)
read (1,*) ((c(i,j),i=1,2),j=1,nbv)
read (1,*) ( reft(i),i=1,nbt)
read (1,*) ( refs(i),i=1,nbv)

close(1)

AM Files fortran ¥ am ©�UXeÖ�:

open(1,file=’xxx.am’,form=’unformatted’,status=’old’)
read (1,*) nbv,nbt
read (1) ((nu(i,j),i=1,3),j=1,nbt),

& ((c(i,j),i=1,2),j=1,nbv),
& ( reft(i),i=1,nbt),
& ( refs(i),i=1,nbv)
close(1)

AMDBA Files fortran ¥ amdba ©�UXeÖ�:

open(1,file=’xxx.amdba’,form=’formatted’,status=’old’)
read (1,*) nbv,nbt
read (1,*) (k,(c(i,k),i=1,2),refs(k),j=1,nbv)
read (1,*) (k,(nu(i,k),i=1,3),reft(k),j=1,nbt)

close(1)

msh Files Äk§·�Ú\>.�Vg

nbbe ´>.�êþ"

nube(1:2,1:nbbe) ´���êê|§�Ñz^>.ü�º:_�����?Ò"

refbe(1:nbbe) ´���êê|§�Ñ>.�?Ò"

fortran ¥ msh ©�UXeÖ�:

open(1,file=’xxx.msh’,form=’formatted’,status=’old’)
read (1,*) nbv,nbt,nbbe
read (1,*) ((c(i,k),i=1,2),refs(k),j=1,nbv)
read (1,*) ((nu(i,k),i=1,3),reft(k),j=1,nbt)
read (1,*) ((ne(i,k),i=1,2), refbe(k),j=1,nbbe)

close(1)
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ftq Files fortran ¥ ftq ©�UXeÖ�:

open(1,file=’xxx.ftq’,form=’formatted’,status=’old’)
read (1,*) nbv,nbe,nbt,nbq
read (1,*) (k(j),(nu(i,j),i=1,k(j)),reft(j),j=1,nbe)
read (1,*) ((c(i,k),i=1,2),refs(k),j=1,nbv)
close(1)

Ù¥ XJ k(j) = 3 @o� j ´��n�/§
XJ k = 4 @o� j ´��o>/"
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13.1 ���


PPPÒÒÒ

¼ê f ��u RN , N = 1, 2, · · · , ·�½Â f �k��Cq Πhf "4·�^ NbDoF 5
L«k���gdÝgê"@ok���m�1 i �Ä ωKi (i = 0, · · · , NbDoF − 1) �1
j ���� ωKij §é j = 0, · · · , N − 1"
$�Î Πh ¡�k�����" ·�kð�ª ωKi = Πhω

K
i "

/ªþ§�� Πh �de�úªL«:

Πhf =
kPi−1∑
k=0

αkfjk(Ppk)ωKik (13.1)

Ù¥ Pp ´ npPi :�8Ü,
3úª (13.1) ¥§ ?Ò pk, jk, ik �Úk���a. (
�k����)k'§ �Xê αk
K�UÚk���'"

~ 1: é²;�Iþ.�KFk��§ ·�k kPi = npPi = NbOfNode Ú

� Pp L«(:

� αk = 1, Ï�·�3: Pk þé¼ê��

� pk = k , jk = k Ï�z�¼êk��!:

� jk = 0 Ï� N = 1

~ 2: Raviart-Thomas k��:

RT0h = {v ∈ H(div)/∀K ∈ Th v|K(x, y) =
∣∣ αK
βK + γK | xy } (13.2)

gdÝgê´ÏL���> e �6þ, Ù¥¼ê f : R2 −→ R2 �6þ´
∫
e
f .ne§ ne ´>

. e �ü {�(§L«
��¤k�>�����, ~X�·�é>Úº:?1�Û?
Ò�§·��´ò?Òd�C�
®)"
O�ù�6þ§·��^��¦È©úª¿/Ï��:§=ù^>�¥:" �Ä��
n�/ T §kn�º: (a,b, c)" ·�± ia, ib, ic L«º:?Ò, ¿½Ân^>��þ
e0, e1, e2 ©O� sgn(ib − ic)(b− c), sgn(ic − ia)(c− a), sgn(ia − ib)(a− b),

313
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n�Ä¼ê�:

ωK0 =
sgn(ib − ic)

2|T |
(x− a), ωK1 =

sgn(ic − ia)
2|T |

(x− b), ωK2 =
sgn(ia − ib)

2|T |
(x− c), (13.3)

Ù¥ |T | ´n�/ T �¡È"
@o·�k N = 2, kPi = 6; npPi = 3; Ú:

� Pp =
{

b+c
2
, a+c

2
, b+a

2

}
� α0 = −e0

2, α1 = e0
1, α2 = −e1

2, α3 = e1
1, α4 = −e2

2, α5 = e2
1 (¢Sþ§�þ (−em2 , e

m
1 )

�> em = (em1 , e
m
2 ) ��§�Ý�Ù��½�u

∫
em

1)"

� ik = {0, 0, 1, 1, 2, 2},

� pk = {0, 0, 1, 1, 2, 2} , jk = {0, 1, 0, 1, 0, 1, 0, 1}.

13.2 ���\\\


���oooaaa?

38¹ src/femlib eO\©�FE ADD.cpp §�1��~fÐ©z :

#include "error.hpp"
#include "rgraph.hpp"
using namespace std;
#include "RNM.hpp"
#include "fem.hpp"
#include "FESpace.hpp"
#include "AddNewFE.h"

namespace Fem2D {

,�O\��a public TypeOfFE Xe:

class TypeOfFE_RTortho : public TypeOfFE { public:
static int Data[]; // �
?Ò
TypeOfFE_RTortho():

TypeOfFE( 0+3+0, // �gdÝ�gê
2, // �þk����ê N (1 XJ´Iþk��)
Data, // ê|êâ
1, // �ã�f©|ê
1, // fk���ê (��� 1)
6, // kPi �ï��¼ê�Xê��ê (13.1)
3, // npPi �ï���È©:�ê
0 // ;��ï��¼ê�Xê αk �ê|

// ùpù�ê|Ø´~ê§Ïd·�I�
// éz��©O?1­ï"

)
{

const R2 Pt[] = { R2(0.5,0.5), R2(0.0,0.5), R2(0.5,0.0) };
// K̂ ¥:�8Ü

for (int p=0,kk=0;p<3;p++) {
P_Pi_h[p]=Pt[p];
for (int j=0;j<2;j++)
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pij_alpha[kk++]= IPJ(p,p,j); }} // (13.1)¥ ik, pk, jk �½Â

void FB(const bool * watdd, const Mesh & Th,const Triangle & K,
const R2 &PHat, RNMK_ & val) const;

void Pi_h_alpha(const baseFElement & K,KN_<double> & v) const ;

} ;

Ù¥ê|êâ/ªþdÊ��Ý NbDoF �ê| Ú�� �Ý N �ê|�¤"
ù�ê|´:

int TypeOfFE_RTortho::Data[]={

// éz� df 0,1,3 :
3,4,5,// df�!:�| 
0,0,0,// !:þ df �?Ò
0,1,2,// df �!:
0,0,0,// k��� df (��� 0)
0,1,2,// fk��� de df
0,0 }; // z��� j = 0, N − 1 Ñ�fk��k'

Ù¥| ´?Ò 0, 1, 2 ´| º:§ 3, 4, 5 ´| >§ 
 6 ´| �"
½Â¼ê ωKi �¼ê, �£¤kÄ¼ê��½ê| val ��ê § O�K3�ë��n�
/�éA: R2 P=K(Phat) �éA��cn�/ K �: PHat þ?1"
ê| val(i, j, k) ��ê i, j, k éAu:

i k���Ä¼ê�?Ò i ∈ [0, NoF [

j �� j ∈ [0, N ] ��

k �O��� f(P ), dx(f)(P ), dy(f)(P ), ... i ∈ [0, last operatortype] �a."éu�`
z¯K, �k� whatd[k] �ý�§�â?1O�§ ¿�?Ò½Â�ª�

enum operatortype { op_id=0,
op_dx=1,op_dy=2,
op_dxx=3,op_dyy=4,
op_dyx=5,op_dxy=5,
op_dz=6,
op_dzz=7,
op_dzx=8,op_dxz=8,
op_dzy=9,op_dyz=9
};

const int last_operatortype=10;

/G¼ê :

void TypeOfFE_RTortho::FB(const bool *whatd,const Mesh & Th,const Triangle & K,
const R2 & PHat,RNMK_ & val) const

{ //
R2 P(K(PHat));
R2 A(K[0]), B(K[1]),C(K[2]);
R l0=1-P.x-P.y,l1=P.x,l2=P.y;
assert(val.N() >=3);
assert(val.M()==2 );
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val=0;
R a=1./(2*K.area);
R a0= K.EdgeOrientation(0) * a ;
R a1= K.EdgeOrientation(1) * a ;
R a2= K.EdgeOrientation(2) * a ;

// ------------
if (whatd[op_id]) // ¼ê��
{

assert(val.K()>op_id);
RN_ f0(val(’.’,0,0)); // ¦1������
RN_ f1(val(’.’,1,0)); // ¦1������
f1[0] = (P.x-A.x)*a0;
f0[0] = -(P.y-A.y)*a0;

f1[1] = (P.x-B.x)*a1;
f0[1] = -(P.y-B.y)*a1;

f1[2] = (P.x-C.x)*a2;
f0[2] = -(P.y-C.y)*a2;

}
// ----------------

if (whatd[op_dx]) // ¼ê� dx ��
{
assert(val.K()>op_dx);
val(0,1,op_dx) = a0;
val(1,1,op_dx) = a1;
val(2,1,op_dx) = a2;
}

if (whatd[op_dy])
{
assert(val.K()>op_dy);
val(0,0,op_dy) = -a0;
val(1,0,op_dy) = -a1;
val(2,0,op_dy) = -a2;

}

for (int i= op_dy; i< last_operatortype ; i++)
if (whatd[op_dx])

assert(op_dy);

}

½ÂXê αk �¼ê:

void TypeOfFE_RT::Pi_h_alpha(const baseFElement & K,KN_<double> & v) const
{

const Triangle & T(K.T);

for (int i=0,k=0;i<3;i++)
{

R2 E(T.Edge(i));
R signe = T.EdgeOrientation(i) ;
v[k++]= signe*E.y;
v[k++]=-signe*E.x;

}
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}

y3§·��I3 FreeFem++ ¥2���'��ó�" kü«�ª§·�ó�½Ä�
ó�"Ïd3©���§·�\þ :

Ä�ó��~{ü (�N¹Ù! C), �^3 FEM2d namespace "�\þ:

static TypeOfFE_RTortho The_TypeOfFE_RTortho; //
static AddNewFE("RT0Ortho", The_TypeOfFE_RTortho);
} // FEM2d namespace

ÁX3 examples++-load/¥¦^ ”./load.link”·-§��A BernardiRaugel.cpp
½ Morley.cpp ±¼�#�k��~f"

ÄÄÄKKK é·�ó� (=·^u;�<¬)§ \þ

// b�2��ÛCþ
static TypeOfFE_RTortho The_TypeOfFE_RTortho; //

// ----- freefem ¥�¶i----
static ListOfTFE typefemRTOrtho("RT0Ortho", & The_TypeOfFE_RTortho); //

// ·�¥3ó� FreeFem++ �Ã�
// FH Ïd\\��	Ü¶i±N^ init static FE
// (w FESpace.cpp �"�)
void init_FE_ADD() { };
// --- (å --
} // FEM2d namespace

�¤õÖ�ù�#k��, ·�I�3 src/femlib/FESpace.cpp ©�"�\þü1:

// ?�#��©��·�¥ó��¯K
void init_static_FE()
{ // Ù¦k��©���L

extern void init_FE_P2h() ;
init_FE_P2h() ;
extern void init_FE_ADD() ; // #\1 1
init_FE_ADD(); // #\1 2

}

y3\7LUCmakefile©�.
Äk§#ï�� FE ADD.cpp©��¹¤kù
�è§ëì©� src/femlib/Element P2h.cpp§
3Cþ EXTRA DIST ¥\\\�©�¶5?U Makefile.am Xeµ

# Makefile using Automake + Autoconf
# ----------------------------------
# $Id$

# This is not compiled as a separate library because its
# interconnections with other libraries have not been solved.

EXTRA_DIST=BamgFreeFem.cpp BamgFreeFem.hpp CGNL.hpp CheckPtr.cpp \
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ConjuguedGradrientNL.cpp DOperator.hpp Drawing.cpp Element_P2h.cpp \
Element_P3.cpp Element_RT.cpp fem3.hpp fem.cpp fem.hpp FESpace.cpp \
FESpace.hpp FESpace-v0.cpp FQuadTree.cpp FQuadTree.hpp gibbs.cpp \
glutdraw.cpp gmres.hpp MatriceCreuse.hpp MatriceCreuse_tpl.hpp \
MeshPoint.hpp mortar.cpp mshptg.cpp QuadratureFormular.cpp \
QuadratureFormular.hpp RefCounter.hpp RNM.hpp RNM_opc.hpp RNM_op.hpp \
RNM_tpl.hpp FE_ADD.cpp

¿3 freefem++ �8¹e�1

autoreconf
./reconfigure
make

^ codewarrior ?È�§I3�8¥\\©�, ¿���¡� PPCó�ì¥�&Òá§
FreeFEm++ Setting Dead-strip Static Initializaiton— Code Flag
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Table of Notations

Here mathematical expressions and corresponding FreeFem++ commands are explained.

A.1 Generalities

δij Kronecker delta (0 if i 6= j, 1 if i = j for integers i, j)

∀ for all

∃ there exist

i.e. that is

PDE partial differential equation (with boundary conditions)

∅ the empty set

N the set of integers (a ∈ N⇔ int a); “int” means long integer inside FreeFem++

R the set of real numbers (a ∈ R⇔ real a) ;double inside FreeFem++

C the set of complex numbers (a ∈ C⇔ complex a); complex¡double¿

Rd d-dimensional Euclidean space

A.2 Sets, Mappings, Matrices, Vectors

Let E, F, G be three sets and A subset of E.

{x ∈ E| P} the subset of E consisting of the elements possessing the property P

E ∪ F the set of elements belonging to E or F

E ∩ F the set of elements belonging to E and F

E \ A the set {x ∈ E| x 6∈ A}
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E + F E ∪ F with E ∩ F = ∅

E × F the cartesian product of E and F

En the n-th power of E (E2 = E × E, En = E × En−1)

f : E → F the mapping form E into F , i.e., E 3 x 7→ f(x) ∈ F

IE or I the identity mapping in E,i.e., I(x) = x ∀x ∈ E

f ◦ g for f : F → G and g : E → F , E 3 x 7→ (f ◦ g)(x) = f(g(x)) ∈ G (see ??)

f |A the restriction of f : E → F to the subset A of E

{ak} column vector with components ak

(ak) row vector with components ak

(ak)
T denotes the transpose of a matrix (ak), and is {ak}

{aij} matrix with components aij, and (aij)
T = (aji)

A.3 Numbers

For two real numbers a, b

[a, b] is the interval {x ∈ R| a ≤ x ≤ b}

]a, b] is the interval {x ∈ R| a < x ≤ b}

[a, b[ is the interval {x ∈ R| a ≤ x < b}

]a, b[ is the interval {x ∈ R| a < x < b}

A.4 Differential Calculus

∂f/∂x the partial derivative of f : Rd → R with respect to x ( dx(f))

∇f the gradient of f : Ω→ R,i.e., ∇f = (∂f/∂x, ∂f/∂y)

divf or ∇.f the divergence of f : Ω→ Rd, i.e., divf = ∂f1/∂x+ ∂f2/∂y

∆f the Laplacian of f : Ω→ R, i.e., ∆f = ∂2f/∂x2 + ∂2f/∂y2
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A.5 Meshes

Ω usually denotes a domain on which PDE is defined

Γ denotes the boundary of Ω,i.e., Γ = ∂Ω (keyword border, see ??)

Th the triangulation of Ω, i.e., the set of triangles Tk, where h stands for mesh size (keyword
mesh, buildmesh, see ??)

nt the number of triangles in Th (get by Th.nt, see “mesh.edp”)

Ωh denotes the approximated domain Ωh = ∪nt
k=1Tk of Ω. If Ω is polygonal domain, then it

will be Ω = Ωh

Γh the boundary of Ωh

nv the number of vertices in Th (get by Th.nv)

[qiqj ] the segment connecting qi and qj

qk1 , qk2 , qk3 the vertices of a triangle Tk with anti-clock direction (get the coordinate of qkj

by (Th[k-1][j-1].x, Th[k-1][j-1].y))

IΩ the set {i ∈ N| qi 6∈ Γh}

A.6 Finite Element Spaces

L2(Ω) the set

{
w(x, y)

∣∣∣∣ ∫
Ω

|w(x, y)|2dxdy <∞
}

norm: ‖w‖0,Ω =

(∫
Ω

|w(x, y)|2dxdy

)1/2

scalar product: (v, w) =

∫
Ω

vw

H1(Ω) the set

{
w ∈ L2(Ω)

∣∣∣∣ ∫
Ω

(
|∂w/∂x|2 + |∂w/∂y|2

)
dxdy <∞

}
norm: ‖w‖1,Ω =

(
‖w‖2

0,Ω + ‖∇u‖2
0.Ω

)1/2

Hm(Ω) the set

{
w ∈ L2(Ω)

∣∣∣∣ ∫
Ω

∂|α|w

∂xα1∂yα2
∈ L2(Ω) ∀α = (α1, α2) ∈ N2, |α| = α1 + α2

}

scalar product: (v, w)1,Ω =
∑
|α|≤m

∫
Ω

DαvDαw
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H1
0 (Ω) the set {w ∈ H1(Ω) | u = 0 on Γ}

L2(Ω)2 denotes L2(Ω)× L2(Ω), and also H1(Ω)2 = H1(Ω)×H1(Ω)

Vh denotes the finite element space created by “ fespace Vh(Th,*)” in FreeFem++ (see
?? for “*”)

Πhf the projection of the function f into Vh (“ func f=xˆ2*yˆ3; Vh v = f;” means
v = Πh f)

{v} for FE-function v in Vh means the column vector (v1, · · · , vM)T if v = v1φ1+· · ·+vMφM ,
which is shown by “ fespace Vh(Th,P2); Vh v; cout << v[] << endl;”
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Grammar

B.1 The bison grammar

start: input ENDOFFILE;

input: instructions ;

instructions: instruction
| instructions instruction ;

list_of_id_args:
| id
| id ’=’ no_comma_expr
| FESPACE id
| type_of_dcl id
| type_of_dcl ’&’ id
| ’[’ list_of_id_args ’]’
| list_of_id_args ’,’ id
| list_of_id_args ’,’ ’[’ list_of_id_args ’]’
| list_of_id_args ’,’ id ’=’ no_comma_expr
| list_of_id_args ’,’ FESPACE id
| list_of_id_args ’,’ type_of_dcl id
| list_of_id_args ’,’ type_of_dcl ’&’ id ;

list_of_id1: id
| list_of_id1 ’,’ id ;

id: ID | FESPACE ;

list_of_dcls: ID
| ID ’=’ no_comma_expr
| ID ’(’ parameters_list ’)’
| list_of_dcls ’,’ list_of_dcls ;

parameters_list:
no_set_expr

| FESPACE ID
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| ID ’=’ no_set_expr
| parameters_list ’,’ no_set_expr
| parameters_list ’,’ id ’=’ no_set_expr ;

type_of_dcl: TYPE
| TYPE ’[’ TYPE ’]’ ;

ID_space:
ID

| ID ’[’ no_set_expr ’]’
| ID ’=’ no_set_expr
| ’[’ list_of_id1 ’]’
| ’[’ list_of_id1 ’]’ ’[’ no_set_expr ’]’
| ’[’ list_of_id1 ’]’ ’=’ no_set_expr ;

ID_array_space:
ID ’(’ no_set_expr ’)’

| ’[’ list_of_id1 ’]’ ’(’ no_set_expr ’)’ ;

fespace: FESPACE ;

spaceIDa : ID_array_space
| spaceIDa ’,’ ID_array_space ;

spaceIDb : ID_space
| spaceIDb ’,’ ID_space ;

spaceIDs : fespace spaceIDb
| fespace ’[’ TYPE ’]’ spaceIDa ;

fespace_def: ID ’(’ parameters_list ’)’ ;

fespace_def_list: fespace_def
| fespace_def_list ’,’ fespace_def ;

declaration: type_of_dcl list_of_dcls ’;’
| ’fespace’ fespace_def_list ’;’
| spaceIDs ’;’
| FUNCTION ID ’=’ Expr ’;’
| FUNCTION type_of_dcl ID ’(’ list_of_id_args ’)’ ’{’ instructions’}’
| FUNCTION ID ’(’ list_of_id_args ’)’ ’=’ no_comma_expr ’;’ ;

begin: ’{’ ;
end: ’}’ ;

for_loop: ’for’ ;
while_loop: ’while’ ;

instruction: ’;’
| ’include’ STRING
| ’load’ STRING
| Expr ’;’
| declaration
| for_loop ’(’ Expr ’;’ Expr ’;’ Expr ’)’ instruction
| while_loop ’(’ Expr ’)’ instruction
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| ’if’ ’(’ Expr ’)’ instruction
| ’if’ ’(’ Expr ’)’ instruction ELSE instruction
| begin instructions end
| ’border’ ID border_expr
| ’border’ ID ’[’ array ’]’ ’;’
| ’break’ ’;’
| ’continue’ ’;’
| ’return’ Expr ’;’ ;

bornes: ’(’ ID ’=’ Expr ’,’ Expr ’)’ ;

border_expr: bornes instruction ;

Expr: no_comma_expr
| Expr ’,’ Expr ;

unop: ’-’
| ’+’
| ’!’
| ’++’
| ’--’ ;

no_comma_expr:
no_set_expr

| no_set_expr ’=’ no_comma_expr
| no_set_expr ’+=’ no_comma_expr
| no_set_expr ’-=’ no_comma_expr
| no_set_expr ’*=’ no_comma_expr
| no_set_expr ’/=’ no_comma_expr
| no_set_expr ’.*=’ no_comma_expr
| no_set_expr ’./=’ no_comma_expr ;

no_set_expr:
no_ternary_expr

| no_ternary_expr ’?’ no_set_expr ’:’ no_set_expr ;

no_ternary_expr:
unary_expr

| no_ternary_expr ’*’ no_ternary_expr
| no_ternary_expr ’.*’ no_ternary_expr
| no_ternary_expr ’./’ no_ternary_expr
| no_ternary_expr ’/’ no_ternary_expr
| no_ternary_expr ’%’ no_ternary_expr
| no_ternary_expr ’+’ no_ternary_expr
| no_ternary_expr ’-’ no_ternary_expr
| no_ternary_expr ’<<’ no_ternary_expr
| no_ternary_expr ’>>’ no_ternary_expr
| no_ternary_expr ’&’ no_ternary_expr
| no_ternary_expr ’&&’ no_ternary_expr
| no_ternary_expr ’|’ no_ternary_expr
| no_ternary_expr ’||’ no_ternary_expr
| no_ternary_expr ’<’ no_ternary_expr
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| no_ternary_expr ’<=’ no_ternary_expr

| no_ternary_expr ’>’ no_ternary_expr

| no_ternary_expr ’>=’ no_ternary_expr

| no_ternary_expr ’==’ no_ternary_expr

| no_ternary_expr ’!=’ no_ternary_expr ;

sub_script_expr:

no_set_expr

| ’:’

| no_set_expr ’:’ no_set_expr

| no_set_expr ’:’ no_set_expr ’:’ no_set_expr ;

parameters:

| no_set_expr

| FESPACE
| id ’=’ no_set_expr

| sub_script_expr

| parameters ’,’ FESPACE
| parameters ’,’ no_set_expr

| parameters ’,’ id ’=’ no_set_expr ;

array: no_comma_expr

| array ’,’ no_comma_expr ;

unary_expr:

pow_expr

| unop pow_expr %prec UNARY ;

pow_expr: primary

| primary ’ˆ’ unary_expr

| primary ’_’ unary_expr

| primary ’’́ ; // transpose

primary:

ID
| LNUM
| DNUM
| CNUM
| STRING
| primary ’(’ parameters ’)’

| primary ’[’ Expr ’]’

| primary ’[’ ’]’

| primary ’.’ ID

| primary ’++’

| primary ’--’

| TYPE ’(’ Expr ’)’ ;

| ’(’ Expr ’)’

| ’[’ array ’]’ ;
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B.2 The Types of the languages, and cast

B.3 All the operators

- CG, type :<TypeSolveMat>
- Cholesky, type :<TypeSolveMat>
- Crout, type :<TypeSolveMat>
- GMRES, type :<TypeSolveMat>
- LU, type :<TypeSolveMat>
- LinearCG, type :<Polymorphic> operator() :
( <long> : <Polymorphic>, <KN<double> *>, <KN<double> *> )

- N, type :<Fem2D::R3>
- NoUseOfWait, type :<bool *>
- P, type :<Fem2D::R3>
- P0, type :<Fem2D::TypeOfFE>
- P1, type :<Fem2D::TypeOfFE>
- P1nc, type :<Fem2D::TypeOfFE>
- P2, type :<Fem2D::TypeOfFE>
- RT0, type :<Fem2D::TypeOfFE>
- RTmodif, type :<Fem2D::TypeOfFE>
- abs, type :<Polymorphic> operator() :
( <double> : <double> )

- acos, type :<Polymorphic> operator() :
( <double> : <double> )

- acosh, type :<Polymorphic> operator() :
( <double> : <double> )

- adaptmesh, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <Fem2D::Mesh>... )

- append, type :<std::ios_base::openmode>
- asin, type :<Polymorphic> operator() :
( <double> : <double> )

- asinh, type :<Polymorphic> operator() :
( <double> : <double> )

- atan, type :<Polymorphic> operator() :
( <double> : <double> )
( <double> : <double>, <double> )

- atan2, type :<Polymorphic> operator() :
( <double> : <double>, <double> )

- atanh, type :<Polymorphic> operator() :
( <double> : <double> )
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- buildmesh, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <E_BorderN> )

- buildmeshborder, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <E_BorderN> )

- cin, type :<istream>
- clock, type :<Polymorphic>
( <double> : )

- conj, type :<Polymorphic> operator() :
( <complex> : <complex> )

- convect, type :<Polymorphic> operator() :
( <double> : <E_Array>, <double>, <double> )

- cos, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- cosh, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- cout, type :<ostream>
- dumptable, type :<Polymorphic> operator() :
( <ostream> : <ostream> )

- dx, type :<Polymorphic> operator() :
( <LinearComb<MDroit, C_F0>> : <LinearComb<MDroit, C_F0>> )
( <double> : <std::pair<FEbase<double> *, int>> )
( <LinearComb<MGauche, C_F0>> : <LinearComb<MGauche, C_F0>> )

- dy, type :<Polymorphic> operator() :
( <LinearComb<MDroit, C_F0>> : <LinearComb<MDroit, C_F0>> )
( <double> : <std::pair<FEbase<double> *, int>> )
( <LinearComb<MGauche, C_F0>> : <LinearComb<MGauche, C_F0>> )

- endl, type :<char>
- exec, type :<Polymorphic> operator() :
( <long> : <string> )

- exit, type :<Polymorphic> operator() :
( <long> : <long> )

- exp, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )
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- false, type :<bool>
- imag, type :<Polymorphic> operator() :
( <double> : <complex> )

- int1d, type :<Polymorphic> operator() :
( <CDomainOfIntegration> : <Fem2D::Mesh>... )

- int2d, type :<Polymorphic> operator() :
( <CDomainOfIntegration> : <Fem2D::Mesh>... )

- intalledges, type :<Polymorphic>
operator( :
( <CDomainOfIntegration> : <Fem2D::Mesh>... )

- jump, type :<Polymorphic>
operator( :
( <LinearComb<MDroit, C_F0>> : <LinearComb<MDroit, C_F0>> )
( <double> : <double> )
( <complex > : <complex > )
( <LinearComb<MGauche, C_F0>> : <LinearComb<MGauche, C_F0>> )

- label, type :<long *>
- log, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- log10, type :<Polymorphic> operator() :
( <double> : <double> )

- max, type :<Polymorphic> operator() :
( <double> : <double>, <double> )
( <long> : <long>, <long> )

- mean, type :<Polymorphic>
operator( :
( <double> : <double> )
( <complex> : <complex> )

- min, type :<Polymorphic> operator() :
( <double> : <double>, <double> )
( <long> : <long>, <long> )

- movemesh, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <Fem2D::Mesh>, <E_Array>... )

- norm, type :<Polymorphic>
operator( :
( <double> : <std::complex<double>> )

- nuTriangle, type :<long>
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- nuEdge, type :<long>
- on, type :<Polymorphic> operator() :
( <BC_set<double>> : <long>... )

- otherside, type :<Polymorphic>
operator( :
( <LinearComb<MDroit, C_F0>> : <LinearComb<MDroit, C_F0>> )
( <LinearComb<MGauche, C_F0>> : <LinearComb<MGauche, C_F0>> )

- pi, type :<double>
- plot, type :<Polymorphic> operator() :
( <long> : ... )

- pow, type :<Polymorphic> operator() :
( <double> : <double>, <double> )
( <complex> : <complex>, <complex> )

- qf1pE, type :<Fem2D::QuadratureFormular1d>
- qf1pT, type :<Fem2D::QuadratureFormular>
- qf1pTlump, type :<Fem2D::QuadratureFormular>
- qf2pE, type :<Fem2D::QuadratureFormular1d>
- qf2pT, type :<Fem2D::QuadratureFormular>
- qf2pT4P1, type :<Fem2D::QuadratureFormular>
- qf3pE, type :<Fem2D::QuadratureFormular1d>
- qf5pT, type :<Fem2D::QuadratureFormular>

- readmesh, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <string> )

- real, type :<Polymorphic> operator() :
( <double> : <complex> )

- region, type :<long *>
- savemesh, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <Fem2D::Mesh>, <string>... )

- sin, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- sinh, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- sqrt, type :<Polymorphic> operator() :
( <double> : <double> )
( <complex> : <complex> )

- square, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <long>, <long> )
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( <Fem2D::Mesh> : <long>, <long>, <E_Array> )

- tan, type :<Polymorphic> operator() :
( <double> : <double> )

- true, type :<bool>
- trunc, type :<Polymorphic> operator() :
( <Fem2D::Mesh> : <Fem2D::Mesh>, <bool> )

- verbosity, type :<long *>
- wait, type :<bool *>
- x, type :<double *>
- y, type :<double *>
- z, type :<double *>
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Dynamical link

Now, it’s possible to add built-in functionnalites in FreeFem++ under the three environnents
Linux, Windows and MacOS X 10.3 or newer. It is agood idea to, first try the example
load.edp in directory example++-load.
You will need to install a c++ compiler (generally g++/gcc compiler) to compile your
function.

Windows Install the cygwin environnent or the mingw

MacOs Install the developer tools xcode on the apple DVD

Linux/Unix Install the correct compiler (gcc for instance)

Now, assume that you are in a shell window (a cygwin window under Windows) in the
directory example++-load. Remark that in the sub directory include they are all the
FreeFem++ include file to make the link with FreeFem++.

Note C.1 If you try to load dynamically a file with command load "xxx"

� Under unix (Linux or MacOs), the file xxx.so twill be loaded so it must be either in the
search directory of routine dlopen (see the environment variable $LD_LIBRARY_PATH
or in the current directory, and the suffix ".so" or the prefix "./" is automatically
added.

� Under Windows, The file xxx.dll will be loaded so it must be in the loadLibary
search directory which includes the directory of the application,

The compilation of your module: the script ff-c++ compiles and makes the link with
FreeFem++, but be careful, the script has no way to known if you try to compile for a
pure Windows environment or for a cygwin environment so to build the load module under
cygwin you must add the -cygwin parameter.

C.1 A first example myfunction.cpp

The following defines a new function call myfunction with no parameter, but using the
x, y current value.
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#include <iostream>
#include <cfloat>
using namespace std;
#include "error.hpp"
#include "AFunction.hpp"
#include "rgraph.hpp"
#include "RNM.hpp"
#include "fem.hpp"
#include "FESpace.hpp"
#include "MeshPoint.hpp"

using namespace Fem2D;
double myfunction(Stack stack)
{

// to get FreeFem++ data
MeshPoint &mp= *MeshPointStack(stack); // the struct to get x,y, normal ,

value
double x= mp.P.x; // get the current x value
double y= mp.P.y; // get the current y value

// cout << "x = " << x << " y=" << y << endl;
return sin(x)*cos(y);

}

Now the Problem is to build the link with FreeFem++, to do that we need two classes, one
to call the function myfunction
All FreeFem++ evaluable expression must be a struct/class C++ which derive from E F0.
By default this expression does not depend of the mesh position, but if they derive from
E F0mps the expression depends of the mesh position, and for more details see [12].

// A class build the link with FreeFem++
// generaly this class are already in AFunction.hpp

// but unfortunatly, I have no simple function with no parameter
// in FreeFem++ depending of the mesh,

template<class R>
class OneOperator0s : public OneOperator {

// the class to defined a evaluated a new function
// It must devive from E F0 if it is mesh independent

// or from E F0mps if it is mesh dependent
class E_F0_F :public E_F0mps { public:

typedef R (*func)(Stack stack) ;
func f; // the pointeur to the fnction myfunction
E_F0_F(func ff) : f(ff) {}

// the operator evaluation in FreeFem++
AnyType operator()(Stack stack) const {return SetAny<R>( f(stack)) ;}

};

typedef R (*func)(Stack ) ;
func f;

public:
// the function which build the FreeFem++ byte code

E_F0 * code(const basicAC_F0 & ) const { return new E_F0_F(f);}
// the constructor to say ff is a function without parameter
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// and returning a R

OneOperator0s(func ff): OneOperator(map_type[typeid(R).name()]),f(ff){}

};

To finish we must add this new function in FreeFem++ table , to do that include :

void init(){

Global.Add("myfunction","(",new OneOperator0s<double>(myfunction));

}

LOADFUNC(init);

It will be called automatically at load module time.

To compile and link, use the ff-c++ script :

% ff-c++ myfunction.cpp

g++ -c -g -Iinclude myfunction.cpp

g++ -bundle -undefined dynamic_lookup -g myfunction.o -o ./myfunction.dylib

To, try the simple example under Linux or MacOS, do

% FreeFem++-nw load.edp

-- FreeFem++ v 1.4800028 (date Tue Oct 4 11:56:46 CEST 2005)

file : load.edp

Load: lg_fem lg_mesh eigenvalue UMFPACK

1 : // Example of dynamic function load

2 : // --------------------------------

3 : // Id : freefem+ +doc.tex, v1.1102010/06/0411 : 27 : 24hechtExp

4 :

5 : load "myfunction"

load: myfunction

load: dlopen(./myfunction) = 0xb01cc0

6 : mesh Th=square(5,5);

7 : fespace Vh(Th,P1);

8 : Vh uh=myfunction(); // warning do not forget ()

9 : cout << uh[].min << " " << uh[].max << endl;

10 : sizestack + 1024 =1240 ( 216 )

-- square mesh : nb vertices =36 , nb triangles = 50 , nb boundary edges 20

Nb of edges on Mortars = 0

Nb of edges on Boundary = 20, neb = 20

Nb Of Nodes = 36

Nb of DF = 36

0 0.841471

times: compile 0.05s, execution -3.46945e-18s

CodeAlloc : nb ptr 1394, size :71524

Bien: On a fini Normalement

Under Windows, launch FreeFem++ with the mouse (or ctrl O) on the example.
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C.2 Example: Discrete Fast Fourier Transform

This will add FFT to FreeFem++, taken from http://www.fftw.org/. To download
and install under download/include just go in download/fftw and trymake.

The 1D dfft (fast discret fourier transform) for a simple array f of size n is defined by the
following formula

dfft(f, ε)k =
n−1∑
j=0

fie
ε2πikj/n

The 2D DFFT for an array of size N = n×m is

dfft(f,m, ε)k+nl =
m−1∑
j′=0

n−1∑
j=0

fi+nje
ε2πi(kj/n+lj′/m)

Remark: the value n is given by size(f)/m, and the numbering is row-major order.
So the classical discrete DFFT is f̂ = dfft(f,−1)/

√
n and the reverse dFFT f = dfft(f̂ , 1)/

√
n

Remark: the 2D Laplace operator is

f(x, y) = 1/
√
N

m−1∑
j′=0

n−1∑
j=0

f̂i+nje
ε2πi(xj+yj′)

and we have
fk+nl = f(k/n, l/m)

So
∆̂fkl = −((2π)2((k̃)2 + (l̃)2))f̂kl

where k̃ = k if k ≤ n/2 else k̃ = k − n and l̃ = l if l ≤ m/2 else l̃ = l −m.
And to have a real function we need all modes to be symmetric around zero, so n and m
must be odd.

Compile to build a new library

% ff-c++ dfft.cpp ../download/install/lib/libfftw3.a -I../download/install/include
export MACOSX_DEPLOYMENT_TARGET=10.3
g++ -c -Iinclude -I../download/install/include dfft.cpp
g++ -bundle -undefined dynamic_lookup dfft.o -o ./dfft.dylib ../download/install/lib/libfftw3.a

To test ,

-- FreeFem++ v 1.4800028 (date Mon Oct 10 16:53:28 EEST 2005)
file : dfft.edp
Load: lg_fem cadna lg_mesh eigenvalue UMFPACK

1 : // Example of dynamic function load
2 : // --------------------------------
3 : // Id : freefem+ +doc.tex, v1.1102010/06/0411 : 27 : 24hechtExp
4 : // Discret Fast Fourier Transform
5 : // -------------------------------
6 : load "dfft" lood: init dfft

load: dlopen(dfft.dylib) = 0x2b0c700

http://www.fftw.org/
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7 :
8 : int nx=32,ny=16,N=nx*ny;
9 : // warning the Fourier space is not exactly the unite square due to

periodic conditions
10 : mesh Th=square(nx-1,ny-1,[(nx-1)*x/nx,(ny-1)*y/ny]);
11 : // warring the numbering is of the vertices (x,y) is
12 : // given by i = x/nx+ nx ∗ y/ny
13 :
14 : fespace Vh(Th,P1);
15 :
16 : func f1 = cos(2*x*2*pi)*cos(3*y*2*pi);
17 : Vh<complex> u=f1,v;
18 : Vh w=f1;
19 :
20 :
21 : Vh ur,ui;
22 : // in dfft the matrix n,m is in row-major order ann array n,m is
23 : // store j + m* i ( the transpose of the square numbering )
24 : v[]=dfft(u[],ny,-1);
25 : u[]=dfft(v[],ny,+1);
26 : u[] /= complex(N);
27 : v = f1-u;
28 : cout << " diff = "<< v[].max << " " << v[].min << endl;
29 : assert( norm(v[].max) < 1e-10 && norm(v[].min) < 1e-10) ;
30 : // ------- a more hard example ----
31 : // Lapacien en FFT
32 : // −∆u = f with biperiodic condition
33 : func f = cos(3*2*pi*x)*cos(2*2*pi*y); //
34 : func ue = +(1./(square(2*pi)*13.))*cos(3*2*pi*x)*cos(2*2*pi*y); //

35 : Vh<complex> ff = f;
36 : Vh<complex> fhat;
37 : fhat[] = dfft(ff[],ny,-1);
38 :
39 : Vh<complex> wij;
40 : // warning in fact we take mode between -nx/2, nx/2 and -ny/2,ny/2
41 : // thank to the operator ?:
42 : wij = square(2.*pi)*(square(( x<0.5?x*nx:(x-1)*nx))

+ square((y<0.5?y*ny:(y-1)*ny)));
43 : wij[][0] = 1e-5; // to remove div / 0
44 : fhat[] = fhat[]./ wij[]; //
45 : u[]=dfft(fhat[],ny,1);
46 : u[] /= complex(N);
47 : ur = real(u); // the solution
48 : w = real(ue); // the exact solution
49 : plot(w,ur,value=1 ,cmm=" ue ", wait=1);
50 : w[] -= ur[]; // array sub
51 : real err= abs(w[].max)+abs(w[].min) ;
52 : cout << " err = " << err << endl;
53 : assert( err < 1e-6);
54 : sizestack + 1024 =3544 ( 2520 )

----------CheckPtr:-----init execution ------ NbUndelPtr 2815 Alloc: 111320 NbPtr
6368
-- square mesh : nb vertices =512 , nb triangles = 930 , nb boundary edges 92
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Nb of edges on Mortars = 0
Nb of edges on Boundary = 92, neb = 92

Nb Of Nodes = 512
Nb of DF = 512

0x2d383d8 -1 16 512 n: 16 m:32
dfft 0x402bc08 = 0x4028208 n = 16 32 sign = -1
--- --- ---0x2d3ae08 1 16 512 n: 16 m:32
dfft 0x4028208 = 0x402bc08 n = 16 32 sign = 1
--- --- --- diff = (8.88178e-16,3.5651e-16) (-6.66134e-16,-3.38216e-16)

0x2d3cfb8 -1 16 512 n: 16 m:32
dfft 0x402de08 = 0x402bc08 n = 16 32 sign = -1
--- --- ---0x2d37ff8 1 16 512 n: 16 m:32
dfft 0x4028208 = 0x402de08 n = 16 32 sign = 1
--- --- --- err = 3.6104e-12

times: compile 0.13s, execution 2.05s
----------CheckPtr:-----end execution -- ------ NbUndelPtr 2815 Alloc: 111320
NbPtr 26950
CodeAlloc : nb ptr 1693, size :76084

Bien: On a fini Normalement
CheckPtr:Nb of undelete pointer is 2748 last 114
CheckPtr:Max Memory used 228.531 kbytes Memory undelete 105020

C.3 Load Module for Dervieux’ P0-P1 Finite Volume Method

the associed edp file is examples++-load/convect dervieux.edp

// Implementation of P1-P0 FVM-FEM
// ---------------------------------------------------------------------

// Id : freefem+ +doc.tex, v1.1102010/06/0411 : 27 : 24hechtExp
// compile and link with ff-c++ mat dervieux.cpp (i.e. the file name

without .cpp)
#include <iostream>
#include <cfloat>
#include <cmath>
using namespace std;
#include "error.hpp"
#include "AFunction.hpp"
#include "rgraph.hpp"
#include "RNM.hpp"

// remove problem of include
#undef HAVE_LIBUMFPACK
#undef HAVE_CADNA
#include "MatriceCreuse_tpl.hpp"
#include "MeshPoint.hpp"
#include "lgfem.hpp"
#include "lgsolver.hpp"
#include "problem.hpp"

class MatrixUpWind0 : public E_F0mps { public:
typedef Matrice_Creuse<R> * Result;
Expression emat,expTh,expc,expu1,expu2;
MatrixUpWind0(const basicAC_F0 & args)
{
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args.SetNameParam();
emat =args[0]; // the matrix expression
expTh= to<pmesh>(args[1]); // a the expression to get the mesh
expc = CastTo<double>(args[2]); // the expression to get c (must be a

double)
// a array expression [ a, b]

const E_Array * a= dynamic_cast<const E_Array*>((Expression) args[3]);
if (a->size() != 2) CompileError("syntax: MatrixUpWind0(Th,rhi,[u1,u2])");
int err =0;
expu1= CastTo<double>((*a)[0]); // fist exp of the array (must be a

double)
expu2= CastTo<double>((*a)[1]); // second exp of the array (must be a

double)
}

˜MatrixUpWind0(){
}

static ArrayOfaType typeargs()
{ return ArrayOfaType(atype<Matrice_Creuse<R>*>(),

atype<pmesh>(),atype<double>(),atype<E_Array>());}
static E_F0 * f(const basicAC_F0 & args){ return new MatrixUpWind0(args);}

AnyType operator()(Stack s) const ;

};

int fvmP1P0(double q[3][2], double u[2],double c[3], double a[3][3], double where[3]
)
{ // computes matrix a on a triangle for the
Dervieux FVM

for(int i=0;i<3;i++) for(int j=0;j<3;j++) a[i][j]=0;

for(int i=0;i<3;i++){
int ip = (i+1)%3, ipp =(ip+1)%3;
double unL =-((q[ip][1]+q[i][1]-2*q[ipp][1])*u[0]

-(q[ip][0]+q[i][0]-2*q[ipp][0])*u[1])/6;
if(unL>0) { a[i][i] += unL; a[ip][i]-=unL;}

else{ a[i][ip] += unL; a[ip][ip]-=unL;}
if(where[i]&&where[ip]){ // this is a boundary edge

unL=((q[ip][1]-q[i][1])*u[0] -(q[ip][0]-q[i][0])*u[1])/2;
if(unL>0) { a[i][i]+=unL; a[ip][ip]+=unL;}

}
}

return 1;
}

// the evaluation routine
AnyType MatrixUpWind0::operator()(Stack stack) const
{

Matrice_Creuse<R> * sparse_mat =GetAny<Matrice_Creuse<R>* >((*emat)(stack));
MatriceMorse<R> * amorse =0;
MeshPoint *mp(MeshPointStack(stack)) , mps=*mp;
Mesh * pTh = GetAny<pmesh>((*expTh)(stack));
ffassert(pTh);
Mesh & Th (*pTh);
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{
map< pair<int,int>, R> Aij;
KN<double> cc(Th.nv);
double infini=DBL_MAX;
cc=infini;
for (int it=0;it<Th.nt;it++)

for (int iv=0;iv<3;iv++)
{

int i=Th(it,iv);
if ( cc[i]==infini) { // if nuset the set
mp->setP(&Th,it,iv);
cc[i]=GetAny<double>((*expc)(stack));

}
}

for (int k=0;k<Th.nt;k++)
{

const Triangle & K(Th[k]);
const Vertex & A(K[0]), &B(K[1]),&C(K[2]);
R2 Pt(1./3.,1./3.);
R u[2];
MeshPointStack(stack)->set(Th,K(Pt),Pt,K,K.lab);
u[0] = GetAny< R>( (*expu1)(stack) ) ;
u[1] = GetAny< R>( (*expu2)(stack) ) ;

int ii[3] ={ Th(A), Th(B),Th(C)};
double q[3][2]= { { A.x,A.y} ,{B.x,B.y},{C.x,C.y} } ; // coordinates

of 3 vertices (input)
double c[3]={cc[ii[0]],cc[ii[1]],cc[ii[2]]};
double a[3][3], where[3]={A.lab,B.lab,C.lab};
if (fvmP1P0(q,u,c,a,where) )

{
for (int i=0;i<3;i++)
for (int j=0;j<3;j++)

if (fabs(a[i][j]) >= 1e-30)
{ Aij[make_pair(ii[i],ii[j])]+=a[i][j];

}
}
}

amorse= new MatriceMorse<R>(Th.nv,Th.nv,Aij,false);
}
sparse_mat->pUh=0;
sparse_mat->pVh=0;
sparse_mat->A.master(amorse);
sparse_mat->typemat=(amorse->n == amorse->m) ? TypeSolveMat(TypeSolveMat::GMRES)

: TypeSolveMat(TypeSolveMat::NONESQUARE); // none square matrice (morse)

*mp=mps;

if(verbosity>3) { cout << " End Build MatrixUpWind : " << endl;}

return sparse_mat;
}

void init()
{

cout << " lood: init Mat Chacon " << endl;
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Global.Add("MatUpWind0","(", new OneOperatorCode<MatrixUpWind0 >( ));
}

LOADFUNC(init);

C.4 More on Adding a new finite element

First read the section 13 of the appendix, we add two new finite elements examples in the
directory examples++-load.

The Bernardi-Raugel Element The Bernardi-Raugel finite element is meant to solve the
Navier Stokes equations in u, p formulation; the velocity space P br

K is minimal to prove the
inf-sup condition with piecewise constant pressure by triangle.
The finite element space Vh is

Vh = {u ∈ H1(Ω)2; ∀K ∈ Th, u|K ∈ P br
K }

where
P br
K = span{λKi ek}i=1,2,3,k=1,2 ∪ {λKi λKi+1n

K
i+2}i=1,2,3

with notation 4 = 1, 5 = 2 and where λKi are the barycentric coordinates of the triangle K,
(ek)k=1,2 the canonical basis of R2 and nKk the outer normal of triangle K opposite to vertex
k.

// The P2BR finite element : the Bernadi Raugel Finite Element
// F. Hecht, decembre 2005
// -------------
// See Bernardi, C., Raugel, G.: Analysis of some finite elements for the

Stokes problem. Math. Comp. 44, 71-79 (1985).
// It is a 2d coupled FE
// the Polynomial space is P12 + 3 normals bubbles edges function (P2)

// the degree of freedom is 6 values at of the 2 componants at the 3
vertices
// and the 3 flux on the 3 edges
// So 9 degrees of freedom and N= 2.

// ----------------------- related files:
// to check and validate : testFE.edp
// to get a real example : NSP2BRP0.edp
// ------------------------------------------------------------

// -----------------------
#include "error.hpp"
#include "AFunction.hpp"
#include "rgraph.hpp"
using namespace std;
#include "RNM.hpp"
#include "fem.hpp"
#include "FESpace.hpp"
#include "AddNewFE.h"



342 1CÙ Dynamical link

namespace Fem2D {

class TypeOfFE_P2BRLagrange : public TypeOfFE { public:
static int Data[];

TypeOfFE_P2BRLagrange(): TypeOfFE(6+3+0,
2,
Data,
4,
1,
6+3*(2+2), // nb coef to build interpolation
9, // np point to build interpolation
0)

{
.... // to long see the source

}
void FB(const bool * whatd, const Mesh & Th,const Triangle & K,const R2 &P,

RNMK_ & val) const;
void TypeOfFE_P2BRLagrange::Pi_h_alpha(const baseFElement & K,KN_<double> &

v) const;
} ;

// on what nu df on node node of df
int TypeOfFE_P2BRLagrange::Data[]={

0,0, 1,1, 2,2, 3,4,5,
0,1, 0,1, 0,1, 0,0,0,
0,0, 1,1, 2,2, 3,4,5,
0,0, 0,0, 0,0, 0,0,0,
0,1, 2,3, 4,5, 6,7,8,
0,0

};

void TypeOfFE_P2BRLagrange::Pi_h_alpha(const baseFElement & K,KN_<double> & v) const
{

const Triangle & T(K.T);
int k=0;

// coef pour les 3 sommets fois le 2 composantes
for (int i=0;i<6;i++)

v[k++]=1;
// integration sur les aretes

for (int i=0;i<3;i++)
{

R2 N(T.Edge(i).perp());
N *= T.EdgeOrientation(i)*0.5 ;

v[k++]= N.x;
v[k++]= N.y;
v[k++]= N.x;
v[k++]= N.y;

}
}

void TypeOfFE_P2BRLagrange::FB(const bool * whatd,const Mesh & ,const Triangle
& K,const R2 & P,RNMK_ & val) const

{
.... // to long see the source
}
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// ---- cooking to add the finite elemet to freefem table --------
// a static variable to def the finite element

static TypeOfFE_P2BRLagrange P2LagrangeP2BR;
// now adding FE in FreeFEm++ table

static AddNewFE P2BR("P2BR",&P2LagrangeP2BR);
// --- end cooking

} // end FEM2d namespace

A way to check the finite element

load "BernadiRaugel"
// a macro the compute numerical derivative

macro DD(f,hx,hy) ( (f(x1+hx,y1+hy)-f(x1-hx,y1-hy))/(2*(hx+hy))) //
mesh Th=square(1,1,[10*(x+y/3),10*(y-x/3)]);

real x1=0.7,y1=0.9, h=1e-7;
int it1=Th(x1,y1).nuTriangle;

fespace Vh(Th,P2BR);

Vh [a1,a2],[b1,b2],[c1,c2];

for (int i=0;i<Vh.ndofK;++i)
cout << i << " " << Vh(0,i) << endl;
for (int i=0;i<Vh.ndofK;++i)
{

a1[]=0;
int j=Vh(it1,i);
a1[][j]=1; // a bascis functions
plot([a1,a2], wait=1);

[b1,b2]=[a1,a2]; // do the interpolation

c1[] = a1[] - b1[];

cout << " ---------" << i << " " << c1[].max << " " << c1[].min << endl;
cout << " a = " << a1[] <<endl;
cout << " b = " << b1[] <<endl;
assert(c1[].max < 1e-9 && c1[].min > -1e-9); // check if the

interpolation is correct

// check the derivative and numerical derivative

cout << " dx(a1)(x1,y1) = " << dx(a1)(x1,y1) << " == " << DD(a1,h,0) << endl;
assert( abs(dx(a1)(x1,y1)-DD(a1,h,0) ) < 1e-5);
assert( abs(dx(a2)(x1,y1)-DD(a2,h,0) ) < 1e-5);
assert( abs(dy(a1)(x1,y1)-DD(a1,0,h) ) < 1e-5);
assert( abs(dy(a2)(x1,y1)-DD(a2,0,h) ) < 1e-5);

}
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A real example using this finite element, just a small modification of the NSP2P1.edp
examples, just the begenning is change to

load "BernadiRaugel"

real s0=clock();
mesh Th=square(10,10);
fespace Vh2(Th,P2BR);
fespace Vh(Th,P0);
Vh2 [u1,u2],[up1,up2];
Vh2 [v1,v2];

And the plot instruction is also changed because the pressure is constant, and we cannot
plot isovalues of peacewise constant functions.

The Morley Element See the example bilapMorley.edp.

C.5 Add a new sparse solver

Warning the sparse solver interface as been completely rewritten in version 3.2 , so the
section is obsolete, the example in are correct/
Only a fast sketch of the code is given here; for details see the .cpp code from SuperLU.cpp
or NewSolve.cpp.
First the include files:

#include <iostream>
using namespace std;

#include "rgraph.hpp"
#include "error.hpp"
#include "AFunction.hpp"

// #include "lex.hpp"
#include "MatriceCreuse_tpl.hpp"
#include "slu_ddefs.h"
#include "slu_zdefs.h"

A small template driver to unified the double and Complex version.

template <class R> struct SuperLUDriver
{

};

template <> struct SuperLUDriver<double>
{

.... double version
};

template <> struct SuperLUDriver<Complex>
{
.... Complex version
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};

To get Matrix value, we have just to remark that the Morse Matrice the storage, is the
SLU NR format is the compressed row storage, this is the transpose of the compressed column
storage.
So if AA is a MatriceMorse you have with SuperLU notation.

n=AA.n;
m=AA.m;
nnz=AA.nbcoef;
a=AA.a;
asub=AA.cl;
xa=AA.lg;
options.Trans = TRANS;

Dtype_t R_SLU = SuperLUDriver<R>::R_SLU_T();
Create_CompCol_Matrix(&A, m, n, nnz, a, asub, xa, SLU_NC, R_SLU, SLU_GE);

To get vector infomation, to solver the linear solver x = A−1b

void Solver(const MatriceMorse<R> &AA,KN_<R> &x,const KN_<R> &b) const
{
....

Create_Dense_Matrix(&B, m, 1, b, m, SLU_DN, R_SLU, SLU_GE);
Create_Dense_Matrix(&X, m, 1, x, m, SLU_DN, R_SLU, SLU_GE);

....
}

The two BuildSolverSuperLU function, to change the default sparse solver variable
DefSparseSolver<double>::solver

MatriceMorse<double>::VirtualSolver *
BuildSolverSuperLU(DCL_ARG_SPARSE_SOLVER(double,A))
{

if(verbosity>9)
cout << " BuildSolverSuperLU<double>" << endl;
return new SolveSuperLU<double>(*A,ds.strategy,ds.tgv,ds.epsilon,ds.tol_pivot,ds.tol_pivot_sym,ds.sparams,ds.perm_r,ds.perm_c);

}

MatriceMorse<Complex>::VirtualSolver *
BuildSolverSuperLU(DCL_ARG_SPARSE_SOLVER(Complex,A))
{

if(verbosity>9)
cout << " BuildSolverSuperLU<Complex>" << endl;

return new SolveSuperLU<Complex>(*A,ds.strategy,ds.tgv,ds.epsilon,ds.tol_pivot,ds.tol_pivot_sym,ds.sparams,ds.perm_r,ds.perm_c);
}

The link to FreeFem++

class Init { public:
Init();

};
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To set the 2 default sparse solver double and complex:

DefSparseSolver<double>::SparseMatSolver SparseMatSolver_R ; ;
DefSparseSolver<Complex>::SparseMatSolver SparseMatSolver_C;

To save the default solver type

TypeSolveMat::TSolveMat TypeSolveMatdefaultvalue=TypeSolveMat::defaultvalue;

To reset to the default solver, call this function:

bool SetDefault()
{

if(verbosity>1)
cout << " SetDefault sparse to default" << endl;

DefSparseSolver<double>::solver =SparseMatSolver_R;
DefSparseSolver<Complex>::solver =SparseMatSolver_C;
TypeSolveMat::defaultvalue =TypeSolveMat::SparseSolver;

}

To set the default solver to superLU, call this function:

bool SetSuperLU()
{

if(verbosity>1)
cout << " SetDefault sparse solver to SuperLU" << endl;

DefSparseSolver<double>::solver =BuildSolverSuperLU;
DefSparseSolver<Complex>::solver =BuildSolverSuperLU;
TypeSolveMat::defaultvalue =TypeSolveMatdefaultvalue;

}

To add new function/name defaultsolver,defaulttoSuperLUin freefem++, and
set the default solver to the new solver., just do:

void init()
{

SparseMatSolver_R= DefSparseSolver<double>::solver;
SparseMatSolver_C= DefSparseSolver<Complex>::solver;

if(verbosity>1)
cout << "\n Add: SuperLU, defaultsolver defaultsolverSuperLU" << endl;

TypeSolveMat::defaultvalue=TypeSolveMat::SparseSolver;
DefSparseSolver<double>::solver =BuildSolverSuperLU;
DefSparseSolver<Complex>::solver =BuildSolverSuperLU;

// test if the name "defaultsolver" exist in freefem++
if(! Global.Find("defaultsolver").NotNull() )

Global.Add("defaultsolver","(",new OneOperator0<bool>(SetDefault));
Global.Add("defaulttoSuperLU","(",new OneOperator0<bool>(SetSuperLU));

}

LOADFUNC(init);
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To compile superlu.cpp, just do:

1. download the SuperLu 3.0 package and do

curl http://crd.lbl.gov/˜xiaoye/SuperLU/superlu_3.0.tar.gz -o superlu_3.0.tar.gz
tar xvfz superlu_3.0.tar.gz
go SuperLU_3.0 directory
$EDITOR make.inc
make

2. In directoy include do to have a correct version of SuperLu header due to mistake in
case of inclusion of double and Complex version in the same file.

tar xvfz ../SuperLU_3.0-include-ff.tar.gz

I will give a correct one to compile with freefm++.

To compile the freefem++ load file of SuperLu with freefem do: some find like :

ff-c++ SuperLU.cpp -L$HOME/work/LinearSolver/SuperLU_3.0/ -lsuperlu_3.0

And to test the simple example:

A example:

load "SuperLU"
verbosity=2;
for(int i=0;i<3;++i)
{
// if i == 0 then SuperLu solver
// i == 1 then GMRES solver
// i == 2 then Default solver

{
matrix A =

[[ 0, 1, 0, 10],
[ 0, 0, 2, 0],
[ 0, 0, 0, 3],
[ 4,0 , 0, 0]];

real[int] xx = [ 4,1,2,3], x(4), b(4);
b = A*xx;
cout << b << " " << xx << endl;
set(A,solver=sparsesolver);
x = Aˆ-1*b;
cout << x << endl;

}

{
matrix<complex> A =

[[ 0, 1i, 0, 10],
[ 0 , 0, 2i, 0],
[ 0, 0, 0, 3i],
[ 4i,0 , 0, 0]];

complex[int] xx = [ 4i,1i,2i,3i], x(4), b(4);
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b = A*xx;
cout << b << " " << xx << endl;
set(A,solver=sparsesolver);
x = Aˆ-1*b;
cout << x << endl;

}
if(i==0)defaulttoGMRES();
if(i==1)defaultsolver();

}

To Test do for exemple:

FreeFem++ SuperLu.edp



FreeFem++ LGPL License

This is The FreeFem++ software. Programs in it were maintained by

� Frédéric hecht <Frederic.Hecht@upmc.fr>

� Jacques Morice <morice@ann.jussieu.fr>

All its programs except files the comming from COOOL sofware (files in directory src/Algo)
and the file mt19937ar.cpp which may be redistributed under the terms of the GNU
LESSER GENERAL PUBLIC LICENSE Version 2.1, February 1999
GNU LESSER GENERAL PUBLIC LICENSE TERMS AND CONDITIONS FOR COPY-
ING, DISTRIBUTION AND MODIFICATION
0. This License Agreement applies to any software library or other program which contains a
notice placed by the copyright holder or other authorized party saying it may be distributed
under the terms of this Lesser General Public License (also called ”this License”). Each
licensee is addressed as ”you”.
A ”library” means a collection of software functions and/or data prepared so as to be con-
veniently linked with application programs (which use some of those functions and data) to
form executables.
The ”Library”, below, refers to any such software library or work which has been distribut-
ed under these terms. A ”work based on the Library” means either the Library or any
derivative work under copyright law: that is to say, a work containing the Library or a
portion of it, either verbatim or with modifications and/or translated straightforwardly in-
to another language. (Hereinafter, translation is included without limitation in the term
”modification”.)
”Source code” for a work means the preferred form of the work for making modifications to
it. For a library, complete source code means all the source code for all modules it contains,
plus any associated interface definition files, plus the scripts used to control compilation and
installation of the library.
Activities other than copying, distribution and modification are not covered by this License;
they are outside its scope. The act of running a program using the Library is not restricted,
and output from such a program is covered only if its contents constitute a work based on
the Library (independent of the use of the Library in a tool for writing it). Whether that is
true depends on what the Library does and what the program that uses the Library does.
1. You may copy and distribute verbatim copies of the Library’s complete source code as
you receive it, in any medium, provided that you conspicuously and appropriately publish
on each copy an appropriate copyright notice and disclaimer of warranty; keep intact all the
notices that refer to this License and to the absence of any warranty; and distribute a copy
of this License along with the Library.
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You may charge a fee for the physical act of transferring a copy, and you may at your option
offer warranty protection in exchange for a fee.
2. You may modify your copy or copies of the Library or any portion of it, thus forming a
work based on the Library, and copy and distribute such modifications or work under the
terms of Section 1 above, provided that you also meet all of these conditions:
a) The modified work must itself be a software library.
b) You must cause the files modified to carry prominent notices stating that you changed
the files and the date of any change.
c) You must cause the whole of the work to be licensed at no charge to all third parties
under the terms of this License.
d) If a facility in the modified Library refers to a function or a table of data to be supplied
by an application program that uses the facility, other than as an argument passed when the
facility is invoked, then you must make a good faith effort to ensure that, in the event an
application does not supply such function or table, the facility still operates, and performs
whatever part of its purpose remains meaningful.
(For example, a function in a library to compute square roots has a purpose that is en-
tirely well-defined independent of the application. Therefore, Subsection 2d requires that
any application-supplied function or table used by this function must be optional: if the
application does not supply it, the square root function must still compute square roots.)
These requirements apply to the modified work as a whole. If identifiable sections of that
work are not derived from the Library, and can be reasonably considered independent and
separate works in themselves, then this License, and its terms, do not apply to those sections
when you distribute them as separate works. But when you distribute the same sections as
part of a whole which is a work based on the Library, the distribution of the whole must
be on the terms of this License, whose permissions for other licensees extend to the entire
whole, and thus to each and every part regardless of who wrote it.
Thus, it is not the intent of this section to claim rights or contest your rights to work written
entirely by you; rather, the intent is to exercise the right to control the distribution of
derivative or collective works based on the Library.
In addition, mere aggregation of another work not based on the Library with the Library
(or with a work based on the Library) on a volume of a storage or distribution medium does
not bring the other work under the scope of this License.
3. You may opt to apply the terms of the ordinary GNU General Public License instead of
this License to a given copy of the Library. To do this, you must alter all the notices that
refer to this License, so that they refer to the ordinary GNU General Public License, version
2, instead of to this License. (If a newer version than version 2 of the ordinary GNU General
Public License has appeared, then you can specify that version instead if you wish.) Do not
make any other change in these notices.
Once this change is made in a given copy, it is irreversible for that copy, so the ordinary
GNU General Public License applies to all subsequent copies and derivative works made
from that copy.
This option is useful when you wish to copy part of the code of the Library into a program
that is not a library.
4. You may copy and distribute the Library (or a portion or derivative of it, under Section 2)
in object code or executable form under the terms of Sections 1 and 2 above provided that
you accompany it with the complete corresponding machine-readable source code, which
must be distributed under the terms of Sections 1 and 2 above on a medium customarily
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used for software interchange.
If distribution of object code is made by offering access to copy from a designated place,
then offering equivalent access to copy the source code from the same place satisfies the
requirement to distribute the source code, even though third parties are not compelled to
copy the source along with the object code.
5. A program that contains no derivative of any portion of the Library, but is designed to
work with the Library by being compiled or linked with it, is called a ”work that uses the
Library”. Such a work, in isolation, is not a derivative work of the Library, and therefore
falls outside the scope of this License.
However, linking a ”work that uses the Library” with the Library creates an executable that
is a derivative of the Library (because it contains portions of the Library), rather than a
”work that uses the library”. The executable is therefore covered by this License. Section 6
states terms for distribution of such executables.
When a ”work that uses the Library” uses material from a header file that is part of the
Library, the object code for the work may be a derivative work of the Library even though
the source code is not. Whether this is true is especially significant if the work can be linked
without the Library, or if the work is itself a library. The threshold for this to be true is not
precisely defined by law.
If such an object file uses only numerical parameters, data structure layouts and accessors,
and small macros and small inline functions (ten lines or less in length), then the use of the
object file is unrestricted, regardless of whether it is legally a derivative work. (Executables
containing this object code plus portions of the Library will still fall under Section 6.)
Otherwise, if the work is a derivative of the Library, you may distribute the object code for
the work under the terms of Section 6. Any executables containing that work also fall under
Section 6, whether or not they are linked directly with the Library itself.
6. As an exception to the Sections above, you may also combine or link a ”work that uses
the Library” with the Library to produce a work containing portions of the Library, and
distribute that work under terms of your choice, provided that the terms permit modifi-
cation of the work for the customer’s own use and reverse engineering for debugging such
modifications.
You must give prominent notice with each copy of the work that the Library is used in it
and that the Library and its use are covered by this License. You must supply a copy of
this License. If the work during execution displays copyright notices, you must include the
copyright notice for the Library among them, as well as a reference directing the user to the
copy of this License. Also, you must do one of these things:
a) Accompany the work with the complete corresponding machine-readable source code for
the Library including whatever changes were used in the work (which must be distributed
under Sections 1 and 2 above); and, if the work is an executable linked with the Library,
with the complete machine-readable ”work that uses the Library”, as object code and/or
source code, so that the user can modify the Library and then relink to produce a modified
executable containing the modified Library. (It is understood that the user who changes
the contents of definitions files in the Library will not necessarily be able to recompile the
application to use the modified definitions.)
b) Use a suitable shared library mechanism for linking with the Library. A suitable mech-
anism is one that (1) uses at run time a copy of the library already present on the user’s
computer system, rather than copying library functions into the executable, and (2) will
operate properly with a modified version of the library, if the user installs one, as long as
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the modified version is interface-compatible with the version that the work was made with.
c) Accompany the work with a written offer, valid for at least three years, to give the same
user the materials specified in Subsection 6a, above, for a charge no more than the cost of
performing this distribution.
d) If distribution of the work is made by offering access to copy from a designated place,
offer equivalent access to copy the above specified materials from the same place.
e) Verify that the user has already received a copy of these materials or that you have already
sent this user a copy.
For an executable, the required form of the ”work that uses the Library” must include any
data and utility programs needed for reproducing the executable from it. However, as a
special exception, the materials to be distributed need not include anything that is normally
distributed (in either source or binary form) with the major components (compiler, kernel,
and so on) of the operating system on which the executable runs, unless that component
itself accompanies the executable.
It may happen that this requirement contradicts the license restrictions of other proprietary
libraries that do not normally accompany the operating system. Such a contradiction means
you cannot use both them and the Library together in an executable that you distribute.
7. You may place library facilities that are a work based on the Library side-by-side in a
single library together with other library facilities not covered by this License, and distribute
such a combined library, provided that the separate distribution of the work based on the
Library and of the other library facilities is otherwise permitted, and provided that you do
these two things:
a) Accompany the combined library with a copy of the same work based on the Library,
uncombined with any other library facilities. This must be distributed under the terms of
the Sections above.
b) Give prominent notice with the combined library of the fact that part of it is a work
based on the Library, and explaining where to find the accompanying uncombined form of
the same work.
8. You may not copy, modify, sublicense, link with, or distribute the Library except as
expressly provided under this License. Any attempt otherwise to copy, modify, sublicense,
link with, or distribute the Library is void, and will automatically terminate your rights
under this License. However, parties who have received copies, or rights, from you under
this License will not have their licenses terminated so long as such parties remain in full
compliance.
9. You are not required to accept this License, since you have not signed it. However, nothing
else grants you permission to modify or distribute the Library or its derivative works. These
actions are prohibited by law if you do not accept this License. Therefore, by modifying or
distributing the Library (or any work based on the Library), you indicate your acceptance of
this License to do so, and all its terms and conditions for copying, distributing or modifying
the Library or works based on it.
10. Each time you redistribute the Library (or any work based on the Library), the recipient
automatically receives a license from the original licensor to copy, distribute, link with or
modify the Library subject to these terms and conditions. You may not impose any further
restrictions on the recipients’ exercise of the rights granted herein. You are not responsible
for enforcing compliance by third parties with this License.
11. If, as a consequence of a court judgment or allegation of patent infringement or for
any other reason (not limited to patent issues), conditions are imposed on you (whether by
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court order, agreement or otherwise) that contradict the conditions of this License, they do
not excuse you from the conditions of this License. If you cannot distribute so as to satisfy
simultaneously your obligations under this License and any other pertinent obligations, then
as a consequence you may not distribute the Library at all. For example, if a patent license
would not permit royalty-free redistribution of the Library by all those who receive copies
directly or indirectly through you, then the only way you could satisfy both it and this
License would be to refrain entirely from distribution of the Library.
If any portion of this section is held invalid or unenforceable under any particular circum-
stance, the balance of the section is intended to apply, and the section as a whole is intended
to apply in other circumstances.
It is not the purpose of this section to induce you to infringe any patents or other property
right claims or to contest validity of any such claims; this section has the sole purpose of
protecting the integrity of the free software distribution system which is implemented by
public license practices. Many people have made generous contributions to the wide range
of software distributed through that system in reliance on consistent application of that
system; it is up to the author/donor to decide if he or she is willing to distribute software
through any other system and a licensee cannot impose that choice.
This section is intended to make thoroughly clear what is believed to be a consequence of
the rest of this License.
12. If the distribution and/or use of the Library is restricted in certain countries either by
patents or by copyrighted interfaces, the original copyright holder who places the Library
under this License may add an explicit geographical distribution limitation excluding those
countries, so that distribution is permitted only in or among countries not thus excluded. In
such case, this License incorporates the limitation as if written in the body of this License.
13. The Free Software Foundation may publish revised and/or new versions of the Lesser
General Public License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns.
Each version is given a distinguishing version number. If the Library specifies a version
number of this License which applies to it and ”any later version”, you have the option of
following the terms and conditions either of that version or of any later version published by
the Free Software Foundation. If the Library does not specify a license version number, you
may choose any version ever published by the Free Software Foundation.
14. If you wish to incorporate parts of the Library into other free programs whose distribution
conditions are incompatible with these, write to the author to ask for permission. For
software which is copyrighted by the Free Software Foundation, write to the Free Software
Foundation; we sometimes make exceptions for this. Our decision will be guided by the two
goals of preserving the free status of all derivatives of our free software and of promoting the
sharing and reuse of software generally.
NO WARRANTY
15. BECAUSE THE LIBRARY IS LICENSED FREE OF CHARGE, THERE IS NO
WARRANTY FOR THE LIBRARY, TO THE EXTENT PERMITTED BY APPLICA-
BLE LAW. EXCEPT WHEN OTHERWISE STATED IN WRITING THE COPYRIGHT
HOLDERS AND/OR OTHER PARTIES PROVIDE THE LIBRARY ”AS IS” WITHOUT
WARRANTY OF ANY KIND, EITHER EXPRESSED OR IMPLIED, INCLUDING, BUT
NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FIT-
NESS FOR A PARTICULAR PURPOSE. THE ENTIRE RISK AS TO THE QUALITY
AND PERFORMANCE OF THE LIBRARY IS WITH YOU. SHOULD THE LIBRARY
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PROVE DEFECTIVE, YOU ASSUME THE COST OF ALL NECESSARY SERVICING,
REPAIR OR CORRECTION.
16. IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR AGREED TO
IN WRITING WILL ANY COPYRIGHT HOLDER, OR ANY OTHER PARTY WHO
MAY MODIFY AND/OR REDISTRIBUTE THE LIBRARY AS PERMITTED ABOVE,
BE LIABLE TO YOU FOR DAMAGES, INCLUDING ANY GENERAL, SPECIAL, INCI-
DENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF THE USE OR INABIL-
ITY TO USE THE LIBRARY (INCLUDING BUT NOT LIMITED TO LOSS OF DATA
OR DATA BEING RENDERED INACCURATE OR LOSSES SUSTAINED BY YOU OR
THIRD PARTIES OR A FAILURE OF THE LIBRARY TO OPERATE WITH ANY OTH-
ER SOFTWARE), EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN ADVISED
OF THE POSSIBILITY OF SUCH DAMAGES.
END OF TERMS AND CONDITIONS
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assert(), 60
atan, 63
atan2, 63
atanh, 63

BDM1, 145
BDM1Ortho, 145
be, 93
bessel, 64
BiLaplacien, 143
block matrix, 74
bool, 58
border, 88, 89
boundary condition, 165
break, 80
broadcast, 271
bubble, 149
buildlayers, 121
buildmesh, 22

fixeborder, 90
fixeborder=, 90
fixeborder=1, 210
nbvx=, 90

catch, 84
ceil, 63
CG, 157
change, 111
checkmovemesh, 97
Cholesky, 157, 181
cin, 60, 81
clock, 11
CMAES, 182

initialStdDev=, 182
seed=, 182

column, 72
compatibility condition, 156
compiler, 57
Complex, 58
complex, 48, 62, 75
concatenation, 102
cone, 120
conj, 62

connectivity, 169
continue, 80
convect, 33, 241
cos, 63
cosh, 63
cout, 60, 81
Crout, 157
cube, 120
Curve, 138

default, 81
defaultsolver, 344
defaulttoGMRES, 345
defaulttoSuperLU, 344
DFFT, 334
diag, 76, 247
diagonal matrix, 76
dimKrylov=, 213
Dirichlet, 19, 25, 55, 155
Dirichlet Neumann, 19
discontinuous functions, 258
divide

term to term, 75
domain decomposition, 250, 251
dot, 76
dot product, 75, 76, 79
dumptable, 60

Edge03d, 144
EigenValue, 228

ivalue=, 227
maxit=, 227
ncv=, 227
nev=, 227
rawvector=, 227
sigma=, 227
sym=, 227
tol=, 227
value=, 227
vector=, 227

Element, 93
emptymesh, 97
endl, 81
erf, 64
erfc, 64
exception, 84
exec, 60, 176, 177
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exit, 271
exp, 63
expression optimization, 167

factorize=, 181
false, 58, 60
FE function

[], 152
complex, 48, 66, 75
n, 152
value, 152

FE space, 145, 146
FE-function, 65, 145, 146
FEspace

(int ,int ), 169
ndof, 169
nt, 169

fespace, 141
BDM1, 14, 145
BDM1Ortho, 14, 145
Edge03d, 14, 144
Morley, 14, 143
P0, 14, 142
P03d, 14
P0Edge, 143
P1, 14, 142
P13d, 14, 142
P1b, 14, 142
P1b3d, 14, 142
P1dc, 14, 142
P1Edge, 143
P1nc, 14, 144
P2, 14, 142
P23d, 14
P2b, 14
P2BR, 14, 144, 339
P2dc, 14, 142
P2Edge, 143
P2h, 14
P3, 14, 142
P3dc, 14, 143
P3Edge, 143
P4, 14, 143
P4dc, 14, 143
P4Edge, 143
P5Edge, 143
periodic=, 157, 207

RT0, 14, 144
RT03d, 14
RT0Ortho, 14, 144
RT1, 14, 144
RT1Ortho, 14, 144
TDNNS1, 145

ffmedit, 176
ffNLOpt, 197
FFT, 334
file

am, 307, 308
am fmt, 91, 92, 307, 308
amdba, 307, 308
bamg, 92, 305
data base, 305
ftq, 309
mesh, 92
msh, 308
nopo, 92

finite element space, 141
fixed, 81
flabel

change, 111
floor, 63
fluid, 240
for, 80
Fourier, 28
fregion

change, 111
func, 59
function

tables, 96
functions, 63

gamma, 64
getline, 63
global

area, 60
cin, 60
endl, 60
false, 60
hTriangle, 59
label, 59
lenEdge, 59
N, 59
nTonEgde, 59
nuEdge, 59
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nuTriangle, 59
pi, 60
region, 59
searchMethod, 154
true, 60
volume, 60
x, 59
y, 59
z, 59

GMRES, 157
gnuplot, 176

hat function, 13
Helmholtz, 48
hTriangle, 59, 214

ifstream, 81
im, 67, 68, 74
imag, 62
include, 6, 82
includepath, 6
init, 35
init=, 157
inside=, 168
int, 58
int1d, 157
int2d, 157
int3d, 156, 157
intalledges, 157, 214
interpolate, 167

inside=, 168
op=, 168
t=, 168

interpolation, 154
Irecv, 271
Isend, 271
isoline, 137

j0, 64
j1, 64
jn, 64
jump, 214

l1, 69
l2, 69
label, 59, 87, 88

change, 111
label=, 104

lagrangian, 99
lenEdge, 59, 214
lgamma, 65
line, 72
LinearCG, 179

eps=, 179
nbiter=, 179
precon=, 179
veps=, 179

LinearGMRES, 179
eps=, 179
nbiter=, 179
precon=, 179
veps=, 179

linfty, 69
load, 6
loadpath, 6
log, 63
log10, 63
LU, 157

m, 343
macro, 34, 82, 263

parameter, 83
quote, 277
quoting, 82, 84
with parameter, 37
without parameter, 34

mass lumping, 36
matrix, 16, 59, 181

array, 72
block, 74
complex, 75
constant, 73
diag, 76, 247
factorize=, 226
im, 74
interpolate, 167
re, 74
real to complex, 74
renumbering, 72, 74
resize, 74, 76
set, 73
varf, 73, 166

eps=, 166
precon=, 166
solver=, 166
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solver=factorize, 166
tgv=, 166
tolpivot =, 166

MatUpWind0, 36
max, 67
mean, 1
medit, 176, 177

meditff=, 128
order=, 128
save=, 128

mesh, 59
(), 93
+, 112
[], 93
3point bending, 110
adaptation, 40, 51, 100
beam, 106
Bezier curve, 107
Cardioid, 107
Cassini Egg, 107
change, 111
connectivity, 93
NACA0012, 106
regular, 100
Section of Engine, 108
Smiling face, 110
U-shape channel, 108
uniform, 104
V-shape cut, 109

mesh3, 114
min, 67, 79
mixed, 28
Morley, 143
movemesh, 97, 114
movemesh23, 114

orientation=, 114
ptmerge=, 114
transfo=, 114

mpiAllgather, 271
mpiAllReduce, 271
mpiAlltoall, 271
mpiAnySource, 269
mpiBAND, 269
mpiBarrier, 270
mpiBXOR, 269
mpiComm, 269
mpiCommWorld, 269

mpiGather, 271
mpiGroup, 269
mpiLAND, 269
mpiLOR, 269
mpiLXOR, 269
mpiMAX, 269
mpiMIN, 269
mpiPROD, 269
mpiRank, 270
mpirank, 269
mpiReduce, 271
mpiReduceScatter, 271
mpiRequest, 269
mpiScatter, 271
mpiSize, 270
mpisize, 269
mpiSUM, 269
mpiUndefined, 269
mpiWait, 270
mpiWtick, 270
mpiWtime, 270

N, 59, 160
n, 152, 343
Navier-Stokes, 241, 243
nbcoef, 343
nbe, 93
ndof, 169
ndofK, 169
Neumann, 55, 159
Newton, 225
Newton Algorithm , 42
NLCG, 181

eps=, 179
nbiter=, 179
veps=, 179

norm, 334
normal, 160
noshowbase, 81
noshowpos, 81
nt, 169, 319
nTonEdge, 34, 59
nuEdge, 59
nuTriangle, 59
nv, 319

ofstream, 81
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append, 81
on, 159

intersection, 243
scalar, 159

optimize=, 167
outer product, 72, 75

P, 59
P0, 142
P0Edge, 143
P1, 142
P1b, 142
P1dc, 142
P1Edge, 143
P1nc, 144
P2, 142
P2BR, 144
P2dc, 142
P2Edge, 143
P3, 142
P3dc, 143
P3Edge, 143
P4, 143
P4dc, 143
P4Edge, 143
P5Edge, 143
periodic, 141, 157, 207

3d, 210
pi, 60
plot, 171

aspectratio=, 172
bb=, 172
border, 90
boundary=, 173
bw=, 172
cmm=, 172
coef=, 172
cut, 174
dim=, 173
grey=, 172
hsv=, 173
mesh, 90
nbarrow=, 172
nbiso=, 172
ps=, 172
value=, 172
varrow=, 172

viso=, 34, 172
point

region, 93
triange, 93

polar, 62
pow, 63
ppm2rnm, 139
precision, 81
precon=, 157, 166
problem, 35, 59, 155

eps=, 157
init=, 157
precon=, 157
solver=, 157
strategy =, 157, 166
tgv=, 157
tolpivot =, 157
tolpivotsym =, 157, 166

processor, 270, 271
processorblock, 270
product

Hermitian dot, 75
dot, 75, 76
outer, 75
term to term, 75

qfnbpE=, 167, 216
qft=, 161
qfV=, 162
quadrature: qf5pT, 162
quadrature: qfV5, 163
quadrature:qf1pE, 160
quadrature:qf1pElump, 160
quadrature:qf1pT, 162
quadrature:qf1pTlump, 162
quadrature:qf2pE, 160
quadrature:qf2pT, 162
quadrature:qf2pT4P1, 162
quadrature:qf3pE, 160
quadrature:qf4pE, 160
quadrature:qf5pE, 160
quadrature:qf5pT, 161
quadrature:qf7pT, 162
quadrature:qf9pT, 161
quadrature:qfe=, 162, 163
quadrature:qforder=, 162, 163
quadrature:qft=, 162, 163
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quadrature:qfV, 162
quadrature:qfV1, 163
quadrature:qfV1lump, 163
quadrature:qfV2, 163
quadrature:qfV5, 162
quantile, 71

rand, 64
randinit, 64
randint31, 64
randint32, 64
random, 64
randreal1, 64
randreal2, 64
randreal3, 64
randreal53, 64
re, 67, 68, 74
read files, 92
readmesh, 91, 112
readmesh3, 210
real, 58, 62
rectangle, 87
Recv, 270
region, 59, 93, 257

change, 111
renumbering, 72
resize, 67, 76
Reusable matrices, 242
rint, 63
Robin, 28, 155, 159, 160
RT0, 144
RT0Ortho, 144
RT1, 144
RT1Ortho, 144

savemesh, 91, 112
savesol

order=, 127
schwarz, 271
scientific, 81
searchMethod, 154
sec:Plot, 171
Send, 270
set, 35

matrix, 73
showbase, 81
showpos, 81

shurr, 250, 251
sin, 63
sinh, 63
solve, 59, 155

eps=, 157
init=, 157
linear system, 75
precon=, 157
solver=, 157
strategy=, 157, 166
tgv=, 157
tolpivot=, 157
tolpivotsym=, 157, 166

solver=, 181
CG, 102, 157
Cholesky, 157
Crout, 157
GMRES, 157
LU, 157
sparsesolver, 157
UMFPACK, 157

sort, 67, 146
sparsesolver, 157
split=, 104
splitmesh, 105
square, 87, 214

flags=, 88
label=, 88
region=, 88

Stokes, 240
stokes, 237
stop test, 157

absolue, 245
strategy=, 157
streamlines, 241
string, 58

concatenation, 63
find, 63

subdomains, 257
sum, 67

tan, 63
tanh, 63
Taylor-Hood, 242
TDNNS1, 145
tetg, 113

facetcl=, 113
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holelist=, 113
nboffacetcl=, 113
nbofholes=, 113
nbofregions=, 113
regionlist=, 113
switch=, 113

tetgconvexhull, 116
tetgreconstruction, 113
tetgtransfo, 115

facetcl=, 115
nboffacetcl=, 115
ptmerge=, 115
refface=, 115
regionlist=, 115
switch=, 115

tgamma, 65
tolpivot=, 157
tolpivotsym=, 157
transpose, 75, 76, 79, 324
triangle

[], 93
area, 93
label, 93
region, 93

triangulate, 96
true, 58, 60
trunc, 104

label=, 104
split=, 104

try, 84
tutorial

LaplaceRT.edp, 213
adapt.edp, 101
adaptindicatorP2.edp, 214
AdaptResidualErrorIndicator.edp, 216
aTutorial.edp, 202
beam.edp, 219
BlackSchol.edp, 237
convect.edp, 235
fluidStruct.edp, 254
freeboundary.edp, 260
movemesh.edp, 99
NSUzawaCahouetChabart.edp, 243
periodic.edp, 207
periodic4.edp, 208
periodic4bis.edp, 209
readmesh.edp, 92

Schwarz-gc.edp, 252
Schwarz-no-overlap.edp, 251
Schwarz-overlap.edp, 249
StokesUzawa.edp, 242

tutotial
VI.edp, 247

type of finite element, 142

UMFPACK, 157

varf, 16, 59, 157, 164
array, 166
matrix, 166
optimize=, 167

veps=, 181
verbosity, 6
version, 60
vertex

label, 93
x, 93
y, 93

viso, 34
volume, 60

while, 80
whoinElement, 93
write files, 92

x, 59
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y1, 64
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Book Description

Fruit of a long maturing process freefem, in its last avatar, FreeFem++, is a high
level integrated development environment (IDE) for partial differential equations
(PDE). It is the ideal tool for teaching the finite element method but it is also perfect
for research to quickly test new ideas or multi-physics and complex applications.

FreeFem++ has an advanced automatic mesh generator, capable of a posteri-
ori mesh adaptation; it has a general purpose elliptic solver interfaced with fast
algorithms such as the multi-frontal method UMFPACK. Hyperbolic and parabolic
problems are solved by iterative algorithms prescribed by the user with the high
level language of FreeFem++. It has several triangular finite elements, including
discontinuous elements. Finally everything is there in FreeFem++ to prepare re-
search quality reports: color display online with zooming and other features and
postscript printouts.

This book is ideal for students at Master level, for researchers at any level and for
engineers also in financial mathematics.

Editorial Reviews

”. . . Impossible to put the book down, suspense right up to the last page. . . ”
A. Tanh, Siam Chronicle.

”. . . The chapter on discontinuous fems is so hilarious . . . .”
B. Galerkine, .
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